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MATEMATUNYECKASA ®U3NKA
1. TEOPUE BEKTOPHOTI'O I10JIS

1.1. KpuBonunHeiiHbI#i MHTETPAJ

PaCCMOTpHM JJId HaYdaJla TI/IHI/I‘{HyIO 3a/:LaHy.
Bazaqa. Tano: 1) HenpepsisHOe BekTopHOe none (cuma) f : R® — R3| me s3aBucsmee ot Bpemern

z £ Jz(2,y,2)
y| — | ful@9,2) |5
4 fz($7y7z)

2) raanxuit MyTh! TOUKYM MPUIONKEHUS CUIBI T : [t1,ts] — R3

z = ¢(t)
t—= |y=1()
z=w(t)

Haiitn pabory cuast f 3a mpomexyTok Bpemenw [t1, ta].

N3 kypca dbusuku u3BeCTHO, 4TO:
MOILIHOCTb CHUJIbl PABHA CKAJAPHOMY IIPOU3BEIEHUIO 3TOM CUJIbl HA CKOPOCTD II€PEMEIIEHUs €€ TOYKHY IIPUJIOKEHUS, T.€.

P ={f,v);

paboTa CuJIbl PABHA MHTErPAJLY
to

A:/Hﬂ#
t1
Pemenne. 1. Haxogum CKOPOCTb IIEpPEMEIIEHUsT TOUKH

~

SRS
~
S~

— — —

~

v(t)=1'(t) =

2. HaxoguMm 3aBUCHMOCTh CHJIBI OT BPEMEHU

[z (@(1), (1), w(t))
(For)(®) = | fy (p(1),9(t),w(t))
= (p(8), (1), w(t))

3. Haxomum 3aBUCHMOCTH MOIIHOCTH OT BPEMEHU (CKAJISIPHOE MPOU3BEJIEHUE CUJIBI U CKOPOCTH)
P(t) = (for,r')(t).

4. Narerpupyst MOIIHOCTD MO 33JaHHOMY MPOMEXKYTKY BPEMEHU, BHIYUC/ISIEM MCKOMYIO pabory
to to
A:/mﬂm=/gmgwnﬁ=
t1 t1
ta
= [ 1y b+ L) 0 (1.1.1)
t1

Nurerpan Pumana ¢ Takoii, kax B (1.1.1), cCTpyKTYypOil OABIHTErpaIbHON (DYHKIMM 9aCTO BCTPEYAETCS B TIPUKJIA-
HBIX 3371a49aX. Ero IpuHSATO HA3BIBATL KPUBOAUHETHbLM MHTEIPAJTIOM OT BeKTOpHOTO moss f Bmoms mytu £ or Touku A
1o Toukn B. ITumyt

(B)
(@/@my

(4)

THamoMHmM, 9TO Iy TH I : (e, B] — R3 Ha3EIBaETCH IIaJKHAM, €CIH B KAXK0M TOUKe myTH t € [@, B] cymecTByeT Henyiesan HENPEPHLEHAR
npousBogHas ' (t).
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PacmiugpoBriBaeTcst 3T0T CUMBOJ TaK:
1. 3a1aHO KYCOYHO HENPEpPBLIBHOE BEKTOPHOE 1oJie f;
2. 3a]]aH KyCOYHO TyaKuil myTs £, T.e. orobpaxkenue r : [a, 3] — R®

.’IIZQD(t), y=¢(t)> Z:w(t)7 te [a7ﬂ];

3. Ilo onpedenenuro

(B) B
0 / (f, dr) = / (for,r').
(4) a

IIpumep. BurancanTs KpUBOJIUHEHHBIN HHTETPAJI OT BEKTOPHOTO TIOJIS

fz(x,y,z)=y2, fy(.Z’,y,Z) 222, fz(x,y,z) =m2

BIOJIb TyTH, OOPA30BAHHOTO MEPECEUEHNEM IOy ChEPHI

z=+/a2—22 —y? wumwmugpa z°+y>=az (a>0).

JBuzKeHre IPOUCXOIUT POTUB YACOBOI CTPEJIKH, eC/id CMOTPeTh u3 To4ku (a,0,0).

OTOT mpUMEp B3AT HAMU U3 33Ja49HrnKa. OOpalaeM BHUMAHUE YATATENIS Ha, TO, UTO 10 TPATUIUN BMECTO YpasHeHul
[yTH TAHO €10 caosechoe onucarue. [I0CKOMBKY noydeHne ypaBHEHUI HE UMeeT OTHOIIEHUsI K PACCMATPUBAEMOI TEME,
BbinuineM ux 0e3 komMeHnTapues. He 3a0yapTe JIMIIb IPOBEPUTH HAIIPABJICHUE [IBUKEHMS!

r: [-n/2,7/2] = R
r=a-cos’(t), y=a-sin(t)-cos(t), z=a-|sin(t)|
Pemwenwe. 1. Crpoum komnosumuio  for: [—m/2,7m/2] = R3:
(for)(t) = a®- [sin(t) - cos®(t), sin’(t), cos* (t)]T.

2. Beramcnisiem mpon3BOAHYIO OT IIyTH (CKOPOCTB):

r'(t) = a- [—2cos(t) - sin(t), (cos®(t) — sin®(t)), sign(t) - cos(t)]T

3. Boruuciisiem mogpHTErpaibHy 0 DYyHKIUIO (MOITHOCTS):
P(t) = (for,r)(t) =

a® (—2sin® - cos®(t) + sin®(t) - (cos®(t) — sin’(t)) + cos®(t) - sign(t)) .
4. Boraucisiem unrerpan Pumana (paGory):
/2
a® / (—2sin®(t)cos® (t)+
—x/2
+ sin’(t) - (cos®(t) — sin’(t)) + cos®(t) - sign(t)) dt = —mwa® /4.

Sameuanus. 1. Eciu ¢ — 3amKxnymoid IyTh, TO KPUBOINHENHBIM MHTETPAJI IO HEMY HA3BIBAIOT YUPKYAAYUel BEK-
TOPHOTO TIOJIsT BAOJB £ 1 0603HAYAI0T
]{ (f,dr).

