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2. CJIVUAVMHBIE TEPEMEHHBIE
2.1. OcHOBHBIE Ompe/ieJIeHus

PaccMOTpuM 9KCIIEpUMEHT, COCTOSAIMEA B 1 OPOCAHMSX MPABUILHON MOHETBI. [10CTPOMM MPOCTPAHCTBO IEMEHTAP-
HBIX COObITUH pu N = 3 :

Q:{nnna}'

9TO NPOCTPAHCTBO CONEPAKUT 8 3IeMeHTapHBIX coObITuil. [IpaBUIBHOCTE MOHETHI HAET OCHOBAHHE CIATATH JJI€-
MEHTapHbIE COOBITUS PABHOBEPOATHBIMU. B Tabmuue 2.1 mpencTaBileHbl I€MEHTAPHBIE COOBITUS, UX BEPOATHOCTH U
COOTBETCTBYIOIIUE ITUM COOBITHSAM KOJINYECTBA BbinajeHuit repba (X).

Tabauna 1:

w || PPP | PPT | PIP | PIT | PP | IPL | ITP | ITT
P(w) || 1/8 | 1/8 | 1/8 | 1/8 | 1/8 | 1/8 | 1/8 | 1/8
X 0 1 1 2 1 2 2 3

Bugno, uro X moxker npuauMmarh 4 paznuysabix 3uaderus: 0, 1, 2, 3. COOTBETCTBEHHO ONPEIEJIEHBI Y€ThIPE YaCTU
2, Ha KaK 1011 U3 KOTOPbIX X COXpaHsieT MOCTOsIHHOEe 3Ha4YeHue. [1oaroMmy MOXKHO paccmorpers cobbrrust X = 0, X =
1, X =2, X = 3 u BbluucauTH UX BeposirHOCTH. Pe3ysibrarsl cBegeHbl B Tabiuny 2.2.

Tabauna 2:

T 0 1 2 3
P(z) || 1/8|3/8|3/8|1/8

Ecnn nensio skcrnepuMenTa ObLIO OnpejiesieHne KOJIMYecTBa BbINaIeHNi repba, TO eCTECTBEHHO PACCMOTPETH HOBOE
IPOCTPAHCTBO 3JIEMEHTapHBIX COObITHI — MHOXKecTBO 3HadeHnit X : Q' = {0,1,2,3} — u 3agannble Ha HeMm Tabnuuei
2.2 BepOATHOCTH.

Curyanusi, KOr1a UCXOJ0M IKCIEPUMEHTa, MOKHO CIUTATh YHUCJIO0, YACTO BCTPEUAETCS B MPUKJIAIHBIX 331a9aX.

Onpenenenne. Juckpemnoli cayualinoti nepementoli HA3bIBAETCS KOHEIHOE UJIM CIETHOE %UCA060€ MHOKECTBO (IIpPO-
CTpaHCTBO SHeMeHTaprIX CO6bITI/II>‘I) C 33JaHHBIMU HA HEM BepOHTHOCTHMI/I.

Sameuanusi. 1. Beemennoe onpezesieHre He UCKIIIOYAET BBIPOXKIEHHON CUTYAINH, KOTa IPOCTPAHCTBO JIEMEHTAD-
HBIX COOBITHII COCTOUT M3 OJHOI'O IJIEMEHTA, BEPOSITHOCTH KOTOPOrO paBHA enuHuie. Takas ciydaiiHasi epeMeHHast
yxke Oyuer "He Ciy4aiHON", U Mbl UCKJIIOYUM €€ U3 PACCMOTPEHMUSI.

2.Msb1 6ynem 00603HA4ATH CiydaiiHble IMepeMeHHble OOMbIUMU OyKBaMu JIATHHCKOIO ajadaBUTa, & MX 3HAYEHUS —
qucaa — COOTBeTCTBy}O]_HI/IMI/I MaJIbIMU 6yKBaMH.

BC]’IOMHI/IM TIOHATUE NnepemerHan: IepeMeHHasad — 3TO 6yKBa U MHOXKECTBO, 3JIEMEHTHI KOTOPOTO MOXKHO NMMOACTABJIATH
BMeCTO 3T0ii OykBbI. [lepeMeHHyI0 MO2KHO MHTEPIIPETUPOBATH KAK MEIIOK, COMEPIKAIINI BCE BO3MOXKHBIE €€ 3HAYEHUSI.
Kaxkapiii mMeer mpaBo BHIOPATH B 9TOM MeEIIKe TOHPABUBIIEECS] €My 3HAYEHUE MepPeMeHHON. AHAJIOrudHO, cay atinot
nepemennot Ha30BeM OYKBY U (‘-II/IC.J'IOBOG) MHOKECTBO €e 3HAYEHMI, KOTOPOe MbI Oy/1I€M PACCMATPUBATH KAK MPOCTPAH-
CTBO JIEMEHTAPHBIX COObITUH. JINCKPETHYIO Ciy94aiiHYI0 MEPEMEHHYIO TaK»K€ MOXKHO WHTEPIPETHPOBATH KAK MEIIOK,
COZIEPKALIMIA BCE BO3MOXKHbBIE ee 3HaYeHust. O JHAKO 8bi0Uupams Imu 3HAUeHUA Heab3s. MOXKHO 3aIyCTUTh B 9TOT MEIIOK
PYKY ¥ BBIHYTH W3 HErO TO 3HAYEHME CJIyYAMHON MEePEMEHHOM, KOTOpoe cay%ailino monaaercs. Ecau moBropsTh 3TOT
3KCIEPUMEHT MHO20KPAMHO, TO OTHOCUTEJIbHBIE YaCTOTHI MOABJICHUS PA3JINYHBIX 3HQUEHUN CIydaiiHOU IepeMeHHON
OyIyT, KaK NPABUAO, MAAO OTIUIATHCS OT UX BEPOSATHOCTEH.

Tepmunosiornueckoe 3amedanne. B KHUrax 1o Teopum BEPOSITHOCTEN 4acTO BMECTO CJIOB "CilydaiiHasi nepemeH-
Hast'ucnosb3yercst repmuH "cirydaiinast BesuauHa".

I/ITaK, AOUCKPETHAaA cnyqaﬁﬁaﬂ nepeMeHHad 3aJa€TCA MHO2KECTBOM CBOUX 3HQUYEHUN U BEPOATHOCTAMMU ITUX 3HAYIE-
Huil, T.e. Tabuuiell, KOTOPYIO HA3BIBAIOT 3A4KOHOM PACNPEOEeHUS CITYIaNHON TepeMeHHOA.

x X1 T2
P(z) || p1 | p2

pr>0; Y pr=1
k



90

TMonesna cnenyomas Gpusndeckas UHTEPIPETAIUS TACKPETHOH C.0. (B JajbHelemM Mbl OyJeM MUcaTh C.I1. BMe-
cro "cyuaiinas nepemMenHas"): 3HAYEHUs C.II. PACCMATPUBAIOTCS KAK abCIMCCHI TOUYEK HA OCH, & COOTBETCTBYIOILIAE
BEpPOSITHOCTH — KAaK MAacCChl, COCPEJOTOYEHHbIE B ITUX TOYKaX. TaKMM 00pa30oM, C.II. HHTEPIPETUPYETCS KAK CHCTEMA
TOYECYHbIX MaCC Ha OCH. CyIIIeCTBeHHO, YTO MacCCa BCeil CHCTEMBI BCerga PaBHAa €IUHUIIEC. MO)KHO CKa3aTb, 9YTO B Ha-
[IeM PACHOPSIKEHNM €CTh eIWHUYHAsT "BEePOSTHOCTHAsT Macca'u Mbl JO/KHBL "pacnpenenuts'ee MexX1y 3aJaHHBIMA
TOYKAMU OCU — 33JATh 34KOH PACTPEIENEHUA BEPOATNHOCTE.

Ora dhu3nyuecKasi aHAJIOTUsi IOMOTAET HANTH CIIOCOD ONMCAHMUS C.II. C HECUYETHBIM MHOYKECTBOM 3Ha4deHuit. VI3BecTHo,
ur0 (PU3UKA ONEPUPYET B TAKOM CJIy4ae IOHSTUEM TNAOMHOCTIU MGCCH, CIUTAsi, YTO MACCA B KAXKJIONH TOYKE PABHA
HYJIIO, HO MacCa OTPE3Ka PABHA MHTErPAJy OT IJIOTHOCTH MO 3TOMY 0Tpe3Ky. 1o aHajioruu mMul 6yeM paccMaTpUBAThH
TAaK HA3BIBAEMYIO AOCOAOMHO HENpepuietyto C.. X, MHOXKeCTBO 3HadeHuii Koropoit ! = R . Mbr 6yaem cuurarh, 91O
3a/laHa KyCOYHO HempepbiBHasi GyHkuus (naomuocms pacnpedesenus ca. X) fx @ R — R, obrnamaromas ayms
CBOUCTBaMU:

+oo
Di200 ) [ fe=1 (2.1.1)

B 370i1 MOZIENIM BEPOATHOCTL MONAJAHUS C.II. B IPOMEXYTOK [a,b] Oyaer BbrUucasThes mo Gopmylie

b
Pqemm:/h.

Bameyanns. 1. Msr 3anucanu X € [a,b], cunrtas npoMexyTok cezmernmom. Ho eciy BCOOMHWUTB, 4TO 3HAYEHHE
HUHTErpaJjia HEe 3aBUCUT OT 3HAYCHUN HO,IH)IHTeraJIbHOI‘/‘I d)yHKIlI/II/I B KOHEYHOM YHCJIE€ TOYEK, TO 6y,IIeT ACHO, YTO THII
IPOMEXKYTKA (MHTEPBAJI, TIOJYUHTEPBAJI, CETMEHT) He UTPAET POJIH.

a
2. OueBngno, P(X =a) = f fx =0, T.e. BEPOATHOCTH KAXKJIOIO OTJIEIHLHOIO 3HAYEHUS JIJIsi ADCOIFOTHO HEITPEPbIB-

a
HOMH C.II. PaBHA HYJIIO.

3.B IIPUJIOZKEHUAX BCTPEYIAKTCA TaK Ha3bIBa€MbI€ NUCKPETHO-HEIIPEPBhIBHLIE C.II., HO UX PACCMOTPEHUE BBIXOOUT 3a
PpaMKM HaMIero Kypca.

Oaxy m3 nepBOOOPA3HBIX IJIOTHOCTH PACIPEAEICHUS C.II., 8 UMEHHO,
T
m@:/ﬁ:Pm<n (2.1.2)
— o0

Ha3BIBAT Pynryued pacnpedesenus c.am. X. Cormacuo (2.1.2), 3Havenne GyHKIUM PACIPEIEJCHAS] B TOYKE L — ITO
BEPOATHOCTD CObbITHs (X < ).

