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3. JINHEVHBIE
NMHTETIPAJIBHBIE YPABHEHI A

3.1. Conep>kaTesbHad 3aaad4a,
nopuBoAdiniad K HHTEIrpaJIbHOMY YPaBHEHUIO
Paccmorpum TpyOKy ayvHOM £, 3aIlOJHEHHYIO BEIIECTBOM, MOIMVIOMIAIOIMM U paccenBaiomuM cBeT. [TomecTum B

JIEBOM €€ KOHIIE CTAI[MOHAPHBIN MCTOYHUK, W3JIy4YarOuii CBETOBOM MOTOK C IJIOTHOCTHIO ), HAMIPABJIEHHBIN BIPABO
(pmc.3.1).

0 Yr—1 Jr Yk z l

Puc. 1:

By,ueM CYUTAThH, YTO B Ka)K‘ﬂOfI TOYKeEe pr6KI/I paccedHre CBETOBOTO MOTOKA MPOUCXOIUT JIUIIH B IBYX HAITPABJICHUAX
— BIIPABO W BJIEBO. Tor,ua TJIOTHOCTH TTOTOKa MOCTOAHHA B KaXKJIOM TMONEPEYHOM CE€YCHUU pr6KI/I U MEeHAEeTCA TOJIBKO
BIOJIb ee ocu. Beemem dyukumio ¢ : [0,4] = R — aunedinyro mI0THOCTL CBETOBOIO MOTOKA, U3JIy4aE€MOrO B 33 JaHHOM
CEYCHUU.

OueBUIHO, BECh CBETOBOM MOTOK B CEYEHMM C aDCIUCCOM 2z MOXKHO PA3JeIUTh HA JBE YaCTH: MOTOK OT MCTOYHUKA,
u3rydeHus: (C y4eToM MNOIVIOIIEHUs U PACCEsSHUS B CPelie) M BTOPUYHBIM IIOTOK, CO3JAHHBIN PACCEUBAIOMIEH CPEeIOii.
Paccmorpum 311 ciaraeMbie O OTIEIHLHOCTH.

1. III0THOCTH MEPBUYHOTO MOTOKA, COTJIACHO 3aKOHY Byrepal, pasHa

®1(z) = Io - exp(—p2)
(1 — nokazaresb ocnabseHusi CBeTa B Cpeje).

2. J11s1i BBIYUC/IEHUS IIOTHOCTY BTOPUYIHOTO (06pa30BaHHOIO PacCenBaroeil cpenoit) noroka Po(z) mocrpoum Heko-
Topoe pasbuenue P cermenTa [0, /] 1 BbLAEINM 3JEMEHTAPHBIN 00beM, OPPAHUYEHHBIN CeYeHUsIMU € a0CIUCCAMHU Yj—1
u y, (puc.3.1). O6osnaunm Ji, = [yr—1, Yx] 1 PACCMOTPEM NPOU3BOIBHYIO TOUKY Y € Ji.

Ecuiu Obl sinHeiiHAS JIOTHOCTD IIOTOKA, HA J) ObLIa IOCTOSIHHON U PaBHSIIACH ((Y), IOJHOE BTOPUIHOE U3JLy Y€HHE
9TOr0 3JeMEHTAPHOro 00bema ObuIo Gbr paBHO ©(y) - (Yr — Yk—1)- Jdanee, eciu Obl BCE 3TO U3JIyYEHUE UCXOAMJIO U3
cedenusi ¢ abCU@CCOi Y, TO ero BKJIAJ[ B PACCESIHHBIN CBETOBOM ITOTOK, IIOJIyYaeMbIil B CeYeHnn ¢ abCUucCoil z, ObL1 Obl
paBeH

p
5 ezp(=plz = y)) - o(y) - (gr — yr-1)
(31€CH p — IOKA3ATENb PACCESTHNST CPEIB; MHOMKNATENb & ONPEIENseTCs U3 MPETONOKEH s, UTO TIONOBIHA PACCESTHHOTO
MOTOKA M3JIy9aeTCsl BIIPABO U MOJIOBUHA — BJIEBO).
OueBUIHO HEPABEHCTBO

my < exp(—plz —y|) - p(y) < My,
riue

= inf {eap(—plz = yl) @)} Mo = sup {eap(=plz = yl) - o(0)}

Ciie1oBaTeIbHO, IWIOTHOCT BTOPUYHOTO MOTOKA, TIOJIyYaeMOro B CeYeHnr ¢ abCIUCCOoi 2, Y0BJIETBOPSIET HEPABEH-
CTBY

ka Yk — yp—1) < B2(2) ZMk Wk — Yk-1)- (3.1.1)

JleBasi u mpaBasi 4acTu HepaBeHCTBA (3.1.1) mpeACTaBISIOT OO0 COOTBETCTBEHHO HUKHIOK M BEPXHIOK CYMMbI
Hap06y npu pasbuenvn P s byuxumu p/2 - exp(—p|z — yl) - ¢(y). Mosromy

Dy (

l\?lb

£
=2 [ cap(-nlz — o) o10) dy.
0

HInep BYTEP (1698-1758) — dbpanimysckuii ¢hu3uK 1 MaTeMaTHK, OfHH U3 OCHOBaTeneit poromerpun: uien [apuxckoit AH u Jlonaou-
CKOTO KOPOJIEBCKOT'O OOIIEeCTBA.
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Teneps ypaBHeHue basanca
p(2) = ®1(2) + B2(2)

NPpUHUMAET BUJL

N

£
¢(2) = Io - exp(—pz) + -/ewp(—ulz—yl)w(y) dy,  z€][0,4].