£

2. B Teopuu 3/I€KTPOMATHUTHOTO TIOJS Hanpasicenuem Mexxay ToukamMu A u B Bionb myTu £ Ha3BIBAIOT KPUBOJIM-
HEWHBIN MHTErpaJl

)
Uas = (0) / (E, dr),
()
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rae E — HAIPAXKEHHOCTH JJIEKTPUYIECCKOTO TOJIA.
Daexmpodsusicywieti cusoli B KOHRTyYpe (3aMKHYTOM MPOBOTHUKE) { HAZBIBAIOT KPUBOJIUHEHHBIA MHTErPAT

e=7{<E,dr).

4
1.2. IToTOK BEKTOPHOTO IIOJI Y€pe3 IMOBEPXHOCTD
Ha puc.1.1 usobpazkena miomaaka I, umeromas (GopMmy napaJuiesorpaMMa, CTOPOHbI KOTOPOr0 — HAIIPABJIEHHBIE

orpesku P u §. Ecam KuakocTs TeUeT 9epes mIomaaKy ¢ nocmoathoti CKOPOCTBIO V, TO KOJMYECTBO KUIKOCTH (), Tpo-
TeKarolee Yepe3 mIomaaKy 1l B enuanny BpeMenn, paBHO 00beMY aPAJLIEIEUIIEA, IOCTPOEHHOTO Ha HAIIPABJIEHHBIX

oTpe3Kax p,q, v.
v
q
I
, p >

Puc. 1:

Yucimo () B rUIPOAMHAMUKE HA3BIBAIOT NOMOKOM KUIKOCTH depe3 miomaaky II. YTobsr yKa3aTh, B KAKOM HAIIPAB-
JIEHUW BBIYUCJISETCS IOTOK, BHIOUPAIOT OJHO U3 ABYX HAIPABJIEHUI HOPMAaJHU K IJIOMAAKe (HAPaBJIEHHbIH OTPE30K 1l
Ha puc.1.1) u roBopsAT "MOTOK >KKMIKOCTU Yepe3 mIowaaky 11 B HanpasjeHuu i ", IpUYEM NOTOK CYUTACTCS MOJIOXKU-
TEJIbHBIM, €CJIV TTOJIOXKUTEJILHA IPOEKIMsi CKOPOCTU HA HAIPABJIEHNE HOPMAJIH, ¥ OTPULATEIHLHBIM, €CIIM 3TA TPOEKIINSsI
OTPHULIATEIIHLHA.

W3 xypca auneiiHO# anreOpbl U3BECTHO, YTO OOBbEM IAPAJLIEJIENNIIEd, IOCTPOEHHOIO HA HAIIPABJIEHHBIX OTPE3-
Kax P,d,V, paset |det ([v,p,q])|- BekTop p X q oproroHaseH u p u q u, CJIeJOBATEIbHO, KOJIJIMHEAPEH HOPMAJIH.
YaureiBasi, 910

det ([v,p,q]) = (v,p X q),

HOJLy9aeM, 9TO IOTOK B Hanpassienuw il pasen det ([v, p,q]), ecm ii 11 p X 4, u pasen —det ([v,p,dq]), ecm i 1| p X 4

PaCHpOCTpaHI/IM TEIIepb NIOHATHE IIOTOKAa Ha C.qua,f/‘l IIPOU3BOJIBHOI'O KyCOqHO HEIIPEPBIBHOI'O BEKTOPHOI'O ITOJIA f :
R —» R®
T £ fz (SL' Y, 2 )
Y — f ] ('T yY,2 )
z f= (:E Y, % )

¥ KyCO4YHO riiajkoii? mosepxuoctu r: G C R2 — R3

L [r=e)
[ ] — |y= "p(ua U)
z = w(u,v)
Bosbmem npousBosbHYIO TOYKy (ug,vo) € G. Pacemorpum npsimoyronbauk ) ¢ Bepmmuamu (ug,vo), (uo +
Au,vg), (ug,ve+ Av), (uo+ Au,vg+ Av) u 06pa3 3roro npsMoyroabHuKa — "ocky T mosepxuoctu (puc.1.2), a Takxke

2IIoBepxHOCTD, 3amaBaeMas oTobpaxkenneM r : G C R? — R3, masnBaerca ryaaxoit, eciu B mo6oit Touke ob6macTu G 0TOOparKeHHe
I UMeeT HENPEPHIBHBIE U HEKOAAUHEAPHbLE JaCTHBIE npou3Boguble Dir u Dor. Tem cambiM ofecrnednBaeTcsi CyIIeCTBOBAHUE HOPMAJH K
IIOBEPXHOCTH B JII000I ee TOUKe, mpudieM BeKTOp Dir X Dar KojanuHeapeH HOPMAJIU.
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COOTBETCTBYIOIIUH KYCOK KACATENBHOMN TIJIOCKOCTH — MapasiesiorpaMum 11, mocTpoeHHbI! Ha HATIPABIEHHBIX OTPE3KAX P
u g, e

DISO(UOJ/UO)
p=Dir-Au= | Di9(uo,vo) | - Au,
Dyw(ug,vo)
_DZQO(UO;’UO)
q = Dor- Av = | Dytp(uo,v0) | - Av.
DQ&)(UO,'U())
F q

4__"nockyt"

r (u() » Vo ) R®

R2

(uoy vo)
Puc. 2:

BuraucanM BeKTOpPHOE TIOJIE B TOM K€ TOYKe

f:l: (W(UO;UO),¢(U0;U0) (anUO))
(for)(uo,v0) = Ty (¢(uo,v0), 1 (uo,v0),w(uo, vo))
T2 (p(uo,v0), % (uo, v0), w(uo, vo))

O6bem napasienenunend, NOCTPOEHHOrO HA HAIPABJICHHBIX O0TPe3kax P, q,f npu manbix pasmepax maomazaxu I1
JIO/2KEH, I0-BUAMMOMY, MAJIO OTJIMYATHCHA OT KOJMYECTBa, "KuakocTu", mpoTeKameil yepe3 JIOCKYT IIOBEPXHOCTH B
eIMHUILYy BPeMeHHU. DT0 (He UMEIOIIee JJOKA3ATENbHON CUIb) COOOPAKEHME TaeT OCHOBAHME BBECTU

Onpegenenne. TTorokom BexToproro monst f : R® — R® wepes mosepxwocts T : G C R? — R® B mampasiennu,
ompenesieMoM BeKTOPOM Dir X Dor, Ha3bIBaETCA ABONHONW MHTErPAJT

/ det ([f or,Dyr, Dor])
i, B 60ee moapoOHOI 3amucy,

(p(u,v),9( (u,v)) D1(u,v) Datp(u,v) dudv.
((10( ;U);%b(U;’U); (U,'U)) Dlw(uav) DQ(U(U,U)

3amedvanus. 1. Heobxonumo, urobsr HanpaBieHnne, 3agaBaemMoe BeKTopoM D1r X Dor, BO BceX TOUKAaX MOBEPXHOCTH
onpenessiyio "oaHy u Ty Ke CTOPOHY"3TOil MOBEPXHOCTH. DTO BO3MOXKHO TOJBKO JJIsi TAK HA3BIBAEMBIX " JIBYCTOPOH-
HuX'""MOBEPXHOCTEI.