U3 csoiicte mepBoobpasHoii cienyer, uro Fx — HenpepbiBHasi, HeyObBaomas Ha R dyskmus, Fx(—oc) = 0,
Fx(+00) = 1. B Toukax, rue HempepbIBHA MJIOTHOCTH fx, (DYHKIMS PACTIPENEICHUsSI UMEET MPOU3BOAHYIO, IpUYeM

Fy = fx.
2.2. YucaoBbie XapaKTEPUCTUKN
CJIy4aHbIX HEPEMEHHBIX

B MEXaHUKEe J1JId KOMITAKTHOI'O OIMCAHUA TO‘-Ie‘IHOfI cucremMbl MacCC I/ICHO.TIb3yIOTC5{ TAaK HaA3bIBAEMBbIE MOMEHI L.
Crarnyeckuii MOMEHT CHCTEMbI MAaCC OTHOCUTEIbHO HAYaJIa KOOPAVHAT PABEH, KAK M3BECTHO,

E T -Mg.
k

3nech T — abCLUMCCA TOYKU, A My — MACCA, COCPEAOTOYEHHAS] B ITOM TOYKE.
ITo ananoruu, nepevim HA%AALHBM MOMEHMOM AT MAMEMATNUYECKUM OHCUOGHUEM TUCKPETHOH C.11. X HA3BIBAIOT
YHCIIO

M(X) :ka * Pk
k

rae T — 3HadeHue C.1I. X, a Pr — BEPOSTHOCTD 3TOrO 3HAYCHHUS.
Jjist abCOMIOTHO HENPEPBHIBHOHN ¢.1. X ¢ MJIOTHOCTBIO fx MOHSTHE MATEMATUYIECKOrO OKUIAHWS BBOIAUTCS TaK:

+o0o

M(X)= /w-fx(x)dw.

—00



91

Samevanus. 1. Ecam MHOKeCTBO 3HAYMEHMI AUCKPETHOH C.I. CIETHO, TO NMEPBBI MOMEHT IPEICTABJISIET OO0 cyM-
My pada. B aroMm citydae BbLaBuraercst TpeboBaHUE a6COA0OMHOY CXOTUMOCTU PANA, TAK KAK €CJIU PAJl CXOOUTCS He
abCOJIIOTHO, TO €ro CyMMa 3aBHCHT OT IIOPSIIKA CIAraeMbIX, a 9TO HEBO3MOXKHO HMHTEPIPETHUPOBATH B CONEPIKATEIb-
HBIX 337a4ax. s abCoMOTHO HempepbIBHOI C.I. TpeOyercsas abCOIIOTHASA CXOAUMOCTH MHTEIPAJIA, OIpPeNesIAIOIIero
nepBblii MOMeHT. B ciiyuae, eciu psig (uHTErpast) He sBJSETCS aOCOMIOTHO CXOASUIMMCsI, TOBOPST, YTO C.I. He UMEeEm
MAMEMATNIUYECKOZ0 0AHCUOGHUA.

2. Y4ursiBasi, 910 Z pr = 1, Maremaruyeckoe OXKUIJAHNE NUCKPETHOHR C.II. MOXKHO 3aIMCATh TAK:

k

> @ pr
k.
Zpk
k

M(X) =

Ananornuso, nyst aGCOTOTHO HETIPEPHIBHON C.1I.

(cpaBauTe € HDUBWIECKUM MOHSATHEM IEHTPA MACC).

B ¢pusuke pa3zdpoc Macchl CUCTEMBI OTHOCUTENIBHO €€ IIEHTPA, MACC XaPAKTEpU3yeTcss MOMEHTOM uHepimu. [1o ana-
JIOTUHU BBOJWTCS TIOHSITHE GIMOP020 UEHMPAALHOZ0 MOMEHMA, WA Jucnepcuy C.m. X :
anst nuckpeTHoit c.m. X

n2(X) = D(X) = 3 (ex — M(X))* - py, (2:2.1)
k
ISt DCOTIOTHO HEITPEPBIBHOM —
+oo
D(X) = / (x — M(X))? - fx(z)da. (2.2.1")

O4eBHUIHO, €CTH CMBICJ TOBOPUTH O AWCIEPCHH C.II. TOJIBKO NPU HAJIWYNM y HEE MATEMATHYeCKOro oxumanus. Ho
Jla’Ke B 3TOM CJIydae JUCIepChs He 06s3aHa, CYIIeCTBOBATh (pPsifl UJIM WHTErPAJ MOXKET PACXOIUTHCS).

Teopema. JIucnepcusi C.11. MOJIOXKUTEIbHA (€CIM OHA CYIIECTBYET).

Hoxazarenbcrso. Uurerpan B popmyste (2.2.1'), oueBugno, neorpunaresed. Bosee Toro, eciim oH paBeH HyJi0, TO
NOABIHTErpaibHas (DYHKIMsI PABHA, HYJIIO MOYTH BCIOZY, Y€ro He MOXKeT ObITh BBUIY yciaoBus (2.1.1).

Awnayornano, cymma B (2.2.1) MOXKET PABHATHCS HYJIIO TOJBKO B TOM CJIy4ae, KOTa, C.1. X NPUHAMAET €IUHCTBEHHOE
suagenue M (X) ¢ BeposrHOCTBIO 1. HO TaKy10 BBIPOXKIEHHYIO CUTYALMIO MBI, KAK YK€ TOBOPUJIOCH, HE PACCMATPUBAEM.

Ecmu y c.o. ecth qucnepcus, TO cpedHersadpamuseckum yrioneruem (MHOTIA TOBOPAT OMKAOHEHUEM) ITOR C.II.
HA3bIBAXOT 4YUCJIO
o(X) =+vD(X).

CpenHeKBaIpaTuiecKoe yKJIOHEHNE eCTh Mepa pa30poca 3HAYEHUHN C.II. OTHOCUTEJIHLHO €€ MATEeMaTUYECKOrO OXKU-
JAHUS.

Jlokazkem Tenepb BaxkKHOe HEpaBeHCTBO. Ilycre X — c.m., umetromas gucnepcuro. Torma st groboro € > 0

P (x — M(x)| > o) < 20

(npu manbx € (¢ < (X)) 9TO HEPABEHCTBO CTAHOBUTCS TPUBUAJILHBIM ).

Ms1 orpaHuYmnMCsi CIydaeM abCOJIIOTHO HEmpephIBHOM ¢.1. HepaBeHCcTBO

+o0

D) = [ (o= MEO)? - fx(@)do >

—00
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M(X)—e 400
> [ @MV i@t [ - MO fx(@)s
—00 M(X)+e

CJIelyeT U3 HEOTPULATEILHOCTH NOJABIHTErPAJIbHOM (DYHKIMU. YUUTHIBAs, YTO B MOJBIHTEIDAJIBHBIX BBIPAXKEHUSIX
|z — M(X)| > €, mOxHO 3anucarnb

M7)E +/oo
D(X) >¢&%- fx(z)dz + fx(x)dz | =
—00 M(X)+e
=g%. fx(@)dz = P (X — M(X)| >¢).
lz—M(X)|>e

JlokazaHHOe HEpaBEHCTBO UMEHYeTCsI Hepasencmeom debviuwesa. Ero 4acTo MHTEPNPETUPYIOT TaK: 6OAbWUE YKAO-
HEHUA C.T. O €€ MAMEMATNUYECKO20 OHCUOGHUSL MAAOBEPOATIVHYL.

Maremarnieckoe OXUIAHUE W JUCIEPCHs B KAKON-TO Mepe XapaKTEePU3YIOT 3aKOH pacupesesenus c.rm. OaHako
ClIeIyeT MOHUMATh, YTO CYIIECTBYET CKOJIBKO YTOJHO 3aKOHOB PACIIPENE/ICHUS C JAHHBIMU MATEMATUYECKUM OXKUIa-
HUEM U ﬂHCHepCHeﬁ. B TO 2Ke BpeMH eCThb 33,,&8,‘[1/[7 AJIA peHIeHI/Iﬂ KOTOprX J0CTAaTOYHO 3HATh TOJIBKO 3TU 4YMUCJIOBBIE
XapaKTepI/ICTI/IKI/I.

VYkaxkeM elne OJHy 4acTO BCTPEYAIONLYIOCs YUCJIOBYIO Xxapakrepuctuky. Modoti pacnpenesnenusi abCOMIOTHO HENpe-
PBIBHO# C.II. HA3BIBAIOT A0CIUCCY JOKAJBHOIO MAKCUMYyMa €€ IJIOTHOCTH pacmpenesenusi. Ecau pacnpenesienne nmeer
HE OJIHY MOy, TO €r0 Ha3bIBAIOT MHOTOMOJAJTbHBIM.

2.3. HekoTophble 3aKOHBI pacnpeaeaeHus,
BCTpPEYAKINecss B MPUJIOXKEHUIX

1. Bunomuampaoe pacnpenenenne Bepmymmm'. Tak HaselBaeTcs IBYXIAPAMETPHYIECKOE CEMeHCTBO JAUCKPETHBIX
pacnpenenennii ¢ napamerpamu n € N u p € 10,1

0={0,1,...,n}; P(X=m)= (;) pm-(1—-p)"™; m=0,1,...n.

31ech (n) = o NUCAO COMEMANUT’ U3 N 3TEMEHTOR TIO M.
m m!- (n—m)!

ConeprkaresbHasi HHTEPIPETAINST OMHOMUAIBLHOIO PACIPEIEIIEHUs]: IKCIEPIMEHT MOXKET 3aKaHINBATHCS OJHUAM U3
JIBYX MCXOJIOB: yCIIeX WJIM HeyJada. BeposiTHOCTh ycrmexa paBHA p. DKCIEPUMEHT MOBTOPSIIOT 1 pa3. C.m. — KOMU4ecTBo
YCIIEXOB.

Hazpanue "GunoMnanbHoe"00BSICHSIETCS TEM, YTO BEPOSITHOCTH 3JEMEHTAPHBIX COOBITHII COBMAJAIOT C HIEHAMH
6unoma Heiorona (a + b)"” npu a = p, b =1 — p. Orciona ciemxyer, 9To

5 (1) 0o

m=0

151 BBIMHCTIEHNST MATEeMATUYIECKOr0 OXKUJIAHUS U JUCIepCHy OMHOMUAJIBHOTO PACIPEIeIeHNs] HyKHA HEKOTOPast
TeXHUKA CyMMUPOBAHUS, KOTOPAs HE UMEET OTHOIIEHUSI K TEOPUH BeposaTHOCTEMH. [103TOoMYy 316Ch (Kak U B JaJbHEHIeM)
MBI JINIIL IPUBOJUM PE3YJIbTaThI:

M(X) = im- (:L) p"-(L=p)""" =mn-p,

m=0

D(X)=) (m—n-p)*- (;) p"-(L=p)""" =n-p-(1-p).

m=0

Bamerum, uto nockobky p - (1 —p) = 0.25 — (p — 0.5)? < 0.25, To D(X) < 0.25-n.