3.2. NnrerpanrHoe ypaBHeHne Ppearoapma
IMomygennoe B 1.3.1 HHTErpasLHOE ypaBHEHUE — IpUMep ypashenus Ppedzoavma® emopozo poda

B
o(t) = / K(t,7)a(r)dr + (). (3.2.1)

a

B ypasaenun (3.2.1)
x — uckomasi pyHrus [a, 8] = R;
f — c60600muili waen ypaBHEHUS — BEIECTBEHHAs!, HENIPEPbIBHAS HA [a, (] dyukums. Ecm f(t) = 0, ypaBrenue (3.2.1)
HA3BIBACTCST 00HOPOOHBIM,;
K(t,7) — BemecrBenHas GyHKIMs, 33JaHHAs HA KBajpaTe [a, 8] X [a, §]. Ona nubo HenpephIBHA, MO0 UMeET PA3PHIB
MEepPBOro PoJia Ha JAUATOHAIU KBAApaTa t = 7 (T.e. HEMPEPHIBHA HA KAXKJOM M3 IBYX TPEYTOJbLHUKOB, HA KOTOPHIE 3Ta,
JUArOHAJIb IEJIAT KBAAPAT — puc.3.2). 1y MyHKIMIO HA3BIBAT AJPOM UHTEIPAJILHOIO YPABHEHUSI.

T

B

Puc. 2:

Sameuanue. YpasaenuneM Opearonbma nepeozo pona HA3bIBAETCS yPABHEHUE

B
/ K(t,7)a(r) dr + f(t) = 0.

OTOT TUM ypaBHEHUI Mbl B HAIlIEM ITOCOOUU HE PACCMATPUBAEM.

VYpasHenue (3.2.1) MOXKHO 3amucaTh B B
= Az + f, (3.2.2)

rae A — aunedinod oneparop, npeobpasyromuii HerpepbIBHY0 GYHKIMIO Z @ [a, f] = R o dopmymne

B
(Az) (t) = / K (t,7)a(r) dr.

VYpasuenne (3.2.2) BHemEe cx0xke ¢ OAHON M3 (GOPM 3anuCH CHCTEMBI JMHEAHBIX ANre0PANYECKUX yPABHEHWH. DTa
AHAJIOrud Ha CaMOM JeJi€ dBJIsAeTCdA BEeCbMa I‘JIy6OKOfI. MO}KHO IIOKa3aTb, YTO CIIpAaBEAJINBA AHAJIOTMYHAA U3BECTHOM
TeopeMe JIMHEHHOM ajredphl

29puk Msap ®PEJITOJIBM (1866-1927) — mmeackuit maremarux, unen Crokromsmckolt AH. Uzsecren ceoumu paGoramu 1o audde-
PEHIUAIBHBIM U HHTEIDAJIbHBIM YDAaBHEHHUSIM.
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Teopema ®@penronbma. Eciu onaoponuoe ypasuenne OpearoibMa vMeeT moabko HyJIEBOE pPEIlleHre:

fA)=0 = =z(t) =0,

TO COOTBETCTBYIOIIEE HEOAHOPOILHOE YPABHEHUE UMEET edUHCMEEHHOE PEIIEHNE IPU A1000Mm CBODOAHOM djeHe. Kciu xe
OJIHOPO/IHOE YPABHEHUE UMEET HEHYAEE0€ PEIIEHUE, TO COOTBETCTBYIOIIEE HEOAHOPOAHOE Y PABHEHUE JIMOO HEPAZPEIIUMO,
b0 nmMeer HECKOHEYHOE MHOXKECTBO PEIIeHUA.

ITpumep. Ecin
B
/|K(t,T)| dr<g<1 mupuncex t€ o,
(67

TO OJHOPOJIHOE YPABHEHUE MMEET TOJBKO HYJIEBOE PEIeHHUe ¥, CJIEIOBATETHLHO, HEOTHOPOIHOE YPABHEHNE NMEET eIVH-
CTBEHHOE DeIlleHne Tpu JIF0OOM CBOOOIHOM UJIEHE.

,D;.Hﬂ J0Ka3aTeJIbCTBA BBIMMUIIIEM OYEBUIHYIO OIIEHKY:

B

(Az) (t)] = / K (t,7)e(r) dr| <

[e%

T€[a,B] T€[a,B]

B
< max (|x(7')|) -/|K(t,7-)| dr < q- max (|x(7')|).