He nmest BOBMOXKHOCTY B paAMKaX HAIIETO KyPCa YTOUHUTE TIOHSITUST 00HOCMOPOHHEY U 08Ycmoporteli TOBEPXHOCTEIH,
orpaHmamMcs uTaToi 3 yuebumka A.Jl. Anexcanaposa® n H.IO. Hemperaesa! (Feomerpus. — M.: Hayxka, 1990):

((,O(U,'U),QO(U,’U),W(U,U)) Dlgo(u:v) DQQO(U”U)
// det fy U,v),w
u W

3 Anekcanap Janunosua AJTEKCAH/IPOB (1912-1999) — neiicreutenbubiit unenr AH CCCP, maypear MexxTyHapoaHO# IPeMHH HMEHH
JIoGaueBCKOro, OCHOBATENb COBETCKON IIKOJBI '"reomerpun B mesnoM", B 1952-1964 r.r. — pexTop JIEHHHIPAICKOrO YHHUBEPCHTETA, MACTEP
CIIOPTa IO aJIBIIMHU3MY.

4Huxura IOpsesna HEIIBETAEB (pom. 1959) — poccuiickuii reomerp, npodeccop IleTepOyprckoro yHUBEpCUTETA.
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"MHTEepeCHLIM MPUMEPOM. . . ABJISeTCs TakK HasdbiBaeMmbrii "mucr Mebuyca®". OH BLIMIAANT KaK pe3yIbTaT CKIeH-
BaHUsI KOHIIOB CKpyd4eHHOI mojocku Oymaru. Jluct Mebuyca — mpocreiinasi OZHOCTOPOHHSISI IOBEPXHOCTh. UTO 3TO
3Ha4uT! OOBIYHO y TIOBEPXHOCTH JBE CTOPOHBI. BBl MOXKeTe MOKpacuTh OHY CTOPOHY, CKayKeM, B CHHUIA I[BET, & JIPY-
I'yi0 — B KPACHBI, TaK 4TO [BeTa HUrJe He OyIyT rpaHuyuTh Apyr c apyroMm. Hauas ke Kpacutb ¢ J000ro Mecra
suct Mebuyca, Bol HempeMeHHO 3aKkpacuTe ero neaukoM — "'co Bcex cropon"! JIBe CTOPOHBI MCXOAHOM MOIOCKU OyMaru
OTOXKIECTBUJIUCH TIPU CKJienBaHuu' .

Ormerum eine, 9TO B TPEXMEPHOM IIPOCTPAHCTBE BCE 3AMKHYThIE TIOBEPXHOCTH 6€3 camonepecedenuii — cepa, Top
(nosepxuocTh "6y6suka") U T.II. — SABJISIIOTCS ABYCTOPOHHMMU, NO3TOMY MOXKHO ONDPEAE/ISATH MOTOK BEKTOPHOIO MOJIst
"BHyTpL"Min "HApPYKY".

2. ITorok BekTOPHOrO moJst f Yepe3 MOBEPXHOCTH S YACTO HA3BLIBAIOT MOBEPXHOCTHBIM WHTETPAJIOM M O003HAYAIOT

J[(£,dS).
s

IIpumep. BurameanTs TOTOK BEKTOPHOTO TOJIST

fw($7y7z) = $27 fy(m7y7z) = y27 fz(x7y7z) = z2

4epe3 BHEIIHIOK MOBEPXHOCTH PACIIOJIOKEHHON B IEPBOM OKTaHTe yacTu cepsr 2 + y2 + 22 = 1.

Tak ke, KaK B C/Iy4ae KPUBOJMHEHHOr0 HHTerpasa, IpuBeeHHas bopMy/IupoBKa (CTAHAAPTHAS /I CTAPBIX 3a-
JIAYHAKOB) COJIEPKMUT HE OTHOCANLYIOCS K TeMe 4acTh 3a/[a4u: HeOOXOJMMO HAITHCATH MApAMETPHYECKHe yPaBHeHHs
HOBEPXHOCTH, 33JAHHOI CIOBECHBIM ONUCaHHeM. [IPUBOIMM OJUH U3 BO3MOMKHBIX BADHAHTOB 3aIIUCH 3THX yDPABHEHTI:

z = sin(0) - cos(p), y = sin(0) - sin(p), z = cos(6);

0<0<7/2, 0<p<w/2,

Pemenne. 1. CTpouM KOMIIO3UIUIO

(for)(8,p) = [sin®(8) - cos®(p), sin®(f) - sin’(p), cos2(9)]T
2. BI)I“II/IC.HHGM YJaCTHBI€ ITPOU3BOJHBIC
Dyx(8, ) = [cos(8) - cos(¢), cos(8) - sin(y), —sin(6)]" ;

Dyr(8,¢) = [—sin(8) - sin(p), sin(8) - cos(p), 0] .

Y6enurecs camocTositeibHO, 9T0 BeKTOp Dor X D,r B Kaxk 0t Touke cdhephl HAIPABIEH B ee ""BHENIHION ' CTOPOHY.
21 ) P Lo ) A Y
3. Beruucisiem nogpiarerpaibayio Gyakuuio ("snementapubiii notok")

det ([f or, Dgr, D r]) =

sin?(0) - cos?(p) cos(8) - cos(p) — sin() - sin(p)
=det | | sin?(0) - sin 2(c,o) cos(0) - sin(p) sin(0) - cos(p) =
cos*(9) — sin(6) 0

= sin(f) - (cos®(6) + sin®(0) - (cos® () + sin®(p))) .