IBEPHYJIJIU — ceMbsi mBeAnapCKux ydeHmIX. Pacmpegerenme mocur mMsa Sxo6a 1 BEPHYJLJIN (1654-1705), 6maromaps paboram
KOTOPOTO TE€OPHsl BEPOATHOCTEN CTajla UIPAaTh BaXXHYIO POJIb B IPHJIOXKEHUIX.

. . n
2B 0Te4eCTBEHHOM JUTEPATYPE BMECTO ( ) gacro numyt C]* (oOpaTHTe BHUMAHNE HA PACIOJIOKeHHe OYKB 7 M M B 3THX CHMBOJAX!).
m
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2. leomeTpudeckoe pacrnpesesieHne — OIHONAPAMETPIYECKOE CEMENCTBO AUCKPETHBIX PACTIPE/IEIEHU € TapaMeTpOM
pe 01
Q=N; PX=n)=p-(1—-p)" "
ConeprkaresbHAsT HHTEPIPETALNS T€OMETPUIECKOrO PACIIPEIETIEHNs: BEPOSITHOCTD YCIIEXa B OJHOM IKCIEPUMEHTE
paBHa p; IKCTIEPUMEHT TTOBTOPSIOT JI0 TIepBoro ycnexa. C.II. — KOJMYecTBO OBTOPEHUH SKCrepuMenTa’.
Jlerko Buzmers, 4TO

+oo
n—1 __ p _

Hanee,
+o0 1
M(X)=Yn-p-(QL-p)" =",
n=1 p
“+oo

D) =Y (= 1pf p-(1-p = 5L

3. Pacupenenenue Ilyaccona — omHonmapamMerpudeckoe CeMeNCTBO AUCKPETHBIX PACIIPeaesIeHuit ¢ mapamerpom A > (:

/\TL

Q=NU{0}; P(X =n)=-exp(—))- g

OueBuHO, YTO
+oo A"
Z exp(—A) - i exp(—A) - exp()) = 1.
n=0 :

Hanee, BEIYKCIEHNE TTOKA3BIBAET, YTO

400 A"
M(X) = Zn-ewp(—)\) T A
n=0 ’
+oo ) A"
D(X)= Z(n — )2 - exp(—A) - i A

n=0

4. PaBHOMEpHOE pacipejesieHre — AByXIIapaMeTpUYecKoe ceMeiicTBO abCOIIOTHO HEIPEPHIBHBIX PACIIPEIESIEHN C
napaverpamu g € R u A > 0:
const, ecm |z — zg| < A,

fx(z) =
0, ecm|z— x| > A.
Takum o6pasom, "BeposrHocTHas macca(paBHast 1) pasnomepno pacupeneneHa IO NMPOMEXYTKy mamHOK 2A (c
UEHTPOM B TOUKe Zg). [I09TOMY 3HaUEHUE KOHCTAHTHI PABHO A

OzHa U3 BO3MOXKHBIX UHTEPIPETANNi: PABHOMEPHO DACHPEAEIEHHON CUUTAIOT (II0-BUAMMOMY, He 6e3 OCHOBaHUS)
[IOTPEITHOCTh OKPYIJVIEHNsT B U(POBBIX U3MEPUTEIbHO-BBIYUCINTEIbHBIX YCTPONCTBAX.

OueBuzHo,
To+A
M(X)= / x-ﬁdxzrco;
a)o—A
v 1 A?
D(X)= —20)? —dx = —.
@)= [ @-w) sxde=5

5. HopmasnbHOe pacrpezesieHne — ABYXIapaMeTpUYecKOe CeMeHCTBO abCOMIOTHO HEINPEPBLIBHBIX PACIPEeIeIeHuH ¢
napamerpamu m € R u o > 0 (puc.2.1):

Fxa) = <= -ear (—
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0
Puc. 1: TLI0THOCTH HOPMAILHOrO 'Pacpe/ie/IeHus ¢ IapaMeTPaMu m U o

“+oo
VY6emurech B oM, uro [ fx = 1, ACIOIB3ys M3BECTHBINA U3 Kypca MAaTeMaTHYeCKOrO aHam3a uarerpan Ilyaccona
—00
+oo
2 —
| copt=yt)iy = V.
—0o0
MoxkHO TTOKa3aTh, UTO
+oo ( )2
1 T—m
M(X)= x-exp| — 5 dz = m;
Var-o 20
—0o0
+oo

6. Pacnpenesnenne Komm — aByxnapamMerpuyeckoe CeMeicTBO abCOMIOTHO HEMPEPBIBHBIX PACIPEIESICHNH ¢ mapa-

MerpaMu Zg € R u a > 0 (puc.2.2):
1

a® + (z —20)?

+oo 1
/ fx = —-arctg (_x—w())
™ a

310

Jlerko Buzers, 9To

r=-+00
=1.

T=—00

z
Puc. 2: Tlnorsocts pacnpenesidhus Komm ¢ napamerpamu g u a

CpasuuBasi puc.2.1 u puc.2.2, MOKHO IO yMaThb, 4TO pacupesenenue Ko ouens noxoxe Ha HopMasbHoe. OHAKO

HUHTEerpaJi
+oo

a 1
/ T-— 5———de
T a’+ (z —xo)
—0oQ
pacxomuTesi, U CIEeI0BATENBHO, y pacnpeaeienvst Komm HeT H MATEMATHIECKOTO OXKUJAHUSI, HU JAuCepcru. B 1o ke
BpeMs pacnpejesenue Koy uMeer equHCTBEHHYI0 Moy (Zg).

2.4. Cay4aiinblii BEKTOP

Spup =1 /2 3TO pacmpezeseHne yxKe BCTPEYaIoch B II.1.
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Cay4aitnasi mlepeMeHHasT MOYKET MCIOIb30BATHCS KAK MAaTEMATHYIECKAsT MOJIEJIb 9KCIEPUMEHTA, B KOTOPOM U3MepsieT-
st 3HaYeHne (DU3NIECKO BeTnInHbL. J[JIs Onrcanust SKCIeprMeHTa, B KOTOPOM OJHOBPEMEHHO (DUKCUPYIOTCS 3HAYUEHUST
HECKOALKUT BEIMHWH, CITY>KUT TIOHATHE CAY4aiinozo eexmopat.

JIuCKpeTHbIi CIy4YaifHbIil BEKTOP 3a4aeTCst Tab/nieil, B KOTOPOi IepednCIeHbl BCE BO3MOXKHbBIE 3HAYEHUsT BEKTOPA,
7 KaXKJIOMY 3HAYEHHIO IIPUIIACAHA BEPOSATHOCTb.

AGCONIOTHO HelpepbIBHbIN Cily4aiiHblii BeKTOP X 33/3€TCs IJIOTHOCTHIO €r0 PAaCIpene/eHusl — HEOTPULATE/ IbHOM
KyCOYHO HenpepbiBHOM dyHkuumeit fx : R* — R, Takoii, uro

/h=L (2.4.1)
Rn
IIpu sToMm Kaxko0i obsmact G C R™ ¢ KyCOYHO IVIaIKOi MPAHUIEl COOTBETCTBYET BEPOSITHOCTD
P(X S G) = / fx.
G

IIpumepsr. 1. JIByXMepHbI# AUCKPETHBIN CIy4aiiHbIA BEKTOD 33/aH TAOIUIEH:

.’172\.%'1 0 1
2 1/2 | 1/8
4 1/8 | 1/16
6 1/16 | 1/8

MHoxKeCcTBO 3HAUEHUI TOr0 CIy4ailHOro BEKTOPa (IPOCTPAHCTBO JIEMEHTAPHBIX COOBITHUI) COCTABJISIOT HIECTD

HCIIOBBIX BEKTOPOB: [g][g][g][;][i][é]

Wx BeposiTHOCTH 3aNUCAHBI B COOTBETCTBYIOIMX KJeTKax Tabsmnpl. Tak, Hanpumvep, P (X =1, G]T) = 1/8. Y6e-
JMTECh B TOM, 9TO CyMMa BCEX BEPOSITHOCTEH PABHA €IUHUILIE.

2. [IByxXMepHBI CIIy9afiHbIi BEKTOP, PABHOMEPHO PACIPE/IEJIEHHBIN B OrpaHudeHHoM obactu G ¢ KyCOYHO TJIaIKOM
TpaHUIEe, 331aeTCA NJIOTHOCTHIO PACIPeIeIeHus:

const, ecmz € G,
fX : Rz — R; fx(.’L') =
0, ecmzé¢dG.

Takum 00pa3oM, eIUHUYIHAS ,,BEPOATHOCTHAS Macca’ paghomepro pacipeaeaesa no obmacru G. [osromy 3nHageHue
KOHCTAaHTBI PaBHO %
AnajioruyHo onpeessiercss n—MepPHbIN CIy4YaiiHbIi BEKTOP, PABHOMEPHO PACIPEIEIEHHBIN B 11 —MepHO 00/IacTH.

3. N—MEPHBIA HOPMAALHO PACTIPENETIEHHBIN CIIyYalHbII BEKTOD 33/Ia€TCS MJIOTHOCTHIO PACIIPEICICHIS

fx(z) = m - exp (—%<B_1(£B —m),(z — m)>) . (2.4.2)

Bnech m = [my,...,my]T € R?, B — cuvmerpudHas, NOJOKUTETBHO ONpeIeieHHas (n X n)-MaTpHIa.

IIpoBepum, uTo f fx = 1. B kypce smuneitHON aareOpbl ObLIO MOKA3AHO, YTO MOJIOXKUTEIBHO ONMPEIE/ICHHAS MATPUIIA,
Rn
JIOTTYCKAeT Pa3jIoXKeHue XO0JIenKoro:
B=H'H,

roe H — Bepxusist Tpeyroabuas marpuna. Cnemaem B nnterpase "moacranoBky"z = m + H*y. Ilonyunm

R/m cap (—%(B-%m—m),(x—m») -

:R[ (27r)|ii§(Hch(B) o (_%<B_1H*y’H*y>) '

4B manpHeiimem Me! GyIeM HHOTA HCIOIB30BATEH COKpaieHue "c.B."
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Bameuast, 9to |det(H*)| = |det(H)| = y/det(B), u

<B—1H*y,H*y> = <H(H*H)‘1H*y,y> =(y,9),

1 Tt
/fX:W-/exp(—%> dy; ...dy, =
R R

+oo
i (s o) ) -
i} 27r7 2

(Bce omHOMEpHBIE MHTErPAJIBI PABHBI 1, KAK CliefyeT u3 npuMepa 5 m.2.3).

nMeeM

Ecsn 3aman cony4aitasril BekTop X co 3HaUeHUaMHT B R” | TO MOXKHO MOCTPOUTH CIydaiiHble mepeMenHble X1, ..., X,
— KoopauHaTbl X. MHOXKECTBO 3HAUEHMI KaxKJOW Tako# c.m. m3BecTHO. Tpebyercst Juib yKa3aTh paclpeieseHue
BEPOATHOCTEN HA, HEM.

