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6. HECTAIINOHAPHBIE 3AJIAYN
6.1. /IBe comepxkaTejbHBIE 33291

3agaga 1. B m.4.1 uzydyanach 337a49a O CTAIMOHAPHOM TEIJIOBOM PEXKWMME B MOHKOM TPOBOJHUKE, HATPEBAEMOM
rokoM. OCHOBOI JIj1s1 HOCTPOEHUST MATEMATUYECKON MOJIEJIN PU 3TOM CJIyKUJIO yPABHEHUE TEIIOBOro Oasiamca, (4.1.2).
B HecrammoHapHOM CJIy4ae KOJIMYECTBO TEILIA B JIEMEHTE MPOBOJHUKA 33 BpeMsi At U3MEHHUTCsI, YTO MPUBEIET K
U3MEHEHUIO TEMIIEPaTyphl 3eMenTa. [losromy BMmecTo (4.1.2) ciienyer HanucaTh HOBOE yPaBHEHUE TEILJIOBOrO GaIaHCca

AQ: +AQs +AQs =c-Az- S+ (T(t + At,z) — T(t, z)) (6.1.1)

(¢ — o6 beMHAs TEINIOEMKOCTb MATEPHaJIa IIPOBOJHUKA).
Moacrasum B (6.1.1) Boipakenus: st AQ1, AQ2 u AQ3, nonyyennnie B n.4.1:
(r,z + Az) — T(1,x2)
Ax

¢-Az-S-(T(t+At,z) —T(t,z) =A-At-S - L

—T(r,z — Ax)
Az
31ech T —HEKOTODBIH MOMEHT BDEMEHU U3 WHTepBana |t,t + At].

A-At-S- I(r,2)

+v-At-Az-S. (6.1.2)

U3 ypasuenusi (6.1.2) MOXKHO MOJIYyYUTDH JBA PA3JIMYHBIX PA3HOCTHBIX yPABHEHUS C 06YMA NEPEMEHHDIMUY, 3AMEHSIST
7 Ha t ymbo Ha t + At. DTu ypaBHEHUS NPEACTABJSIOT CODON IMCKPETHBIE MOIEIU UCXOLHON 3a0a4u.

Mb1 He OyseM BBINUCBHIBATH MOJIYYaIOMMECs TPOMO3IKKE Bhipaxkenus. QOrmerum Jjiminb, 4T0 cokpamas (6.1.2) na
At - Az - S u nepexozns k npegeny (At = Az = 0), noayunM (B IPEIONOKEHAN JOCTATOIHON TiaakocT dbyHkyu T')
KOHTHHYAJBHYI MOJIENb 3313491 — quddepeHnnaabHOe YPABHEHNE B YACTHBIX TPOU3BOIHBIX

¢- DT =Dy (A-D,T) + v (6.1.3)

(3mech yureno, uro K03(MHUIUEHTHI A U ¢ HE 3aBUCAT OT t, HO, BOODIIE rOBOPSsI, 3ABUCAT OT ).
Vpasuenue (6.1.3) B maMsaTh 0 MOPOAUBIIEH €0 COAEPKATENHHOM 3a/1a9e HA3bIBAETCH YPAGHEHUEM TNENAONDOB00-
HOCTNU.

3azaga 2. PaccmoTrpum (B ynpoIEeHHOM, €CTECTBEHHO, BUJIE) 33184y O MEPeIade IeKTPUIECKON JHEPIUU 0 JAUH-
HOU JTUHUN.

B mkonbHOM Kypce (GU3MKU OOBIMHO CUYMTAIOT, YTO HANPSIKEHHME M TOK — (DYHKIMK BPEMEHH, He 3a8UucAujue om
MOYKU NPOBOOHUKGE. DTO CBI3AHO C TEM, UTO JIEKTPOMATHUTHOE MOJIE PACIPOCTPAHSIETCSI CO CKOPOCTHIO CBETA — OKOJIO
3 - 10® m/c. TlosTomy, HanpuMep, I/ CHHYCOMIATLHOTO TOKa CTaHaapTHO# dactorel (50 [m) 3a Bpems u3meHeHus
HANPsXKEeHUsl OT MUHUMAJIBHOIO 10 MakcuMaabHOro 3uadenus (0.01 ¢) Touka MUHUMYyMa HANPsXKEHUs ycreer "mpo-
6exxarh"no suarK 0k0J10 3000 kM. Eciu jyivHa JIMHUU COCTABJISIET HECKOJIBKO METPOB, TO, €CTECTBEHHO, M3MEHEHUEM
TOKA W HATPSI)KEHUsI BIOJb JUHUKM MOYKHO TpeHeOpedb.