4. Beraucnsiem aBoitHO#N nHTErpas PuMana

/2 w/2
/sin(@)d@/(0033(6)+s7}n3(0)x
0 0

x (coss(go) + sin3(<p))) dp = 31/8.

3ameuanue. Eciu 661 BexTop Dgr X D,r "cmorpes B Apyryio Cropony", T0 1nojy4eHHbIH pe3y/ibTaT Ces0BaJio Obl
YMHOXKUTH Ha (—1).

1.3. /IlnBepreHIns BEeKTOPHOTO TIOJI.
Teopema I'aycca — OcTporpaackoro

Mycts f: R® — R - nenpepwisro muddepernupyemoe BeKTOPHOE ToIe:

2,9, 2T = [fa fyo f]"

5Asryct ®epaunang MEBUYC (1790-1868) — Hemenkuii TeoMeTp.
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BorancsmM nmoTok 3TOro mosist Yepe3 KyCOUHO IVIAJAKYI0 3aMKHYTYIO TIOBEPXHOCTH S, OTpaHUYNBAIONIYI0 001acTh V|
B HampaBjeHnu "Hapyxy'".

3ameuanuda. 1. Ecau 0603Ha9ATD
fl = [fw,O,O]T, f2 = [O,fy,O]T, f3 = [anafz]Ta

to f =f; + 5 + f3 u, ciienosarensho,

//(f,dS)://(fl,dS)+//(f2,dS)+//(f3,dS).
S S S S

Mpb1 orpaHuYMMCs BBIYUCIEHUEM OIHOIO U3 TPEX MOJIYYEHHBIX 00HOMUNHKHLIL WHTETPAJIOB (HATIPUMED, TPETHErO).

Sl 5’2

Va

Puc. 3:

2. Eciu obsacts V' pasmenurh Ha ase wactd Vi u Vo KyCcOYHO Iaakoil moBepxHOCTbI0 % (puc.1.3), TO mOTOK
BekTOopHOro noss f yepes rpanuiy obsactu Vi (depes mOBEpXHOCTL S7 U 4epe3 MOBEPXHOCTh X) paBeH

//(f,dS) + //(f,dS),
S1 b}

a MOTOK 4Yepe3 rpanuily obnactu Va (depe3 moBepxXHOCTH Sy M 4epe3 MOBEPXHOCTH Y) PaBeH

//(f,dS) + //(f,dS).
So >

3aMeTuM, 9TO MOTOKU BBIYMC/SIOTCS B HANPABJIEHUW BHEIIHUX (110 OTHOIIEHUIO K obsactu) HOopMmaseit. [loroku
uepe3 "mepembruky"Y B mepBOil U BO BTOPOI CyMMe PABHBI TI0 aDCOJIOTHOM BEJIUYUHE U TPOTUBOMOJIOXKHBI 110 3HAKY.
CyMMa uX , OYeBHUIHO, PABHA HYJIO ¥, CJIEIOBATEIHLHO, TIOTOK Yepe3 IPaHuUIly 00sacTu V' paBeH CyMMe TOTOKOB 4epes

rpanunpt obnacreir Vi u Vs :
//de //de //de

8V1 BVQ
(cumBomom JV mpuasTO 0603HAYATH Tpanunly obxacTa V).

[Ipenmonoxum Teneps, 9T0 KaxK1asi MpsiMasi, TapasuiebHas KOOPAUHATHON ocu 0z ¥ IePECEeKAONIAs HAITY 00JIACTh,
MEPECEKAET ee MO OTPE3KY (ITOMY yCIIOBUIO YIOBJIETBOPSIOT, HATPUMED, BCE BLIMYKJIbIE Tesa). s Takoit obiactu orpa-
HUYUBAIONAS €€ MOBEPXHOCTH S MPEICTABUTCSA KaK o0bequHenue Tpex dacreil (puc.1.4) — S (Bepxueii), S (60k0BOiA)
u Sy (HnKHei).

Ha Gokosoit moBepxuocTy HOpMaJsb u f3 nmeprnennukynspusl, T.e. {f3,n) = 0, u, caenOBaTEIBHO, TIOTOK YEPE3 ITY
MOBEPXHOCTH PABEH HYJI0. Takum 0Opa3oM,

/ (f5,dS) = //f3,ds //fg,dS (1.3.1)

IMosepxuocTu Sp u Sy SABISIOTCS COOTBETCTBEHHO rpadukaMu MYHKIWN WB U Wi, KOTOPHIE OMPEJIEJI€Hbl Ha, HEKO-
TOpOoi m10cKO# obmactu A (npoekuuu V' Ha miaockocrs X OY'), BKIIOUasi ee rpaHuLLy.
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Puc. 4:

Breraucamym TiepBblit u3 uETErpasios B npasoit wactu (1.3.1). Ilosepxuocts Sp 3a1aercs orobpaxkeruem ry : A — R3

T
| rq
D
y w

B(z,Yy)
IToaromy
1 0
D11‘1 = 0 y D2r1 = 1 )
Dywg Dywp

0 1 0

//(fs,dS)=//det fo 0 1 ||dady=
Sp A

> Diwp Dawp
- / / I+ (@,y,wp(z, ) dzdy.
A

3HakK 1II0C 6epPeTCsi, IOCKOJIbKY BEKTOD

—Diwp
Diry x Dory = | =Daywp |,
1

O4YeBHIHO, 331a€T Ha Sp Hanpasjenue "Beepx", T.e. napyocy V (Tperbs KOOPAMHATA 3TOr0 BEKTOPA MOJIOKUTE/IBHA).
Jns nosepxuocT Sp, 3a71aBaeMoil oTobpazKkeHneM ra : A — R?

x
X )
|:y:| — Yy )
w

H(a":y)

[ [@as)= = [[ 1. w.vone) ddy.
Su A

3uak MuHyC 6epercsi, OCKOIbKY BEKTOD

AHAJIOTUIHO TIOJIyYaeM

—Dle
D11'1 X D21'1 = —DQ(UH ,
1

3amaer Ha Sy HampasjeHue Toxe "BBepx", T.e. suympov V.
IMoncrasnsis pesynbrars B (1.3.1), nmeem

[[@asi= [[ (1 @von@) - 1. @v.out)) dedy.
S A
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ITo dopmyne Hororona — Jleitbuua

wB(2,y)

£ @y, w5(@,9)) — £ (09, w0m(@,y)) = / Dsf.(z,y,7) dz.

wH(wﬁl})

wB(2,y)
//(f3,dS) = // / Dsf, dz | dxdy =
A wH(may)

s
=// Dsf, dxdydz.
v
AHamOrMYHO MOXKHO TTOTyYUTH

é / (f1,dS) = / V/ D, f, dedydz; é / (f,,dS) = / V/ Ds f, dzdydz.