Paccmorpum BHavase Cirydail duckpemnozo Crydaiinoro sektopa (npumep 1). Muoxecrso 3uadenuii c.i. X1 — 310
Q2 ={0,1}. Coberrne X; = 0 ecTh 0OObEIMHEHNE TPEX JJEMEHTAPHBIX COOBITHIL:
(X1=0,X2=2), (X1 =0, X =4), (X1 =0, X5 =6).
IlosTomy
P(X;=0)=1/2+1/8+1/16 =11/16.
Anajoruyso,
P(X;:=1)=1/84+1/16+1/8 = 5/16.
Msr mammn pacupegesieHue c.i. X; — MepBOil KOOPAUHATHI CIy9aiiHOrO BeKTOpa, X .

060061mast 3TOT pe3ysabTaT, MOKHO CHOPMYJIAPOBATH AJITOPUTM IIOCTPOEHUS 3aKOHA PACHPEIESIEHNsT KOOPAUHATHI
Jduckpemmnozo CIy4aifHOro BEKTOpA:

P(szivk):z'”z ZZP(XZ.Z')

Th—1 Thtl Tn

Zlas ka91cdozo 803m00iCH020 3HAMEHUA KOOPIUHAMDBL CYMMUPYIOMCA BEPOAMHOCTNU BCET INEMEHMAPHULT COOBMUTL, Ha
KOMOPHIT IMO 3HaMeHue JdOCU2aeMCA.

B caygae abCcomOTHO HEMPEPBIBHOTO CIIy9aifHONO BEKTOPA CyMMUPOBAHNE 3aMEHSIETCS NHTErPUPOBAHUEM:

+oo +oo +oo +oo
fx.(zx) = /d:cl.../dxk_l/d:ck+1.../fx(x)dwn.

Ipumepsr. 4. Ilycrs ciydaiinpiii BeKTop Y paBHOMEPHO DACIPEAEseH Ha NpsiMoyrosibHuke |y;| < a u |y2| < b; a >
0, b > 0. Torma
\ %@b’ ecn |y1| <a um |y2| < b,
fr i R =Ry fr(y) =
0, ecmu |y1| >a wmm |ya| > b

21_617 ecim |y1| S a,

+o0
fri(y) = / fy (y1,y2)dys =

0, ecmwm |yi| > a;

e QLba edm |y2‘ S ba
Ty (y2) = /fY(ylay2)dyl =

0, ecmm |y2| >b.

KoopauHaTs! 9TOr0 Ciiy4aiiHOro BEKTOpa pacipe/ejieHbl DABHOMEPHO Ha, cerMeHTax |y1| < a u |y2| < b coorBercrBeHHO.
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5. IlycTe cotydaiinbiii BeKTOp Z paBHOMEPHO pacupemesen ua kpyre ||z|| < r. Toraa

L ecm |2 <,

fZ : R? — R; fz(z) =
0, ecm |z||>r;

+oo 2¢/r2 — 23 o] <
—¥ -~ ecm |z r
le (zl) = / fZ(Zl,ZQ)dZQ = 7rr2 ’ ="
e L 0, et |zi| > r;

4

+oo 2¢/r? =22 o] <
ecn |z r
fZZ(Zz) = /fz(zl,zz)dzl =1 7TT‘2 ’ 2=
- { 0, ecmu |za] > 1.

KoopausaTsl 3T0r0 CirydaiiHOro BEKTOPa, PaClpeIesieHbl OAUHAKOBO (HO HEPABHOMEPHO!).

OrMeruM, 9TO 3HAHUE PACIPEIEJIEHUN KOOPIUHAT HE AT, BOODIIE rOBOPSsI, BO3MOXKHOCTHU MOCTPOUTH PaCIIpeIesie-
HEE BeKTOpa. VICKIII04YeHe COCTABIISIET CIydai, /il OMUCAHUS KOTOPOrO MBI BBEJEM BaKHOE HOBOE IOHSITHE.

KOOleI/IHaTI)I AJUCKPETHOr'O C.B. HA3BIBAKTCA (cmamucmu%ecnu) HE3ABUCUMBIMU 68 COBOKYNHOCTU, €CIIN

n
P(Xy=x1,...Xp = 2,) = H P(X} = zp)
k=1

JLJIsS BCEX BO3MOXKHBIX 3Ha4YeHUl & = (IL1,...,Ty) STOrO BEKTODPA.

Bozspamasice k mpumepy 1, BuguMm, 9TO KOOPAWHATHI BEKTOPA X CTATUCTUYECKU 3aBUCUMBI, TAK KAaK, HAIPUMED,
P(X;:=0,X2=2)=1/2,80 P(X; =0)-P(X, =2) =55/128.

KOOp,Z[I/IHaTI)I abCOJIIOTHO HEMPEPHIBHOTO C.B. HA3BIBAIOTCA HE3aBUCUMBIMU B COBOKYITHOCTH, €CJIU

fx(@) = fx,(@1) - fx,(22) - - fx, (Tn),

T.e. €CJIU MJIOTHOCTH PACIpesesieHus CIy9aifHOTO BEKTOPa PaBHA IIPOU3BENEHUIO IJIOTHOCTEN pacIpejiesieHusl ero Ko-
OPIVHAT.

Jlerko BumeTh, 9TO B TIpuMepe 4 3TO YCIOBUE BBITOJTHEHO, T.€. KOOPAWHATHI CIYHYAUHOTO BEKTOPA CTATUCTUYECKU
HE3aBUCUMBL. A BOT B TipuMepe 5 KOOPAUHATHI OKA3LIBAIOTCS 3aBUCUMBIMIU.

Nrak, eciiu KOOPAMHATHI CIIyYaiHOTO BEKTOPA HE3ABUCUMBbI B COBOKYIIHOCTH, TO U3yU€HHUE PACIIPEIEIEHUS C.B. MOXK-
HO 3aMEHUTDb U3yUeHUEM PACIpe/iesieHnii ero KoopauHat. Iloaromy skcrepuMenT OObIYHO CTAPAIOTCs IIJIAHNPOBATH TaK,
uTobObl "u3 puzmueckux coobparkenuit"KOOPAUHATHI CJIy4affHOrO BEKTOPA (MATEMATUYECKON MOMIEIM IKCIEPUMEHTA)
MOXKHO OBLJIO CYMTATH HE3ABUCUMBIMM B COBOKYITHOCTH. TaKOe IIpe/IIojIoyKeHne CYyIIECTBEHHO YIIPOIIAeT 33439y U yie-
menssier ee pemienvie. [ToguepkaeM, 9T0 OTBETCTBEHHOCTH 33 MPABUJILHOCTH 31X "dusnyuecknx coobparkenuii"Hecer

9KCIEPUMEHTATOP.

2.5. YucaoBble XapaKTEPUCTUKMN CJIYyYaifHOTO BEKTOPA

Onpegenenune. Mamemamuseckum odcudaruem n-MepPHOro €.B. X HA3BIBAETCS YUCIOBON BeKTOp m € R™, Bbruuc-
JII€MBIH TI0 IPABUILY:

B JUCKPETHOM CjIy4dae
m=MX)=) z-P(X =21)
€T

(cymMupoBaHUe BEIETCS 110 BCEM 3HAYEHUSAM CJIy9aiHOTO BEKTODA,);
B abCOJIFOTHO HENPEPBIBHOM CIIy4ae

m=M(X)= [z fx()

(HAOMHWM, YTO WHTErPUPOBAHKE BEKTOPA BBINOJHSETCS TOKOOPANHATHO).

Boraucium nepsyio koopausary BekTopa M (X) mjisi AUCKPETHOro C.B.:

my :Z.’L'l' Z P(X:.’L'):Z.’L'lp(Xl :il':l) :M(Xl)
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(cymmupoBanue 10 s, . . . T, AaeT pacnpeaeieaue X1).
B ciiyuae abcomoTHO HEMIPEPHIBHOTO C.B.

+oo +oo
my = / z1dmy / fx(z)dzy ... dx, = / x1 - fx, (®1)dzy = M (Xy)
—00 Rn—1 —00

(uHTErpUPOBAHUE TIO L2, . . . Ty JAET IJIOTHOCTH pacupenesteHus X1 ).

Awnamornuno, my = M(Xy), k=1,...,n.

Nrak, KOOPIUHATH MATEMATAYECKOTO OKUIAHNS CIy9aiiHOTO BEKTOPA PABHBI MATEMATHYICCKUM OXKUIAHUSM COOT-
BETCTBYIOIUX KOOPJMHAT 3TOr0 BEKTOPA. IIpy 3TOM, KOHEYHO, TPEITIONATAETCs abCOMOMMHASL CXOAUMOCTD BCEX UUCTIO-
BBIX PSIZIOB WJIM HECOOCTBEHHBIX WHTETPAJIOB.

Onpenenenve. Kogapuayuonholi mampuyeti n—mepHoro ¢.B. X HA3BIBAETCS YUCIOBAS MATPUIA, BHIYUCISIEMAS] 110
IPaBUILY:
B(X) =cov(X) =) (¢ —M(X))-(z - M(X))" -P(X =)

B IMCKPETHOM CIy9ae (CyMMHUPOBAHWE BEIETCS MO BCEM 3HAYEHUSIM C.B.);

B(X) = cov(X) = /(w—M(X)) (e = M@X))T - fx(z)

R’n
B abCOJIIOTHO HEMPEPLIBHOM Cjiydae (€CTeCTBEHHO, MHTErPUPOBAHUE MATPUIIBI BBITIOIHSAETCS TOJIEMEHTHO).

Hockomsky (z — M(X)) - (x — M(X))T — marpuna mopsinxa n, To u B(X) — marpuna nopsiika n. Borancamu ee

EPBbIA JUa20HAALHDLT JTIEMEHT.
Z 2 Z
b11 = (IIJl - ml) . P(X = iI}) =
L2409 n

Z1

= (21— m1)’-P(Xy = 21) = D(Xy).

B ciiyuae abcomOTHO HEMTPEPHIBHOTO C.B.

“+oo

b= [@—mPda [ fx@dos...dn, =

_ oo R
+oo
= / (.’11'1 - m1)2 - le (.’L‘l)d.’ll'l = D(Xl)

Amanormuno, by, = D(Xg), k=1,...,n.

Takum 06pa3OM, JUATrOHAJILHBIE JIEMEHThI KOBAPUALMOHHON MATPULbI PABHBL AUCIIEPCUSIM COOTBETCTBYOIIUX KO-
OPAMHAT CJIy4ailHOrO BEKTODA.

Paccmorpum reneps BHeAMArOHAJBHBIE djieMeHThl MaTpulpl B(X) :

brj =bjx = Y _(xx — my)(z; —m;) - P(X =)

T

B IUCKPETHOM CJIy4ae;

brj = bjx = /(iﬂk —my)(z; —my) - fx ()
R~

B aOCOJTFOTHO HENPEPBIBHOM CJIy4ae.