OHako mpu mepenade SHEPTUM HA OOJIBINNE — COTHH KUJIOMETPOB — PACCTOSTHUST 3TU M3MEHEHUsT JOIKHBI YUUThI-
BaTbcsi. Koneuno, Tot ke 3¢ddeKT MOoKeT BO3HUKHYTh W B JIMHUU JJINHON B HECKOJIHKO CAHTUMETPOB, €CIM YaCTOTA
TOKA, OYeHb BEJIMKA (HAIPUMED, B COBPEMEHHOM KOMIIboTepe). B Takux ciiydasix JIMHUIO HA3BIBAKOT JJIMHHONA.

Urak, Bo3bMeM yuacTok jmaun qymHONR Az (puc. 6.1) m mpomexyTok Bpemenn At.

LN

T T+ Az

Puc. 1:

IIpenebperasi moTepsiMi B aKTUBHOM COMPOTHBJIEHUU TMPOBOJHUKA M YTEYKON TOKA M3-33 HECOBEPIIEHCTBA MU30JIsI-
uu, OyIeM XapaKTepru30BaTh 3TOT YYACTOK yAEJbHON MHIAYKTUBHOCTHIO L u ynemasHoit emkocthio C. Torma nanenue
HANPsXKEeHNs Ha y9acTKe OyZer paBHO (0 3aKOHY JI€KTPOMATHUTHON WHILYKIUH)

Z(t + Ata El) — l(ta §1)
At

u(x + Az, 711) —u(z,m) = —-L-Azx
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N3menenve BemauHbl TOKA (YACTh €r0 YXOIUT HA 3aps]| EMKOCTH) OyZeT PaBHO

U(t + At: 62) - U(t, 62)
At ’

i(r + Az, ) —i(z, ) = —C- Az

B stux pasencrBax 7y, u & (k = 1,2) — HeKOTOpBIE TOYKN U3 UHTEPBAJIOB |t,t + At[ u |z, z + Ax[ COOTBETCTBEHHO.
Samensisi & Ha ¢ win T + Az, a T, — Ha ¢t win t + At, MOXKXHO TOJIYYUTH PA3IUIHBIE TUCKPETHBIE MOJETN 33TATN —
CHCTEMBI PA3HOCTHBIX yDABHEHUIA.

Ecnu pazgenurs 00a ypaBuenusi Ha Az u, npednosazas nenpepuistyto dudpepenyupyemocms Gynruyud u u 1,
nepeiitu K npezgeny (At = Az =0), TO IOJYyYMM KOHTUHYaJbHYI0 MOJENb 334a49u — cucremy auddepeHnnaabHbIx
YDABHEHUI B YACTHBIX IPOU3BO/IHBIX:

D,i = —-C-Dyu.

Ecyiz noBbicuTh TpeOOBaHUS K IVIAAKOCTHA (DYHKIW, BXOISIINX B YPABHEHUS 9TON CUCTEMBI, TO, UCKJIIOYAsi, HAIPHU-
Mep, ¢ (r.e. quddepeHuupys nepBoe ypaBHEHUE 110 T, & BTOPOE — 110 t), IOy IUM

1
C-D}u =D, (E . Dwu> (6.1.4)

(anamoruyno (6.1.3), koadpduuuentor L u C' He 3aBUCAT OT ¢, HO, BOOOIIE TOBOPSI, 3ABUCAT OT ).

Eciu L u C — koHcTanThl, TO (6.1.4) MOXKHO IE€penucarsb Tax:
D}u=v*-D2u (6.1.5)
1
3IECh U = —=—).
(3n )
Yo6enqurech, yTo dDyHKIUS
u(z,t) = p(z + vt) + ¢z —vt),

TIe ¥ 1) — TPOW3BOJIBLHBIE IBAKIbI HeNMPePhIBHO nuddepenmmpyembie Gyukimu, Gymer pemennem ypasrenus (6.1.5).

3amerum, uro dynkuus ¢(z+vt) mmeer 09eBuaHBIN HGU3MIECKUI CMBICIT: OHA OMUCBHIBAET 80.4HY, GErYILYIO 10 JTUHAK
CO CKOPOCTBIO ¥ B OTPHIATEIHHOM Hampasyienunu ocu abcmuce (puc.6.2). Amamornano, Gyuxmms ¢ (z — vt) onmuceBaeT
BOJIHY, OETYIIyI0 CO CKOPOCTBIO ¥ B HOJIOXKUTEJIBHOM HampasiaeHnu ocu abcmuce. [losromy ypasaenume (6.1.5), kak m
Gomee obmee ypasuerue (6.1.4), HA3BIBACTCS G0AHOGHIM YDAGHEHUEM.