CxknanpiBas, nonyunM (cM. 3amevanue 1)

//(f,dS> = /// (D1fs + Daof, + Dsf.) dedydsz.
S 1%

DyHKIWMs, CTOAMAS MMOJ] 3HAKOM TPOWHOrO MHTErpasia (cien Marpunbl dxkobu BekTopHOro moss f) HasbiBaercs
dusepzenyueti ITOr0 BEKTOPHOTO mouis. [lumryT

Ciie10BaTeIHHO,

div(f) = Sp(Df) = D f, + Daf, + Dsf-.

CdhopmysupyeM Tenepsb JOKA3aHHYIO BBIIIE TEOPEMY.

Teopewma T'aycca — Ocrporpaackoro®. IToTOK BEKTOPHOrO TI0JIs Yepe3 3aMKHYTYIO IIOBEPXHOCTH B HAIIPABICHAN Ha-
PYy?Ky PaBEH MHTErPAJIy OT JUBEPLEHIMHU ITOTO MOJIsi IO 00JIACTH, OTPAHUYEHHOMN 3TON MOBEPXHOCTHIO.

3ameduanus. 1. IloBepxHOCTH MpeAmonaraeTcst KyCO4HO TJIAIKOM, a Mmojie — HempepbIBHO AuddepeHinpyeMbIM.

2. MbI gokazaJu TeopeMy AJis o0sacreil cuenuaibHoro suga. Oaaako 1oy 001acTh, KOTOPas MOXKET BCTPETUTh-
Cd Ha TPAKTUKE, MOXKHO PAa3JEJIUTHh Ha KOHEYHOE YNCJI0 KYCKOB TaKOTO BUIA. B CUJIy 3aMe€YaHUud 2 Ha C6]. IIOTOK
BEKTOPHOr'O TIOJIST Yepe3 MOJIHYIO TIOBEPXHOCTL OBJIACTH PABEH CyMMe MOTOKOB 4Yepe3 TOJIHBIE TIOBEPXHOCTU €€ KYCKOB.
Kaxxbrit 13 9TMX MOTOKOB IPeodpa3yercs Mo AOKA3AHHON TEOpEeMe B MHTErPaJ OT JAUBEPreHIINH MOJIS TI0 COOTBETCTBY-
IOIEMY KYCKY, & CyMMa 9TUX WHTErPaJIOB JAeT WHTErpaJj OT JUBEPreHIUH MOJIs O BCeil 0bacTu. TO pacCykIeHue
JIOKa3bIBAET TeopeMy i Bcex "He odenn mioxux'"obsacreit. JlokazaTesbcTBO B OOIEM CIydae Mbl TPOBOJAWUTH HE
Oyem.

3. AHaJIOrNYHO NpEeABIIYIIEMY 3aMEYAHUIO, pa3Ielisis 00IaCTh Ha, 9aCTH, MOYKHO J0Ka3aTh Teopemy Laycca — Ocrpo-
IPAJICKOTO IS KYCOUHO 24a0K020, HENPEPbIEHO20 8eKMOPH020 Nnoas f.

4. Ecin v — crauuoHapHOe (He 3aBHCSINEe OT BPEMEHH) IOJIe CKOPOCTel JBukeHust kugkoctd, to [ [(v,dS) —

S

9TO KOJMYECTBO KUIKOCTH, BBITEKANOIIEH U3 00acTy B eauHuily BpeMeru. QUeBUIHO, OHO PABHO PA3HOCTH MEXKJY
KOJINYECTBOM 2KMAKOCTH, "00pasyiomieiics " BHy TPy 9TOi 00/1aCTH B €IMHUILY BPEMEHM, U KOJUIECTBOM XKHMJIKOCTH, "1C-
ye3ameil " TaM 2Ke 1 TOraa 2Ke, T.e. PA3HOCTH MEXK/y CyMMAaPHOM MOITHOCTBIO "MCTOYHUKOB" M Cy MMAPHOM MOITHOCTBIO
"cTokoB", HaXOASIUXCsT BHYTPH V.

CpenHsast NIOTHOCTD MOLTHOCTHM MCTOYHWKOB (CTOKM MOXKHO DACCMATPUBATH KAK "OTPUIATEILHBIE MCTOYHWKH')

paBHa
1
P // div(v) dzdydz = div(v)ep..
‘beM
v

Ha 9TOM OCHOBAHHU B I'MAPABJIMKE JUBEPIrE€HUWIO II0JIA CKOpOCTeﬁ HA3bIBAIOT IIJIOTHOCTHIO MOIIHOCTHU UCTOYHHUKOB.

5. Tlosne, nuBepreHiust KOTOPOrO PaBHA HYJIIO, HA3BIBAECTCS COAEHOUOGALHLIM, WA nosem be3 ucmounuros. Ilo
teopeme [aycca — OcTporpaackoro moTOK TAKOrO MO Yepe3 JIIOYH 3aMKHYTYI0 KYCOYHO IUIAJKYH0 HMOBEPXHOCTH
pPaBeH HYJIIO.

SMuxaun Bacuasesna OCTPOTPAICKUM (1801-1862) — pycckuit MaTeMaTHK, OLUH U3 OCHOBATENEH nerepOyprekoil MaTeMaTuIecKoi
mkosel, wieH [TerepOyprckoit AH u psiga MHOCTPpAHHBIX AKAIEMUN.
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1.4. Porop BekTopHOro nojsi. Teopema Crokca

Teopema Taycca — OcTpOrpaiCKOro yCTaHABIUBAET CBI3b MEXKIY 3HAYEHUSIMU YACTHBIX MPOU3BOIHBIX KOMIOHEHT
BEKTOPHOIO 10JIsg B obyiacTu V 1M 3HAYEHMSIMU II0JIs Ha, TPAHUIE 9T0# obyactu — nosepxaoctu OV':

/// (D1 fo + Dafy + D3 f,) dedydz = //(f,dS).
v ov

Hanomunm, aro reopema Hptotona — JIefiOrnna CBsA3pBaeT 3HAYEHNsT TPOM3BOAHON (hyHKImu f B mHTEpBaJE |a, b
¥ 3HAYEHUs 9TON (DYHKIMYM HA, PAHUIE WHTEPBAJIA — B TOYKAX @ u b:

b
/ = () — f(a).