Yucno by; HaspIBaeTCsa Kosapuayuel CIydIaitHbIX TepeMeHHBIX Xy, 1 X W 6MOpvM CMEUAHHM UEHMPANLHOIM
MOMEHRMOM (IUTATEITIO, 3HAKOMOMY C MEXAHMKOIN, PEKOMEH/[yeM BCIIOMHUTDH LEHTPOOEKHBIH MOMEHT MHEPIWN).

HanomHuum, 9T0 151 CylIeCTBOBaHWSI MATPHIBI KOBApUALWil TpeDyeTcsi CyIeCcTBOBAHNE BEKTOPA MATEMATHYECKOrO
O2KNJJaHUA 1 a6COJIIOTHaH CXOAUMOCTH BCEX onpenensnonmx €€ dJIEMEHThI pH,I[OB (I/IHTeI‘pa.TIOB).

Baxkuoe cBOHCTBO MATPHUIILI KOBAPUAIMHA JTOKA3HIBAET

Teopema. Marpuna B(X) HeorpunaresbHa ONpeaeseHa, T.e.

(B(X) a,a) >0 ans moboro o € R".
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Hokazarensctso. Ilycts o € R*. Iyt qucKpeTHOro ciyuaiHOro BeKTopa X nMeeM

(B(X) a,a) =a’B(X) a= ZaT(m—m) (z—m)Ta-P(X =z) =

=Y [z —m),a)|* - P(X = 2); (2.5.1)

AHAJIOTUYHO, J1Jis aBCOMIIOTHO HEMPEPHIBHOTO CJIyYaiHOTO BEKTOPA,
(B(X) a,a) = / (& — m), a)* - fx(a). (2.5.1')
R’n

Nurerpan B (2.5.1"), oueBumuo, neorpunarenen. Bonee Toro, ecmm o # 6, TO OH HE MOXKET PABHATHCS HYJIIO, 10O B
CUJly KyCOYHOM HenpepbiBHOCTU fx 1 yciosus (2.4.1) Haiinercs 06acTh, B KOTOPOi 008 COMHOKUTEIS! OJOKUTEbHbI.

Amanoruano, ecim a # 6, To cymma B (2.5.1) MOXKET PABHATHCS HYJIO TOJIBKO B CJIy9ae, KOTJA BCE TOYKHU T, JJIs
koropeix P(X = z) > 0, pacnonoxenst B miockocru {(z — m),a) = 0. A 9TO PaBEHCTBO, KAK M3BECTHO W3 KypCa
JITHEHHOH aireOphl, 03HAYALT, YTO OJHA U3 KOOPAUHAT BEKTOPA L — 1M €CTh JUHEHHAA KOMOMHAIMA OCTAJIbHBIX:

1
T =Mk — — Zaj . (.’L'j - mj). (2.5.2)
A

Takum 0O6pa3oM, MATPHUIIA KOBAPUAIINH SBJISETCS JAXKe [MOJI0KUATEIBHO OIPeIeIeHHOM, 33, NCKIIOYEHNEM BBIPOXK IeH-
HOT'O CJIy4asi, KOT/Ia OJHA M3 KOOPAWHAT CAYYalHOTO BEKTOPA — MOJMHOM TEPBOM CTENMEHM OT OCTAJbHBIX KOODIWHAT.

ITpumepst. Haiiiem 4nciioBbie XapaKTEPUCTUKY CIy9afHBIX BEKTOPOB, PACCMOTPEHHBIX B IPEABIAYIIEM IIyHKTE.
1. TuckpeTHbIi Ciry4YaiiHBIA BEKTOP u3 mpumepa 1.

.’172\.%'1 0 1
2 1/2 | 1/8
4 1/8 | 1/16
6 1/16 | 1/8

my = M(X1)=0-(1/2+1/8+1/16) +1- (1/8 + 1/16 + 1/8) = 5/16.

Anajiormynnre noaCYeThl AT

5/16 55/256 35/128
M(X)= 3 cou(X) =
25/8 35/128 159/64

2. ABGCOTIIOTHO HEMPEPBIBHBIN CIYyYaiHbIA BEKTOP U3 npuMepa 4:

. 4éba ecim |1/1| S a un |y2| S ba
Yy - — K YY) =
fr: B =Ry fr(y)
0, ecmm |y1| >a umm |yz| > b.

+oc a
1
my =M1) = / y1 - fvi(y1)dyr = % '/y1 dy; =0

(unTErpas oT HeueTHOH (DYHKINM MO CUMMETPUYHOMY OTHOCUTETHHO HYJIs TPOMEKYTKY PaBeH HYJIO).
Ananoruano, me = 0, T.e. M(Y) =[0,0]7.

+oo
bi1 = D(Y1) = /(yl - m1)2 “fy (yl)d?h =

—00

R T
=2 /(y1 0)*dyr = a*/3.

—a
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Amnasoruano, bye = D(Ys) = b?/3. Hanee,

“+o00 400

b1z = by = / /(y1 —my)(y2 —m2) - fy(y1,y2)dy1dys =

—00 —00

a b
1
- . d dys =
1ab /Z/l yl/y2 y2 =0
—a —b

(uaTerpas oT HedeTHOH (YHKIMU [0 CUMMETPUIHOMY OTHOCHUTEJILHO HYJIs IIPOMEXKYTKY PABEH HYJIIO).

Nraxk,
2
a
T 0
cov(Y) =
b2
0 3

3. 11 abCOIIOTHO HEMPEPBIBHOIO CJIYYAMHOIO BEKTOPA U3 IPUMEPA b

#, eciu ||z|| <
fz: R SR, fz(2) =
0, ecmulz||>r

AQHAJIOTUYHBIE BBIKJIQIKUA JAI0OT

4. JTj1s1 HOpMAJIBHO PACHPEAEIEHHOrO CIIy4aiiHOr0 BEKTOPa, ¢ mapamerpavu m u B (npumep 3), ne npusogs mocra-
TOYHO IPOMO3JKHX BBIKJIAJIOK, yKaxkeM, uro M (X) = m, cov(X) = B.

Nuorpa BMECTO KOBAPUAIMOHHON MATPUILLI UCHOIB3YIOT KOPPEAAUUOHHYIO MAMPUYY, HIEMEHTHI KOTOPOH Oonpele-
sstfoTest hopmytoit
Tjk = bit .
bjj - bk,

OueBngpo, uto ri; = 1. Tlokaxewm, ato |rif| < 1. JlefiCTBUTENBHO, MPUMEHNB TOKA3aHHYIO BBIIIE TEOPEMY K BEKTODY
a = el — k)
(3mech A € R, a el u e(k) — pekropsr cranmapTHOrO Gazmca), mMOIyaIM
2 42 2

N3BecTHO, 9TO KBAAPATHBIA TPEXUJIEH 6C10JY HEOTPUIIATEJIEH, TOJBKO €CIM €ro JUCKPUMHUHAHT HEMOJIOXKUTEJIEH.
2 2 2
Hostomy bj — (bjjbkk)® <0 mm rj, <1, me. |rj| < 1.

3ameuanue. Pasencrso |rjp| = 1 o3Hauaer, 4ro KoOpAMHATHL ciaydaiinoro Bekropa X; — M (X;) u X — M(Xy
7 ’ J J
nuHeiiHo 3aBucuMB (cM.(2.5.2)).

Hucio rj;, HA3BIBACTCA KOIPPHUYUEHMOM KOPPEAAYUY MEKIY CirydalinbivMu nepemenabiMu X; u Xj. Ecim rj, = 0,
To c.I. X; 1 X}, HA3LIBAIOTCS HEKOPPEAUPOSAHHHLMU.

IMokaskeMm, 94TO HE3aBUCUMbIE CIy4ailHbIe EPeMeHHbIe HeKoppenupoBaHbl. Ilycts fx (r1,%2) = fx, (x1) - fx, (z2).
Torma

by = /(21?1 —m1)(z2 — m2) fx, (1) fx, (z2) dz1 dz2 =

R2
+o0 +o0
= / (1 —ma) fx, (z1) day | X / (w2 —ma) fx, (x2) dza

5He myTaiiTe IMHEHHYIO 3aBUCUMOCTD CO CTATUCTHYIECKOH!
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Jlerko BUAETH, YTO KarXKAbII U3 MOIyUEHHBIX UHTETPAJIOB paBeH Hym0. IToatomy bi2 = 0.

Cepbesnoe nipefynpexkenre. B pacCMOTPEHHBIX BbIllle MpUMeEpax (CIydaifHble BEKTOPHI, PABHOMEDPHO PACIIpeIe-
JIEHHBIE HA TPSMOYTOJIbHUKE U Ha, KPyre) KOOPAMHATHI CJIyYadHBIX BEKTOPOB OKA3AJIUCh HEKOPPEAUPOSaHHbiMU. B TO
JKe BpeMsi B IPEIbIIYIEM MyHKTe ObIIO MOKA3aHO, YTO KOOPAUHATHI IEPBOr0 CJIYYaMHOr0 BEKTOPA HE3ABUCUMBI, 8 BTO-
poro — 3aBucumbl. CJie10BATEILHO, PABEHCTBO HYJIIO KOI(DDUIMEHTa KOPPEISIUU MEX Ly JABYMsI C.II. HE HECET HUKAKON
nHpOpMaIY O HAJIUYUK CTATUCTUYECKON 3aBUCMMOCTH MEXKIAY HuUMHU. K CoxKajieHuio, C0BO "Koppessuus"uHOrIa
ynorpeb/isieTcs B CMbICIE " CTaTUCTUYeCKas 3aBUCUMOCTh" . VIcTOpuyecKkre IpuYnHbl 9TOM Iy TAHUIbL OY1yT U3JI02KEeHbI
HUKE.

Samedanne. MoKHO OKA3aTh, 9TO KOOPAUHATHI HOPMAJILHOTO CJIYYaHOTO BEKTOPA — HOPMAJIBHO PACIPEIeICHHBIE

C.II.:
1 (SL‘k - mk)2
fx, (zr =7'€$p<—7 or =V bik).
(o) = = = (o1 = Vou)
Ecii KOOpAMHATEI HOPMAABHO20 CITyIafiHOTO BEKTOPa MOTIAPHO HEKOppeJnpoBaHel, To B = diag [02,...,02] u
1
fx(xi,...,xp) = ————x

( ) (V2m)"oy...0n

(x1 —my)? (n —my)?

x exp (—72 el @) ) Fx ().
207 20,

Takum 06pa3oM (B UCKIIIOUEHNE U3 OBIIEro NpaBuiia), HEKOPPEIUPOBAHHOCTD KOOPIUHAT HOPMAALHOZ0 CILyIaHHOTO
BEKTOPA PABHOCUJIHLHA, UX HE3ABUCUMOCTH B COBOKYITHOCTH.