Puc. 2: Ilonoxenune BOJIHBL B PA3JIMYHBIE MOMEHTHI BDEMEHU

6.2. OcHOBHBIE ONpe/IeJIEHUS

Vpasuenue (6.1.3) npencrasiser co60il TPOCTPAHCTBEHHO OJHOMEDPHBIN BAPUAHT YPABHEHUS TEIJIONPOBOAHOCTH

r - Dyu = div(\ - Vu) + f, (6.2.1)
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BO3HMKAIOIIEr0 PH OMICAHUY IIPOLECCOB TeIonepenasiu, nuddy3un 1 HeKOTOPBIX APYTHUX.

31ech kK03(hDUIUEHTBI A U T — 33JaHHBIE NOA0HCUMEAbHDLE HETIPEPHIBHbIE (DYHKIUM KOOPIUHAT (A UMEET TakkKe
HEMPEPBIBHBIE MIEPBbIE MTPOU3BOAHBIE), & CBOOOIHBIN WieH f — 3aJaHHas KyCOYHO HENMpepbiBHAs (DYyHKIMS BPEMEHU U
koopausar (B (6.1.3) f = 7).

VYpasuenue (6.2.1) paccmarpusaercs ipu t € 10,Tp], z € Q, rae  — orpannveHHast 0671aCTh ¢ KYCOYHO TJIATKOMN
rpanuneil B R (B OpUIOkKeHusX 1 MOXKET PaBHATHCA 1, 2 uu 3).

3amevanue. Eciiv A u 1 — KOHCTaHTBI, ypaBHEHNE TEILUIONPOBOJAHOCTH IIPUHUMAET BU/L

f

Dy = a’Au+ =
,

(3mech a = \/;)

[Ipu nocTaHOBKE HA4AALHO-KPAEEOT 30004 K YPABHEHHUIO TEIJIONPOBOAHOCTH J00ABIISIOT HAYAIBHOE YCIOBUE

u(z,0) e uo(x) (6.2.2)

(T.e. 33a10T HAYAIBHOE PACIpPEEeHIe TEMIIEPATYPhI B 06JIaCTH), 8 TaKXKe KPAeBOe yCJIOBUE MEPBOrO, BTOPOTO WX

TPeThEro poja, ONMMCAHHOE B 11.5.2.

Vpasuenue (6.1.4) npencrasiser coboii TPOCTPAHCTBEHHO OJHOMEPHBINA BAPUAHT BOJIHOBOTO YPABHEHUSI
r- D3u = div(\ - Vu) + f, (6.2.3)

KOTOPOE ONUCHIBAET KOojleOaTe/IbHbIE IPOIECCHI PA3HOOOPA3HON IPUPOABI U BO3HUKAET B 33a9aX MEXAHUKHU CIJIOIIHON
cpenpbl, aKyCTUKH, 3JIeKTPOANHAMUKA U JPYTHUX.
3mecs A\, r u f — dyukuum ¢ Temu ke coicTBamu, uTo u B (6.2.1). Eciiu A u r — KOHCTAHTBI, BOJTHOBOE yPABHEHUE
MIPUHIMAET BUJ
f

Diu=v"Au+ =
r

(3mech v = %)

Ypasuenue (6.2.3) paccmarpusaercs mpu t € [0,Tp], 2z € §, rae ) — orpaHnveHHas 06IACTh ¢ KYCOYHO [JIATKOMN
rpanuneil B R (oueBuamno, B npuioxkenusx n = 1, 2 wiu 3).
Hobassist Kk ypasaeruto (6.2.3) d6a Ha4aIbHBIX yCJIOBUsI

u(z,0) weﬂz uo(z), Dyu(z,0) wegz up (),

a TAK¥Ke KPAeBOe yCJIIOBUE OIHOIO W3 TUIIOB, PACCMOTPEHHBIX B M.5.2, TIOIYUYUM HA%AALHO-KPAESY0 3a0aMYy JJIsi BOJHO-
BOTO YPaBHEHUSI.