Cdopmymupyem Ge3 I0Ka3aTelbCTBa TPETHIO TeopeMy Toro ke Tuma — Teopemy CTokca’, KOTOpas CBA3BIBAET

3HAYEHMST YACTHBIX TIPOM3BOAHBIX KOMIIOHEHT BEKTOPHOIO TIOJST B 061aCTH (HA MOBEPXHOCTH S) M 3HAYEHUS ITOTO OIS
Ha rpanute obnactu — kpusoit 0.S. IlperBapuTesbHO BBEIEM HOBOE MOHSITHE.

Ompenenenne. Pomopom menpepuisao muddepenmupyemoro sekropuoro noysa f : R® — R® masniBaeTcs BeKTOpHOE
nore rot(f) : R® — R®, 3amasaemoe dopmyoit

D2fz _DSfy
I‘Ot(f) = D3fz - lez
ley _D2fx

3ameuanmsa. 1. MHOrDa poTop HA3BIBAIOT 6UIPEM BEKTOPHOro noss u obosnagaor curl(f).

2. Eciu F : R2 = R? — naockoe BEKTOPHOE TIOJe

HRSEA

y Fy(z,y)
TO eMy MOXKHO COIIOCTaBUTH BeKTopHOe moje f : R — R3
Zz F, ('Z'a y)
£
Yy — Fy (1'7 y)
z 0
Porop Takoro monst paBen
0
rot(f) = 0 = (D1F, — DyF,) - e®).
D\F, — D,F,

MNuorpa B crydae MIOCKOrO MOJS MHITYT
I‘Ot(F) = Dle - Dng

3. Ecmm f : R? — R® — apaxsr muddepenmupyemoe sekroproe noise, 1o rot(f) — comenonmambhoe nose.
JleficTBUTEIBHO,

div(rot(f)) = Dy(rot(f)); + D (rot(f))s + D3(rot(f))s =
= Dy(D»f. — Dsfy) + D2(Dsf, — D:f,) + D3(D1f, — Dof,) = 0.

Teopema Crokca. Ecm f : R — R® — menpepoisro muddepentmpyemoe BeKTOpHOE ToTe, a S — JBYCTOPOHHSST

KyCOYHO IJIa/IKas HOBepXHOCTh B R, TO moToK poropa mnos f uepes nosepxHocTb S paBeH NUPKYJIAIME JTOTO MO/
BJIOJIb KPUBOii 05, OrpaHUYMBAIOLIEH 3Ty OBEPXHOCTD:

/ / (rot(f),dS) = 7{ (£, dr).
S

as

7 Txopmx Tabpuens CTOKC (1819-1903) — amrnmiickuit pu3mk m MaremaTuk, wieH JIoHxoHCKOro Koposnesckoro ofmecrsa, n3BeCTEH
paboTaMu IO ONTHKE, THAPOAUHAMHUKE U MATE€MATHIECKOH bu3mKe.
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IIpu sTOM HampaBjeHWe, B KOTOPOM BBIYMCJISIETCS] TIOTOK, U HANPaBJIeHNe 00X0/1a 3aMKHYTOM KpuBOil 0S CBSI3aHBI
NIPABUJIOM IIPABOT'O BUHTA.

3ameuanns. 1. Tak ke, kak u Teopema ['aycca — Ocrporpazackoro, reopema CTOKCA BEPHA U JIST KYCOWHO 2400K020,
HENPEPHLEHO020 BEKTOPHOTO 1ouis f.
2. Eciin BekTOpHOE Toste f ABIsieTcs: rpaiuenToM CKaaspHOro nofs ((byHKIMOHAA) ¢, T.€.

f = Vg, (14.1)

" Ds(Va)s — Ds(Va):
rot(f) = rot(Vq) = | D3(Vq)1 — D1(Vg)s | =
D1(Vq)2 — D2(Vgh

DyD3q — D3D2q
= D3D1q — D1D3q =4.
Dy Dsq— DsDyq

ITo Teopeme Crokca nupkynsiusi BeKTopa f BIosb 1106010 3aMKHYTOr0 KOHTYPA, 02PaAHUNUBAIOULE20 KYCOWHO 2Aa0-
KY10 06YCMOPOHHIOI0 NOBEPTHOCTb, PABHA HYJIIO:

]{ (f,dr) = / / (rot(f),dS) = 0. (1.4.2)
S

as

Dyukuponan ¢ onpezeser paseHcrBoM (1.4.1) ¢ TOUHOCTHIO A0 aAIUTUBHON KOHCTAHTBI. Ero Ha3bIBAOT CKAAADHBIM
nomeHyuasom sexkmoprozo noas f, a camo Bekropuoe nose f — nomenyuasvHvM.

Cepbesnoe npeaynpexaenne. OOparure BHUMaHME HA TO, YTO MOTEHIWAJ JOJKEH ObITh ONpeiesieH B 00JacTH,
cojieprKaleil He TOJIBKO KOHTYD, HO M BCIO [OBEPXHOCTH S, OrPAHWYEHHYI0 9TUM KOHTYypoM. B mporuBHOM cityuae
coornomenue (1.4.2) moxker ue umers mecra. [Ipusegem mpocTol npuMep.

Paccmorpum miockoe BEKTOPHOE IToJie

_ €T -
z| 2’ +y°

Lx® +y~ -

¥ COOTBETCTBYIOIEe eMy Tpexmeproe moste f :

— 5 €T 5 -

z r°+y
Y
_)

f‘; 22 4 y2

i 0 i

Jlerko mpoeeputh (mpozenaiite 3to!), uro £ = Vi, rae ¢ — nonspusiii yron Toukn (z,y). Iostomy
(por)’ =(for,r'),

", CJIeI0OBATEJIBHO,
(B

) B B
O [an = [@orx)@yd= [(poryar-
(A) a

a

"= o(B) — p(A). (1.4.3)

a

= (por)(t)

[ycrs Teneps KoHTYp £ — "acTb oKpy:kHocTH (puc.1.5), 3amaBaemas orobpaxkenuem r @ [0,7] — R3

z=a-cos(t), y=a-sin(t), z=0.