2.6. ITpeoOpa3oBaHus ciaydaifiHBIX IIEPEMEHHBIX

IIycrs 3aman ciaydaiinblii BekTop X, T.€. 33JaHO IIPOCTPAHCTBO I€MEHTApPHbIX coObituii x C R", u Ha HeMm
3a1aHBI MO0 BEPOATHOCTH (JJIs AMCKPETHOTO CIy9aifHOrO BEKTOPA), MO0 MJIOTHOCTH PACIPENESIeHNs] BEPOSTHOCTEH
(mtst aBCOTIOTHO HEMPEPBIBHOTO CIIyYa{HOrO BEKTODA).

3amagum Tenepb Gy ¢ : Qx — R™ u 0603HaunM MHOKeCTBO ee 3Hadenuii 2y . Torma na (dy ecrecTBeHHBIM
00pa30M 3aaeTCsl PaCIpeseeHne BEPOSTHOCTEN, TOPOKIAEMOe PACIIPEIEIEHAEM BEPOSITHOCTEN Ha {)x: BEPOSITHOCTH
Kaxk0ro cobbitust A C (dy paBHA BEPOSITHOCTH €T0 MOJTHOTO TTpo0dpa3a, T.€. MHOXKECTBA BCEX TOUEK u3 {)x, KOTOPHIE
nepeBogsaTcs B A Gyukuueit ¢. TakuM 06pa3oM ONpenessieTcst HOBbIH CIydaiiHblil BeKTOp, obo3nadaeMblii Y = ¢(X).

Jlerko BuzeTH, 9YTO pacupeesieHne BeposaTHOCTEN obpa3a duckpemnozo ciydaiinoro Bekrtopa Y = ¢(X) Bbraucis-

ercs o opmyJie
PY=y)= > PX=a.
{z]o(2)=v}

ITycrs, nanpumep, Qx = {—3,—2,-1,0,1,2,3} u 51u 3HaueHus pagnosepoamuo. 3amamuMm byskuuo g : Qx — R
dopmynoit g(x) = z2. Bumno, uro mMHONKecTBO 3Hadenuii c.n. Y = X2 Qy = {0,1,4,9}. Ilpu stom y 3HaueHus
0 omuu mpoobpa3, a y OCTAJbHBIX 3HAYEHWI — M0 JBa. Lenephb JIErKO COCYUTATH BEPOSiTHOCTH BCex 3Hadenuii. C.m. Y
3a0aHa TAOINLIEH:

Y 0 1 4 9
Py) || 1/7 | 2/7 | 2/7 | 2/7

Bormpoc 0 mpeobpa3oBaHuy MIOTHOCTH PACIPEIEIEHNsT aDCOMIOTHO HEMPEPBIBHOTO CIIyYaHOTO BEKTOPA, JIETKO Pe-
IIAETCST B CUTYAllUd, KOTIQ ¢ — IJIaaKas (DyHKIUs, B3aUMHO OJHO3HA4YHO orobpaxkaromas dx C R™ ma Qy C R?,
npudeM det(¢') # 0. B srom ciyuae X € G <= Y € ¢(G). Hosromy P(X € G) = P(Y € ¢(G)), u no teopeme o

npeoOpPa30BaAHNN UHTErPAJIA,
[tx= [ 1= [(vo0) ideti@)] (26.1)
e #(3) e

ITocKONBKY 3TO PABEHCTBO JOJIPKHO OLITH BBIMIOJHEHO st J1I000# 061acTr G ¢ KyCOYHO TUIAIKON TPAHUIIEH, TIOIBIH-
TerpajbHble (DyHKIMK C1eBa U cupasa B (2.6.1) coBnagaior, oTkyaa

fx (z)
fr(9(e)) = ——<-
|det(¢'(z))|
Eciin orobpazkenue ¢ He siBJIsieTCsl B3aUMHO OJHO3HAYHBIM, TO BOIPOC O pacupenenenun Y = ¢(X) Gonee ciaoxen.
OcranoBuMCst TOAPOOHEE Ha ciiydae, Korjaa ¢ @ Qx — R — dyukumona.
Bocnonsayemcsi cBoiictBoMm (2.1.2) dbyHKIMU pacupeesieHnst:
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Fy(y) =P(¢(X) <y) = / fx. (2.6.2)
{2]o(2)<v}

Eciu ynaercst BeraucauTh (QyHKIMIO PACIPEIENIEHUs], TO TJIOTHOCTD fy Haxoaurcs u3 Hee auddepeHupOBaHreM.

IMpumepst. 1. MraoBeHHOe 3HaUEHNE CUHYCOUAAJBHOIO HANPsixKeHus onpezensercs no dopmyiie u = Upygz - Sin(p).
W3mepenre MrHOBEHHOI'O 3HAYEHWSI IIPOU3BOIUTCS B CAY4QUHbLY MOMEHT BPEMEHH, T.€. MPEAIONaraeTcs, 9ro c.u. P
(daza) pacupenenena paprOoMepHO HA [—7r, 7[:

21? mpu —-7w< <,
fa(p) =

0 mpu ¢<-m mwam ¢ > .

IIpu sTux ycnosusix onpexnesena c.u. U, 3HadeHus: Koropoii 3anonssaior cerMeHT Qu = [—Upag, Umaz)- Haiizem
ILUTOTHOCTH €€ PACIIPEIEJIEHNs], IOJIOKUB It yIpomeHusi, 910 Upqe = 1.

Haunewm ¢ mocrpoenust Fy(u) =P(U < u).

OueBngno, uro Fy(u) =0nmpu u < 1w Fy(u) =1 npu u > 1.

A

Puc. 3:

Ha pwuc.2.3 Beimenen yuacrok ocu abcumcee, Ha kotopom U < u, most cayqasi u € | —1,0[ , a va puc.2.4 — qyist coryqas
u € [0,1].
W3 puc.2.3 Bugno, yTo pu —1 < u < 0
@2 — 1 T+ 2arcsin(u)

Fy(u)=PU <u) = 5 = 5

Amnasiornuno, uz puc.2.4 Buguo, yro npu 0 <u <1

1+ 2m =y 7w+ 2arcsin(u)

Fy(u) = P(U < ) - -

" /‘_\

©1 ©2 ™

Puc. 4:
Nraxk,
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0 mpu u < —1,
Fyu)=4{ T + 2ar7<;sm(u) mpr —1<u<1,
1 npu u>1

Huddepenuupysi, Hali1eM MIOTHOCTD PACIIPEIETEHUS

1

_— mpu |u| < 1,
7V 1—u? lu
— B () —
folu) = Fy(u) = {0 ge onpeneneHa npu |u| =1,
0 opu  |u| > 1.

MsI OTyYrIM TaK HA3BIBAEMBIN 3aK0H apKCUMHYCA.

2. 3amaH AByXMepHBIH ciaydaitabii BekTop X € MJIOTHOCTHIO pactpenernenusi fx. Haiimem pacnpenenenve c.i.
Y =X;+Xs.
Dopwmyia (2.6.2) maer

Fy(y) = / fx(z1,22) dzidws.

{z |z1+zz <y}

N T2
AN
AN

T1

Puc. 5: 21 + 22 <y

Kax m3sectro, MEOKecTBO {2 € R?| 21 + 72 < y} — momymnockocts (puc.2.5).
IIpeobpasyem aBOMHON MHTErpas B IIOBTOPHBIM:

+oo Yy—T1 +o0 Y
Fy(y) = /dxl / fx(z1,22) dzo = /dx1/fx(x1,z—:v1) dz

(BO BHYTpPEHHEM WHTErpajie MbI CACJIAJH TOACTAHOBKY To = 2 — &L1)-

Teneps mpeobpa3yeM MOBTOPHBINA WHTErPaJ 00PATHO B JBOMHOM, a 3aTeM — B NOBTOPHBIA B ApyroM mopsake ('mo-
MEeHsIeM TIOPSIIOK MHTerpupoBanus'):

Y

Fy(y) = / dz 7oofx(x1,z — 1) dzy.

—0o0 —0oQ
Huddepennupys mo ¥, MOIYyUINM [JIOTHOCTH PACIIPEIETICHIS:
+oo
fr(y) = / fx(z1,y — 21) dry. (2.6.3)
-0

Bameuanue. Ecim kOOpauHATEL 21 U L2 HE306UCUMbL, TO dopMya (2.6.3) mepenumercst Tak:

+oo
fy(y) = / fxi(x1) - fx,(y — x1) dey = (fx, * fx,)(y)- (2.6.4)
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ILrommocms pacnpedenserus Cymmo, 08YL HE3ABUCUMBLL CAYHATHOLL NEPEMERHBLT PAGHA CEEPTNKE NAOMHOCTEN Pac-
npedesenHus cAa2aeMoLL.

Paccmorpum aBa mpumepa:

3. Haiinem pacupemesienue CyMMbl KOOPIUHAT IBYXMEPHOTO HOPMAAbHOZ0 CIIyIaiiHOTO BEKTOPA.
Mozacrasnsia B8 Gopmyny (2.4.2)

3
|
3
©
I

0'% rcg102
0102 0'%
(r — ko3 dunmenT KOppeEISALMN), TOTyIUM

1

fx(1,22) = ———F—=x
2no109V 1 — 12

2 2
ry —mq ry —myp Ty — M2 o — Moy
- —2r- : +

o1 01 02 02

2(1 —r?%)

Ecnm moacrasuts fx B hopmysy (2.6.3) u BEMUCIATE UHTETPAJ, TO MOTYTAM

fry) = \/21_7me;cp (—%) )

e m=mj +my; 02 =02+03+2r-01-0s.

Mo>kHO TOKa3aTh, YTO U B N-MEPHOM CJIydae CyMMa JII000ro Yuciaa KOOPAMHAT HOPMAJIbHOTO CJIyYaifHOrO BEKTOPA
uMeeT HOPMAaJIbHOE PaCIIpeiesieHue.

4. Ecyin nByxMepHbIi cry4aiinbii Bekrop X paBHOMEPHO pacupenenes Ha kBagpare [—1,1] x [—1,1], To, kak 6bu10
NOKA3aHO B 11.2.4, ero KOOPAUHATHI HE3ABICUMbI I PABHOMEPHO DacupesesieHsl Ha cermente [—1,1]
% opu |t| <1,
fX1 (t) = fX2(t) =
0 mpm |t|>1.

ITo dopmyne (2.6.4)

+oo
frra®= [ Lo fuw-o
—0o0
HO,ZH)IHTeraJIbHaH (byHKHI/IH 340eCb OTJIM4YHa OT HYyJIA TOJIBKO IIPXU BBIIIOJTHEHUHU OJHOBPEMEHHO ABYX HEPAaBEHCTB!:
—1<t<1u-1<y—t<1 (B3TOM Cilyuae OHA PABHA 21;)

Mostomy fx,+x,(y) = 21I -A, tne A — nymua o6meit vactu npomexyTkos [—1,1] u [y — 1,y + 1].

y—1 y+1

-1 +1
Puc. 6: —2<y <0

W13 puc.2.6 Buguo, uro mpu y € [—2,0] A = (y+ 1) — (-1) = y + 2. Ananormuno, npu y € 10,2] A =2—y.
Haxonen, oueBnano, 9to npm |y| >2 A =0.
Ipaduxk mwrorHocTu pacupenenenus X1+ Xo (Tak Ha3bIBAEMOE Mpeyzoabroe pacupeesienne) n3obpayken Ha puc.2.7.