3ameuanue. AHAJIOTUYHO IVIaBaM 4 U 5 KPaeBble YCJIOBUSI MOYKHO CIMTATH OJHOPOIHBIMIL

6.3. IIpoeknmoHHBIE METOAbI PEeITeH’S
HAYAJIbHO-KPAEeBbIX 33149

B 3TOM nyHKTE KPATKO W3JI02KEHA Nes] IPUMEHEHN s TPOEKIIMOHHBIX METOJIOB IS PEIICHNST HECTAIMOHAPHBIX 33,1a4.
MBI OrpaHUYMMCS CITydaeM, KOTIa Ha, Beeil rpannte obnactu ) 3a0aH0 onHOpOaHOE yeaosue Jupuxie. Bynem cautarh
Takxke, 9To 1 = 1.

Haunewm ¢ ypaBrerus rensonposonHocti. 3abdukcupyeM t € |0,7j] 1 yMHOXKUM CKAJISIPHO yPaBHEHHE

Dyu = div(A-Vu) + f (6.3.1)

Ha TIPOU3BOJILHYIO BEIIECTBEHHYIO KYCOYHO TJIQIKYI0, HENPEPHIBHYIO (DYHKIMIO ¢, PABHYIO HyH0 Ha O):
/Dtu-¢=/(dz'v(/\-Vu)+f)-¢.
Q Q
Ananormano n.5.4, npeobpasyem npaByro 9aCTh ITOrO PABEHCTBA, IPUMEHsIsi MHTErPUPOBAHUE N0 9aCTsM. [lomyanm

/ Dyu-¢=— / MV, Vo) + / 6. (6.3.2)
Q Q Q
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"NuTerpanpaoe ToxIecTBO"(6.3.2) nomkHO BhIMONHSATHC pu Beex ¢ € |0,Tp]. B HavasbHBIH MOMEHT BpeMeHH
(mpu ¢t = 0), 0YEBUIHO, BBHIMOJHEHO TOXKIECTBO, CJEAYIOIIEe U3 HAYAJIbHOrO ycioBus (6.2.2):

/“Lzo b= !uo 6. (6.3.3)

Q

PaccMoTpuM KOHEUHBIH HAOOD JMHEHHO HE3ABUCUMBIX (YHEUUT NPOCMPAHCTNEEHHHT nepemenuus {Pr}, k =
1,..., N, paBubix myai0 Ha Of). Bymem uckars npubimKeHHOE PEIIEeHMe HAYAIbHO-KPACBOU 33Ja4M Jisi yPABHEHUST
(6.3.1) B Bume "nuueitnoit komGuranmu" byukumit { @, }, koabbummenTer KOTOPOH — PyHKUUY Bpemenu:

N
e, t) = 3 alt) - dula). (6.3.4)
k=1

Moxacrasnsia 8 (6.3.2) u (6.3.3) ¢ = ¢, m=1,..., N, momydaem, 9r0 BeKTOp KO3(DODUIMEHTOB € €CTh PEIIeHue
sagaam Komm mjist cucremsr JuHEHHbIX nuddepeHnraabHbIX yPABHEHNI TIEPBOrO MOPSIIKA, C MOCTOSTHHON MATPUIICH:
dt)=—A-c(t) +b(t); ¢(0)=c?. (6.3.5)

DnemenTbl MaTpULbl KO3DDUIMERTOB 9TOM cucTembr 3amaTcsa dbopmy.oit (5.4.3), cBoGoAHBIE wieHbI — GOPMYJIIOi
(5.4.4), a HAYATBHBIE JAHHBIE OMPEAEISIOTCS TIO HOPMYIIe

c£2>=/u0-¢m, m=1,...,N.
Q

Banaga Komm (6.3.5), kak W3BECTHO, MMEET €IMHCTBEHHOE DEIIEHne
t
c(t) = exp(—At) - ¢ + /ewp(—A (t—1)) - b(r)dr, (6.3.6)
0

U, TaKUM 00pa3oM, 1pu Jo060oM N OMpee/IeHO MPUOINKEHHOE PEIIEeHUE U.

Eciu B xauecrse {¢y} B3siTb nepBbie N coOGCTBEHHBIX (DYHKIM CTAIMOHAPHON KPAEBOH 33,1341
—div(A - Vo) =v- g, cp‘m: 0, (6.3.7)

TO Marpuna A OKaXKercs JuarOHAIbHO:
A = diag[v1,...,vN]

(vk — coorBeTcTBYIOIME COOCTBEHHbIE Yncna). B 9Tom ciay4aae 3ana4a Komwu (6.3.5) peraercs 0co6eHHO npocTo (Kaxa0e
YPABHEHHE MOXKHO PEMIATh HE3aBUCHMO OT OCTAJIBHBIX). MOXKHO MOKA3aTh, 9TO mpubsmkenHoe pemenne (6.3.4) mpm
KaXJI0M ¢ OyZeT npocTo 9acTHON CymMMoi psna Oypbe TOIHOrO pemenus: no cucreme cobcrBenubx Gynkumii { ¢y}

IMpumep. PaccmorpuM HAYaIbHO-KPAEBYIO 33434y 11 ypasaenus (6.1.3) npu c=A=1:
Diu=D%u+vy, z€]0,1[, t>0; wu(0,z)=0; wu(t,0) =u(t1)=0.