Torna u3 (1.4.3) BuaHO, uTO
(B)
O [@an =1,
(4)
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Puc. 5:

u npu T = 27 noiydaeMm
7{ (f, dr) = 2r.
¢

Kaxymeecs nporusopeuue ¢ dpopmysoit (1.4.2) obbsicasiercs: TeM, 910 JiH00asi IOBEPXHOCTh, OTPAHUYEHHAS] KOHTY-
pom £, nepecekaet ock Oz, Ha KOTOPOI MOTEHINAJ (o HE OMpeesieH.
1.5. ®PopMy1bl HHTETPUPOBAHUS IO IACTAM

C nomomrsio Teopem Faycca — Ocrporpaackoro u CToKca MOXKHO Oy IUTh (hOPMYJIbl MPEOOPA3OBAHNSI MHOTOMEP-
HBIX WHTErPAJIOB, aHAJIOIMYHBIE U3BECTHOM (HOPMYJIe NHTErPUPOBAHUS IO YACTSIM.
IIycts V — o6nacts B R?, orpannyuennas Kyco4HO IIIKOI IIOBEPXHOCTBIO, U M ¥ — KyCOYHO IVIAIKHE, HEIIPEPBIBHBIE
dbyukiyn. Paccmorpum BeKTOpHOE 110J1€
f=uv-e® k=123

3amerum, 9TO

div(f) = Dy (uv) = Dyu - v + u - Dyw.

Teopewma, I'aycca — OcTporpazackoro maer

/V/ Dku‘v:_/V//U.Dkv-’-b/v/@w'e(k)’ds>'

B cinyuae, korpa onna n3 GyHkumii u, v 00pamaercs B HyJib Ha, OV, GOpMyJ1a MHTErpUPOBAHUST 110 YACTSM IPUHUMAET

/‘/ Dku-vz—/{///u-Dkv. (1.5.1)

Anayoruano, ecim S — obaacrs B R2 | orpanmdennass KyCOYHO IVIaIKOI KPUBOH, ¥ U ¥ — KyCOYHO IJIAJKHE, HEIpe-

COBCEM TIPOCTOU BHU:

pbIBHBbIE (DYHKIMU, OAHA U3 KOTOPLIX paBHa Hy/i0 HA 05, reopema CTOKCA, IPUMEHEHHAS! K BEKTOPHOMY IIOJIIO

f=uv-e® k=12

//Dku.uz_é/u.pkv.

S

naet ¢dopmyity, anagoruanyio (1.5.1):

1.6. arerpas or GpyHKINN KOMILJIEKCHOI IepeMeHHOMN

Yxke 0TMEYAJIOCh, YTO B JIEKAPTOBOM MPSIMOYIOJIbHOM CUCTEME KOOPAMHAT TOYKA, HA, IIJIOCKOCTH MOXKeT ObITh 331aHa,
OIHUM KOMILIEKCHBIM YHCJIOM 2 = T + 1.
[ycrs nyiockast kpusas £ 3aana otobpazkenueM r : [a, ] — R?

e [250)
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Ee, oueBugHO, MOXKHO TAKXKe 33JaTh OTHOU KOMNAEKCHO3HAYHOU PyHKyuel BEIeCTBEHHON NepeMeHHON
w: [a,f] = C; w(t) =) +i-P().

Omnpegenenue. [lycte G C C; f: G — C — xycouHo HenpepbiBHAs (DYHKIUS KOMILIEKCHOM mepemenHoi. VuTe-
rpajoMm oT GyHKIME f 10 KyCOYHO TJIIKOM KpuBoii { HasbiBaeTcs uATerpan Pumana

B
[ 13z = [ 1 wieywie) a
€3] a

Paznensist BemecTBeHHYI0O 1 MHUMYIO 9aCTH, IOJIY4UM

B
[ 112z = [ (R @) ¢/ ) - o w(e) -0'(0) de+

® @

B

i / (P (w(®) -4/ (0) + B (w(t)) - (1)) d.

3,&6(2]) F1 = Re(f), F2 = Im(f)

Mbr BHAMM, YTO BBIUMCIEHHE HHTErpajia oT (DYHKIMU KOMIUIEKCHON mepemenHoit f = Fy + i - Fy cBoguTcst K
BBIMUCICHUIO JBYX KPUGOAUHETINbT HHTETPAIOB OT TIOCKUX BeKTOpHBX nosteit [Fy, —Fb)T u [Fy, F1]7.

Ecnu f — anaaumuseckas GyHKIUs, TO, KAK U3BECTHO, KOMIOHEHTHI n1oJisi Fy u Fy ynoBieTBopsitoT yenoBusm Kormm

— Pumana
D1 Fy = DyF>, D1Fy = —DyF;.

IlosTomy

I‘0t<|: F;, :|) = (—D1F2 - D2F1) . 8(3) = 0,
— L2

I‘Ot(|:§2:|) = (D1F1 — DQFQ) . e(3) =6.
1

N3 Teopembr CTOKCA Ciieayer Temnepb

Teopema Kowu. Uurerpan or anasumuveckoti GyHKIuU 110 KyCOYHO IVIQAKON 3a.MKHYMOT KPUBOH PABEH HYJIIO.

1.7. YpaBuennsa MaxkcBensia

DIeKTPOMarHUTHOE TIOJIe — 9TO yNOPSAAOYeHHAs Mapa BeKTopHbX moneit E: RY — R3; H: R* — R3, rae
E = [E.(z,y,2,t), By(z,y, 2,t), E.(,y, 2,t)]©
— HAMPANHCEHHOCTID INEKMPUNECKO20 TIONA;
H = [H,(z,y,2,t), Hy(2,y, 2,1), H:(2,y, 2, )]

— HAMPAACEHHOCTIL MA2HUMHO20 TOAA.