Borauciivm Temeps MaTeMaTHYECKOE OXKUIAHUE W KOBAPUALMOHHYI) MATPHUILy 00pa3a CIIy4aiflHOrO BEKTOPA.
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0.5

Puc. 7:

ITycte X — n-MepHBIA AMCKPETHBIN CIy9aiHbii BekTOp, ¢ : R* — R™ | YV = ¢(X). Torga u3 onpenesienus: BUTHO,

e MY)=> ¢() -P(X =uz). (2.6.5)

Mo>kHO 1OKa3aTh, 9TO ¥ Jjisi ADCOIIOTHO HEITPEPHIBHOTO CIIy4YaifHOro BekTopa X CrpapeivBa aHajaorudHas Gpop-
MyJ1a

M(Y) = / &) - fx(a) (2.6.5)

(kak BCErza, MpPeAnoIaraeM, IT0 PAL MM UHTErpasn abCOMIOTHO CXOLUTCS).
Bameuanne. Popmysnst (2.2.1), (2.2.1") MOXKHO Temeph MEPENNUCATD TaK:

DX)=M ((X - M(X))Q) .

,ZIUCTLGPC'U,.E C.N. — IMO MAMEMATNUYECKOE OHCUIGHUE nea&pama YKAOHEHUA C.Tl. O €€ MAMEMATNUYECKO20 0AHCUIGHUA.

Amnajiornyso, u3 onpenesieHns KOBAPUAIMOHHON MATPHUIIBI [IJIsI IUCKPETHOTO CIYYaifHOTO BEKTOPA, BUJIHO, YTO

B(Y) =) (¢(x) - M(Y)) - ($(z) - M(Y)" - P(X = z), (2.6.6)
¥ MOXKHO ITOKA3aTh, 9TO JJjis aOCOIIOTHO HEMPEPBIBHOIO CJIYYAMHOIO BEKTOPA

B(Y) = / (6(z) - M(Y)) - ($(z) = M) - fx (a). (2.6.6)

Rn

IIpumep. B npumoxkeHnsX 9aCTO MPUXOAUTCS BBIMUCISATL MATEMATUIYECKOE OXKUIAHNE U JUCTEPCUIO JIMHEHHON KOM-
OMHALMY CJIy9aNHBIX IEPEMEHHBIX.

IIycte X — n-mepHbiii crygaiineii BekTop, ¥ = a1 X1 + ... + apX,. B srom cayuae ¢(z) = (z,a), tme a =
[a1, .., a,])T. Tlostomy, BerHOCS B hopMymax (2.6.5), (2.6.5') MOCTOAHHDI MHOKHUTEH ( 33 3HAK CyMMBbI (HHTErpasa),
nosTygaeMm

M(Y) = (M(X),a)

(B mpenmosnoxkennn, yro M (X) cymecrsyer).
Amanornano, noacrasue ¢(z) = (z,a) n M(Y) = (M(X),a) B dopmyns (2.6.6), (2.6.6"), MOKHO BBIHECTH
MOCTOSTHHBIE MHOKUTEJH 38 3HAK CyMMBI (MHTETDAJIA) U MOy IHUTh

DY) =(B(X) a,a)

(ecrm cymectyer B(X)).

n
B BaxknOM wacTHOM ciyHae, Korma Y = Y X, mmeem a = [1, ..., 1]T. Iosromy
k=1

MEY) =Y M) DY) =3 b

n n n
k=1 j=1 k=1

Ecau noopﬂu%amm my%au“’noeo 6EKMOPA UMENTN, MATMEMAMUYECKUE OOfCU()U/HU.ﬂ,, MO MAMEMAMUYECKOE OHCUIAGHUE
CYMMDL noopdu%am PABHO CYMME MAMEMAMUYECKUT ooicudarnuti caazaemvis. Ecau noop(?uuamm my%aﬁﬁoeo seXMOPa
umernm 0UCTL6PC’LLU, mo 0UCTL6PC’LLJZ CYMMDBL noopduuam PABHA CYMME BCEL INEMEHMOE %OGCLPUCL’I,QUOHHO’UIU MAMPUUDL.
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OTrMeTrnM OYeHb BayKHOE 0OCTOSATENIBCTBO: JUCTEPCUA CYMMDBL KOOPIUHAM, 8000We 2080DPA, He PABHA CYymme ducnep-
cuti amux Koopdunam. OHA MOXKeT ObITH U OOJbIINE, U MEHBIIIE.

Ecnu cantars gucnepcuio c.1. Mepoit "HeynopsinodeHHOCTH 9T C.11., TO IPU CYyMMUPOBAHUH CIIyYaNRHBIX TIepeMeH-
HBIX 9Ta "HEYIOPSI0YEHHOCTh " MOXKET KaK yBEJIUIUBATHCS, TAK U YMEHBIIATHCS.

Ecnu ke KOOpAMHATHI CIyYaifHOIO BEKTOPA NONAPHO HEKOPPEAUPOSAHDL, TO AUCHEPCHUsi CYyMMbI KOODIANHAT PABHA
CyMMe JHCIEPCUil CIIaraeMbIX.

2.7. JlaTunK ICEeBOOCIIy YallHBIX YUCEJI

3anaua 0 npeobpazoBaHuy CIIyIaiHOM MEPEMEHHON JaCTO BCTPEUALTCS B MPUJIOKEHUAX (HAPUMED, 3381394 O Ipe-
obpazoBanmnu "cayuaiinol nomexu''mpu ee NPOXOXKIEHUU HYepe3 MPUEMHO-YCUIUTEIBHOE YCTPOHCTBO). B cmry cmox-
HOCTH CTPYKTYDPHI (husudeckux npeobpazosareseil "anamurudeckue" MeTonpl (HEKOTOPBIE U3 HUX PACCMATPUBAIUCH B
OPEIBIAYIIEM [IyHKTE) HEPEAKO OKA3BbIBAIOTCS HENPUMEHMMBIMHU. XOPOLIKE PE3YJILTATHI AAET B 9TOM CIydae MAaIIuH-
HOE MOJIEJIMPOBAHUE: AJITOPUTM TIPEOOPA3OBAHUS, OCYIIECTBISIEMOTO (PUNUECKUM YCTPOUCTBOM, PEaU3yeTcsl B BUJE
MAaIUHHON TPOrPAMMbI, Ha, BXOJ KOTOPO# MOAeTCsl JOCTATOYHO JJIUHHBIA HAOOP YMCEsI, UMUTUPYIOIIUX 3HAUEHUS CIIY-
vaiinoii nepemennoii ("momexu"). Bompoc 0 kavecTse uMuTaimu 6yeT pacCMOTpeH B ryiase 3. Uucia 3TH UMEHYIOTCs
nce8docAYaTUHbIMUY.

B 6ubmmorekax CTaHAapPTHBIX TOAIPOrPAMM U B CPEIAX KOHEYHOIO TOJIH30BATEIS UMEIOTCSI TPOrPAMMHBIE JATYUKU
(reHepaTopBbI) MCEBIOCTYYaRHBIX YKCEI. B MX OCHOBE JIeXKAT aArOPUTMbI, BHIPAOATHIBAIOUINE [ICEBIOC/TY YaiiHbIE YHCIIA,
paBHOMEDHO pacupezaenenubie Ha |0, 1[. YeTpoiicTBO Takux aNroOpuTMOB BECHMA CJIOXKHO W HE MOXKET PACCMATPUBATHCS
B HalieM Kypce. BasiB jgocrarodno 60Jiblnyio BEIOOPKY, MOXKHO yOEAUTHCsI, 9YTO OTHOCUTEJIbHBIE YACTOTHI HONAIAHMS
[CEBIOCITY YalHBIX YKces B 4acTu uHTepBaia |0, 1[ mpuMepHO MpONOPUUOHAIBHBI IJIMHAM ITHX YaCTei.

Nmest paBHOMEPHBII JATYUK, MOXKHO KOHCTPYUPOBATH JATYUKHU C 33 JAHHBIMU 3aKOHAMY pacnpeneaenus. [lokaxeM,
KaK 3TO JIEJIAETCs, Ha, puMepe abCOMOTHO HENPEPHIBHOMN C.II.

ITycts X — c.n., paBHOMepHO pacnpenenerHas Ha ]0,1[, u ¥ — 3ananHas dbyHKuus pacnpeznenesus (¢ — coor-
BETCTBYIOLAas ILUIOTHOCTh pacupezesenus). PaccMoTrpum 00beuHeHrne IpOMEXKYTKOB, Ha, KOTOpbix ¢ > 0. Ha srom
muOXkecTBe (0603HauuM ero () dyukuus ¥ Bo3pacraer u, cienoBarebHo, uMeer ooparHyo. [Tockonbky 0 < ¥ < 1,
to U~ ompenenena moutu Beroomy Ha [0, 1], T.e. Ha MHOXKecTBe 3Hauvenuit c.n. X. Jlokaxkewm, uro c.a. Y = ¥T1(X)
nmeer MYHKUUIO pacnpegesenust W,

TleiicTBurenbHo, u3 Bo3pactanust ¥ ciepyer sozpacranue UL, u

T HX) <y &= X <T(y).

Orcrona
Fy(y) =P(Y <y) =P(T(X) <y) =P(X < ¥(y)) =

U(y) U(y)

—~

— 00

IMocTpoum, HAaNpUMED, AATYUK IKCNOHEHUUAALHOZ0 PAcHpeaenenus ¢ napamerpom (a > 0) :

[ 1—ezp(—a-y) mpm y >0,
Fy(y) = { 0 mpu y <0.

3necn Q :]07+OO[7
Fyl(z) = S TY e 0<az <1

CrieoBarebHO, TPeobpasyst YUCHa, Ly, NOJYUYEHHBIE OT PABHOMEPHOTO NATYNKA, M0 GOPMYJIe Yi = —é -In(1l —xy),
MBI TTOCTPOMM HAOOpP 3HAYMEHWH YKCIOHEHIMATIHHOM C.II.

OrMernM, YTO y OMUCAHHOIO METO/IA €CTh TPY/IHOCTH: HEOOXOJMMO YMETh BBIYUCISTH 3HAUEHUsT (PyHKIMN, 00PATHOMN
K Fy .