Bynem uckarh mpub/vyKeHHOE PEIleHue 3Toi 3a1a49u B Buie "uHelHoi komOuHamu'" cobCcTBeHHbIX (DYHKIUHN Jin-
HeitHoro oneparopa Ly = —¢" ¢ kpaesbivu ycimoBusamu ¢(0) = (1) = 0.
Taxk xke, kak B npumepe 1 m.4.4, moxydaem

vy = k*m%,  op(z) = sin(krz), k€ N.
Banadga Kommu (6.3.5) npusnmaer Bug
C%:—I/kck-i-bk, c(0)=0; keN,

rae

1
/’Y'CPIc %X, k HeueTHOE;
_ m

by = 017
5 0, k gerHoe
okl
0
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(mockosbKy f 371€Ch He 3aBUCHUT OT ¢, TO U by, TaK»Ke He 3aBUCST OT t).
Pemnenue stoit 3agaun Komwm npu HevetHbix k maercs: hbopmysioi

t
c(t) = by -/e:cp(—l/k (t—1))dr = %(1 — exp(—k*n’t))
0

(mpwm wernbx k, oueBunHO, ck(t) = 0).
OTcrona mosry4aeM BbIpazKeHHUe JIJisl IIPUOJIMKEHHOTO PEelIeHrs] HadaIbHO-KPAaeBoil 3a0a4u:

u(t,z) = Z @Tﬁﬁ(l —exp(—(2m — 1)27%t)) - sin((2m — V)mz).

m=1

IIpu N — oo mony4gaem To4uHOE pernenue 3313494 B popme psga Pypoe:

-~ 4 2 2 -
u(t,z) = mZZI m(l —exp(—(2m — 1)*7°t)) - sin((2m — 1)7z).

Sameuanus. 1. B ciyuae, korpa B ypasuenuu (6.2.1) r Z 1, BMmecTo cobcrBennbix (hyHkuuit Kpaesoii 3aga4au (6.3.7)
CJIeIyeT UCIOIb30BaTh COOCTBEHHDbIE (DYHKIUU C BECOM T :

=0.

—divIA-Vo)=v-r-p, ¢ _—

2. BHOBb HAIMOMHUM, YTO BCE CJIyYaM, KOrJa COOCTBEHHBbIE (DYHKIMM KPAEBOH 33a4i MOXKHO BBIIKNCATH "B sIBHOM
Bue", TIepeYnCIIeHbl B CIIPABOYHUKAX.

B 06mem cayaae B kadecrse Ha60pa { Py } OOBIMHO BHIOMPAIOT "KOHEYHBIE IeMEHTHI", OnMcanHbe B L. 4.5 1 5.4.
Banaga Komu (6.3.5) pemaercss KakuM-HUOY b U3 CTAHAAPTHBIX YUCIEHHBIX METOJOB.

HaganbHo-KpaeBas 3a1a4a, 711 BOJTHOBOTO YPaBHEHHUS
D} = div(\ - Vu) + f

AHAJIOTMYHON [POLEAypPOil mpuBOAUTCS K 33gade Komm s cucreMbl JIMHEMHBIX auddepeHuaibHbIX yPaBHEeHUM
6MOoP0o20 IOPAKA C IOCTOSTHHON MAaTpPUIEi:

") = —A-c(t) +b(t); c(0) =, (0)=cDY,

rae MaTpuia KoM UIMEHTOB U CBOOOIHBIE YJIEHBI OMPEIEISIIOTCS TEMU Ke (hOPMYJIaMu, 9TO U PAHBIIE, 3 HAYAIbHBIE
JaHHbIE — DOPMyIaMu

ng):/uo‘¢m> c%):/ul'¢m> m=1,...,N.
Q Q

ITockonbky 3Ta cucTemMa JIEerKO CBOAUTCS K CACTEME YPABHEHUIN MEPBOrO MOPSIKA, MPUHIUAMUAAIBHBIX OTJIAYUANA OT
PACCMOTPEHHOI BBIIIE CXeMbI 37ech HeT. O6Cy K IeHre YKe TEXHOJOTNIECKUX TPOOJIEM BBIXOIUT 33 PAMKHU HAIIIErO KyPCa.