Hapsiny ¢ Bekropubivu nojisimu E v H B Teopun 91eKTPOMarHuTHOrO MOJIST PACCMATPUBAETCS €Ie IBA BEKTOPHBIX
noJisi: osie aaexmpuseckozo cmeuwenus D = B, rae € — (3 x 3)-marpuna dussexmpuueckoti nporuYaEMOCIY, U TOJIE
mazrumnoti undyryuu B = pH, roe p — (3 X 3)-marpuna maznummoti nporuyaemocmu.

B ciiyuae omHOPOIHOIM 1 M30TPOIHOM CPEIBI MATPHUIIBI JUIIEKTPUIECKON U MATHUTHOM MPOHUIIAEMOCTH TPUHUMAIOT
Bug € - I3 u p- I3 (3mech € u pu — yxke wucaa, a I3 — eIuHUYHAS MATPUIA).

Teopus Makcpenna® mossosger HAXOAUTH TEKTPUUECKOE ¥ MATHUTHOE MOJIS, CO3AABAEMBIE 33JaHHBIMY JICKTPH-
YEeCKUMU 3aPsIaMU U TOKAMU.

VpaBuenusi MakcBena ecreCTBEHHBIM 00pa30M (HOPMYIUPYIOTCS C TMOMOIIBI0 BBEIEHHBIX HAMY Omeparyii rot u
div: 9B oD
TR rot(H) =j + a0

8 Iixxetimc Kmepk MAKCBEJIJI (1831-1879) — moTmanackuit ¢dusnk, wien JIOHJOHCKOrO KOpOJEBCKOro obmiecTsa. Ilepsuiit cmemas
MOMBITKY CO3JaTh ODIIYI0 TEOPHIO JIEKTPOMATrHETU3MA, CIIOCOOCTBOBAJ (POPMUPOBAHUIO TEOPUM BEKTOPHOI'O IOJISI B BUIE OTIEJBHON MaTe-
MATHYECKON MUCIUIIJIMHBI.

rot(E) = —
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div(D) = p; div(B) =0.
31ech p — NAOMHOCTID 00BEMHBT 30pA008, & j — BEKTOD NAOMHOCTU MOKOS NPOSOJUMOCTIU.
B 3zagauax saexmpocmamuku j = B = H = 6. [Toaromy u3 yerbipex ypaBaenuit Makcsessa OCraiorcs J1Ba:
rot(E) =6; div(D) = p. (1.7.1)
Eciin uckars Bekrop-dyukiuio E B Buge
E=-Vop,

(dyHKIWS  HABBIBAETCS CKAAAPHBLM NOMEHUUAAOM FTIEKTPUIECKOTO TI0JIs1), TO TIepBoe ypaBHenue (1.7.1) BeInOMHsIETCST
aBToMaTuyecku (CM. 3amedanue 2 Ha ¢.68), a BTOpoe maer

—div(e - V) = p.
B ciiydae omHOPOIHOM M30TPOMHON CPEbI 9TO YPABHEHUE TIEPEIUIIETCS TaK:
—div(Vy) = g (1.7.2)
3ameuanue. TuddepeHnpanbHbiii oneparop
div(Vp) = D1Dy1p + DaDayp + D3 D3,

crosimuii B sieBoit yactu (1.7.2), HazbBaeTcsa onepamopom Jlanaaca u obo3uauaercs Ayp.
YpaBuenue

_A(p:fa

uMeHyemoe ypasuenuem Ilyaccona, BOSHUKAET HE TOJBKO B 33/1a9aX JIEKTPOCTATUKYU, HO M BO MHOTUX JPYTHUX MPU-
KJIQIHBIX 33/1a9aX.

B 3ax/m0ueHre PACCMOTPUM 3JIEMEHTAPHYIO TEOPHIO UIeaJbHOrO Tpancdopmaropa’.

IIporekaromuii 10 nepBU4HON 0OMOTKE TPaHC(HOPMATOPA IIEPEMEHHBIA TOK CO34aeT B (PePPOMATHUTHOM Cepaed-
HUKE IIePEMEHHOe MArHUTHOE moJie. Mbl Ha3Bam TpancdhOpMATOP MIEATbHBIM, UMEs B BUJY, YTO MATHUTHBIA IIOTOK
PaCHPOCTPAHSETCS TOJIBKO B CePIEIHUKE (IIOTOKM PACCESHUSI B BO3/LYXE OTCYTCTBYIOT).

Ha puc.1.6 u3obpazkeHbl CepIedHrK 1 00MOTKa TpaHCGhOPMATOPa B pa3pese.

IlepBuunas

12
0OMOTKa, 2

61 5'2

Puc. 6: S1, S — cedenus cepaedHuKa

Ecsiu npoBofHuK (3aMKHYThIH KOHTYD £1 Ha puc.1.6) 0XBATHIBAET CEYEHNUE CEPAEUHNKA S2, TO BOSHUKAIOIIAS B 9TOM
NIPOBOJHUKE JIEKTPOABUKYIIAS CUJIA PABHA

e= %(E, dr). (1.7.3)

£1

ITpumennm Teopemy Crokca x (1.7.3). U3 ypasuennit Makcsemta rot(E) = — 6]?, ¥ MBI [TOJIy4aeM

e= //(—aa—]?,dS)
S

9MEI HaJIeeMCs, UTO CTYIEHT MeTHUYECK020 YHHBEPCUTETa, KOT1a-HuOyIb BHIE TPaHCHOPMATOD.
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(unTerpan Gepercst o Sy, MOCKOJIBKY B 00JIACTH MEXKIY So U KOHTYPOM MArHUTHAs WHAyKIUs B pasHa Hyo (TpamHc-
dopmaTop uneanbubiiil)).

Ecsin npoBoguauk (f2 Ha puc.1.6) 06X0muT BOKPYT Sy ABaXKIBI, JEKTPOIBUKYIIAS CUJIA YBEJUUABACTCS B 1BA Pa3a
(uHTErpas N0 BCeMy IyTH PABEH CyMMe HHTErpaJIoB 1O ero dactsiM). OTciona cieyer U3BECTHBINA 3aKOH: HANPANCEHUE
HA BMOPUNHOT, 06MOMEE MPAHCHOPMAMOPA NPONOPUUOHAABHO YUCAY BUMEOS IMOT, 06MOMKLU.