2.8. llenTpanbpHaga mpeaeJabHass TeEOpeMa

PaccMOTpuM n-MepHbIiT aGCOMOTHO HeMpepPBIBHLIH crydaiimbii Bektop X = [X1,...,X,]T ¢ ogumakoso pacmpe-

JEeJIEHHBIMY W HE3aBUCHUMBIMHU B COBOKyHHOCTI/I KOOPpAWHATAMU. By,ILQM nopeanoJjiaraTb, YTO KOOPpAWHATHI C.B. MMEKOT
MaTeMaTHYecKoe OXKHUIAHUE 1M, JUCIEPCUIO 02 U abcomommut mpemuti yenmpaibrviti Momenm, oIpeeaseMblil pa-
BE€HCTBOM

p3(X) = M (| Xy, — M(X4)|*) .

Bsenem HOBBIE CityuaiiHBIe TIEpEMEHHBIE Y}, = in\;_m N3 dhopmyn, noayueHHbIX B M.2.6, BUIHO, YTO
ovn
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1 p3(X)
M(Yy) =0, DY) =—, Vi) = . 2.8.1
(%) ()= 5. w0 = 55 (281)
O603HaunM fy ODIIYIO MJIOTHOCTH PACIPEIENIEHUs C.II. Y ¥ PpaccMoTpuM ee mpeobpasoBanue Pypbe:
+o0
Frw) = [ eap(=ivn) - v (28.2)
—0Q
®opwmysna Teitopa TpeTbero Nopsiaka, IaeT
2 3
, . w (w
exp(—iwy) =1 — jwy — % + z% - g(wy),
rae g(wy) = cos(y1) — 1 - sin(y2), Y1 4 Y2 — HEKOTOPBIE TOYKU MexkAy 0 u wy.
ToxcrasuM 510 BhIpaxkeHue B (2.8.2):
+oo +oo 9 +oo
— ] w
fr(w) = / fr(y)dy — iw / yfv(y)dy - = / Y’ fy (y)dy+
—o0 —00 —00
+oo
_(/J3 3
tie [ 9wy)yfy(y)dy. (2.8.3)

O4eBuAHO, YTO IIEPBBIA MHTErpaJ B 3TOW CymMme paseH eaunune. Jlasee, B cuiy (2.8.1) BTOpOi uHTErpaJ paseH

L1
HYJIIO, & TPeTHi — &

Ouenum MOyJIb TIOCIEAHErO CaaraeMoro B (2.8.3):

3 T 3 T (Vi)w?
W w p3\ g )W
i /g(wy)nyy(y)dy <\|7 / lyl® fy (y)dy =‘73 :
MosTomy (2.8.3) MOXKHO mEpenucaTh Tak:
2 3
- w®  w’h(w)
=1-— , 2.84
Frlw) =1- 5+ =2 (28.4)
Xk)
hw)| < #3Ek).
e o)l < B
Mycrts Teneps Z, = Y. Y. III0THOCTD pacupeieseHuss CAy4ailHONH MepeMeHHONH Z, — CyMMbl (HE3aBUCHMBIX B

k=1
COBOKYIHOCTH) C.II. Y}, — €CTh, KAK IMOKA3aHO B 11.2.6, CBEPTKA UX IJIOTHOCTE pacnpezaenenusi, a obpa3 @ypbe CBepTKH,
Kak yka3aHo B riase "Ilpubnmxkenne dyukumii", ecrs npoussenerne 06pa3os @ypbe 9TUX MIOTHOCTEH, T.€.

fz.@) = (Fr@)" (28.5)

(obpaszer @ypbe BCex C.1. Y}, OIUHAKOBBI).
IMoxncrasum (2.8.4) B (2.8.5):

7. (w) = (1 - % + “’Z’j/(g))n.

BoisicHuM Teneph, YTO MPOM30MIET NPYU HEOIPAHWYEHHOM yBeJudeHuu n. Jlorapudmupys fz, ¥ BCIOMHHAS CTe-
MEHHOM Psif ISt JIOrapudMa, oIy IIM

— w? w? w?
ln(fzn) —n-ln(l—%—k...) —n-(—%+...> m—;

(MHOTOTOYME 06O3HAYAET COBOKYIHOCTD CJIATAEMBIX, COAEPIKAIIMX CTENeH! 1/n Bblile MepBoii).
Orciona Haxoaum mpezes 06pasos @ypoe c.om. Z,:

i () = (-5).
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Takum o6paszoM, mpenen fz, He 3a6ucum OT PACIPEIeIeHnsT KOMIIOHEHT UCXOJHOTO BeKTOpa X.

Tepmunosiornyeckoe 3ameydanue. I10CKOIbKyY

S (X—m), M(Z)=0, D(Z)=1,

CITy9aiHyI0 TIEPEMEHHYI0 Z, HA3BIBAIOT UEHMPUPOBAHHOT U HOPMUPOSAHHOT CYMMmOT KOOpaAUHAT C.B. X.

MokHO TTOKa3aTh, 9TO eLpP (—%2) — npeobpa3oBanue Pypbe MIOTHOCTH CMaHIAPMHO20 HOPMATIHLHOTO PACIIPeIe-
JIEHUdA, T.€. HOPMAJIbHOTO pacupenejeHnsa C HyJIeBbIM MAaTEMATUYECKUM OXKUJTaHUEM U e,Z[I/IHI/IQHOI./’I ,zmcnepcnef/i.

Wrak, ecam KOOpAUHATHI ADCOTIOTHO HEMPEPHIBHOTO CIYYARHOTO BEKTOPA,

— OJIMHAKOBO paclpelesIeHbl,

— HE€3aBUCUMBI B COBOKYITHOCTH,

— IMEIT AUCIIEPCUI0 U aDCOFOTHBIN TPETHil EHTPAJIbHBIA MOMEHT,
TO NIPY HEOIPAHMYEHHOM YBEJIMYEHUU PA3MEPHOCTH BEKTOPA 00pa3 Pypbe IUIOTHOCTU LEHTPUPOBAHHOM M HOPMUPO-
BAHHON CyMMBI KOODIMHAT (Npu A1060M, HO 00UHAKOBOM UL pacnpedesenuu) crpeMuTcs K 06pasy @ypbe IIOTHOCTH
CTAHIAPTHOIO HOPMAJIbHOI'O PACIIPEICICHMI.

dror dakr He ciayuaeH. Nmeer mecTo

Henrpanbuas npenenbaas reopema. [lycrs (X,) — nocienoBaTeabHOCTD C.11., IMEIOIMIUX JAUCIEPCUN U aDCOTIOTHBIE

TPETLY TEHTPATBHBIE MOMEHTHI. IIyCTh TIpU JTI060M 1 KOOPAMHATHI CTy9aiinoro Bektopa [X1, . .., X,]T #esasucuver B

coBokymHOCTH. O603HAYNM
n

Dp=Y D(Xi), Mn=) ps(Xy)

k=1 k=1
" IPEANOJIOKUM, ITO

. 3/2
lim M,/(D,)** =0. (2.8.6)

n=-+oo

Torma pacnpeneneHue MOCIE€I0BATEILHOCTHA IEHTPUPOBAHHBIX ¥ HOPMUPOBAHHBIX CYMM
+oo

T Z (Xk — M(Xy))

n k=1 n=1

CXOIUTCA K CTAaHJAPTHOMY HOPMAJIbHOMY PACIPEICICHHIO.
Cnoro "cxomnTesa"3mech 03HadaeT, 9TO AJis JTOGOTO cermMenTa. [a, b]

zj: X — M(X})) € [a,0] P~ \/%_W/be:cp (—%) dt.

Ota Teopema ObuTa mokazana A.M. JIsnyHOBBIM.

3ameuanue. B paccMOTpEHHOM HaMU CIydae, KOTAa Bee X MUMEIOT OJWHAKOBBIE DACTIpenesneHus, uMeem D, =
nD(Xy), My =nus(Xy), u yenosue (2.8.6) BBIIOJHEHO aBTOMATUYECKH.

TMonuepkuem eie pa3, YTO B LHEHTPAJIBHON MPEAEIBHON TeOpeMe CiLydaiiHbie nepeMeHHbie X MOryT ObITh JH0ObIMU
(ne 06s3aTeIbHO ABCOMIOTHO HEMPEPHIBHLIME); OOJIee TOr0, WX PACIPEIEICHU MO2YM oMb PA3AUNHbLMU, JIUIIH Ob
Habopet X7, ..., X, npu eécex n ObLIN HE3ABUCUMBI B COBOKYIIHOCTH U BBINOJIHSIOCH ycioBue (2.8.6).

W3 nenTpasbHOl IpeieIbHOM TEOPEMBI CIIEAYET, UYTO ecu Obl BCErJja MOXKHO OBbLIO UMETh JIeJI0 ¢ CyMMO# 604bwW020
YUCJIa TAKUX CHy‘IaﬁHbIX HepeMeHHbIX, TO €IUHCTBEHHBIM HY2>KHbIM paCHpe,ﬂeﬂeHHeM CTaJIO 6bI HOpMa.HbHoe. I/IMeHHO
II09TOMY HOPMAJIbHOE DACHPEJe/IeHNe UTDALT UCKJIIOYUTEIbHYIO DO/Ib B TEOPUU BEPOATHOCTENH U €€ NPUIIOXKEHUAX.

CepnesHoe mpeaymnpexaeHue. Bo3aMokHO, mon BAMsTHEM HEHTPAJILHONW MPEIeIbHOW TeOpeMbl BO3HHMKJIO PACIPO-
CTPAHEHHOE CyeBepHe, CyTh KOTOPOI'O CBOJUTCS K TOMY, YTO B IPUKJIATHBIX 33/1a9aX 6Ce CIydailHble IepeMeHHbIe
00s13aHbI UMETHh HOPMAJIbHOE pacupeneseHue. B gacraocru, ObITyeT MHEHUE, YTO CJIy4YaiHbIe MOIPEHIHOCTH U3MepPU-
TeJIBPHBIX NMPUOOPOB BCErJa MMEIT HOPMAJIBHOE DACIPENesIeHNe. JTa TOYKA 3PEHHUs ONPOBEPTALTCsl SKCIEPUMEHTOM
I1.B. Hosumnkoro®, o6paGorasirero 60/bioe KOIMYeCTBO MPOTOKOIOB MOBEPKH NPUGOPOB 1 HE OOHADPYKMBIIErO OXKH-
JABIIENC HOPMAJIbHOCTH MOTPEITHOCTEH.

YmoMuHABIIIASICS BBIIIE OIMUOKA — OTOXKIECTBJIEHNE HE3aBUCUMOCTHY ¥ HEKOPPEINPOBAHHOCTY — TAK?KE IIPOUCTEKAET,
[I0-BUIUMOMY, U3 yOeXKIeHUsI, IYTO BCE CIIydailHble IIepeMEeHHbIe — HOPMaJIbHBbIE.

8Terp Bacunsesna HOBUITKN (1922-2000) — npodeccop Cankr-IleTepOyprcKOro TEXHAYECKOrO YHHBEPCHTETA, OCHOBATENb H Pa3pa-
60TYUK MH(OPMAIMOHHBIX KPUTEPHUEB KAYECTBA U3MEPUTEILHBIX YCTPOUCTB.