Orcrona

max (|(.A:c) (t)|) < q- max (|a:(t)|). (3.2.3)

te[a,8] t€[a,p]
Ecnu 2z — perrenne 0gHOPOAHOTO yPaBHEHMS, TO

2= Az = tg[lgx’ﬁ](p(m) <q- tg%](p(m) — 2(t) = 0.

Bameuanmsa. 1. Ecim B Jsmmelinom npocrpancrBe (yHKumii, HenpepbBHbIX HA [a, ], BBECTH HOpPMY

z|lc = rr[la)[ca]<|a:(t)|), To onenka (3.2.3) mokasbiBaer, 4TO Uil JIOGOH (QYHKIMU X W3 ITOr0 MPOCTPAHCTBA
t€la,

|Azllc < q- ||z|lc- Orcioma BumHO, YTO HAalle YTBEPXKAECHWE — AHAJOT TEOPEMBI O METOJE MPOCTOW UTEPAIUU ISt
CUCTEeMBI JIMHEHHBIX aaredpanvdeckux ypaBHEHMHA.

2. Pemenue ypasuenus ®@pearosbMa 04€Hb PEIKO YAAETCS Oy IUTh B saBHOM ( "3amMkuyToi") bopme. Omun npocToit
Cllydail pacCMaTpPUBAETCA B CIIEAYIOMIEM IIyHKTE.

3.3. Pemenune ypaBuenus ®PpearospbMa BTOPOTO poaa
C BBIPOXKJI€HHBIM SIIPOM

Anpo ypasuenusi DpearosbMa HA3BIBAECTCS 8bLPOHCIEHHBIM, ECITA OHO UMEET BT

K(t,7) =Y or(t)ye(r),

k=1
e o, Yr; k=1,...,m — 3ananabe ewecmeennvie GYHKIUM, HEIPEPHIBHBIE HA [, 3].

Tepmunosornyaeckoe 3amedanve. He ciieryer myTars BBIPOKIEHHOCTD sigpa ypaBHenust Opearospma, ¢ u3BECTHBIM
TIOHSATHUEM BBIPOXK/IEHHOCTU KBAPATHON MATPHIIBL.

B ciy4ae BoIpOxkIeHHOTO sizipa ypasHeHue (3.2.1) MOXKHO MEPenucaTh B BUIE

m B
o) = Y- ou(0) [ ayin(r)dr + 10
k=1 b

WJIN B BUOE
m

T = Zcpk Az, r) + 1, (3.3.1)

k=1
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B
rae (z,vYr) = [@(7)¢r () dr — ckansipHoe npoussenenne GyHKIHUIA.

(o7
VYuuoxus 06e gactu (3.3.1) ckansgpHO Ha ;, NOILyYUM

(@, i) =D (r Vi) (@, e + (f), i=1,...,m
k=1

nJIn

m
Cc; = Zaikck +b;, i=1,...,m, (3.3.2)

rae ai = (@r, i), b= (f, i), ci=(x,9%).

Urak, ecnu & — pemenue ypasuenus (3.3.1), TO BeKTOp ¢ saBjsiercs pemenuem cuctembr (3.3.1). O6parno, ecinu ¢ —
peruenne cucremsr (3.3.2), To QyHKIMs

t) = crpr(t) + f(t) (3.3.3)
k=1

Gyner peuterueM ypasHenus (3.3.1) (mposepbre 3r0!).

Mepenummem (3.3.2) B8 Buge ¢ = Ac+b uwmm (I, — A)c = b. Ecm oguopoguoe ypasuenue ®pearonbma uMeer
TONLKO HYJIEBOE PeIleHne, TO U ofHoponHas cucrema (I, — A)c = € Takke UMeET TOJBLKO HYJIEBOE DEIIEHUE, T.€.
varpuna I, — A neswposicdennasn. [losromy cucrema (3.3.2) OMHOZHAUHO PA3pEIIMMa MPH JIIOOOM CBOOOJHOM YJICHE,
U MOXKHO ITOCTPOUTH PEIEHNe MHTErPaJIbHOrO ypaBHenus 1o dopmyde (3.3.3).

ITpumep. |
/ exp(—t)exp(T) + ewp(—2t)ea:p(27')) z(r)dr + 1.
0

3nech pr(t) = exp(—kt), r(t) = exp(kt); k = 1,2. Boraucams maTerpassl (CKATISPHBIE TPOU3BEACHUS), 3AIIH-
uem cucreMmy ypasHenuii (3.3.2):

0-¢1 + (1/e=1)-ca = e—
l1-e)-a + 0-c2 = &5—=
Orciona ¢4 = —6—*2'—1, cy = —e, Te.

e+1
2

z(t)=1- exp(—t) — e - exp(—2t).

3.4. NarerpanbHoe ypaBHeHue BoabTeppa

Ecmu K(t,7) = 0 npu 7 > ¢, T0 ypaBuenue (3.2.1) npuauMaer Bu,

/K (t,T)x(r)dr + f(t). (3.4.1)

DT0 ypaBHeHHe HA3BIBAIOT ypaBHEHHEM Bombreppal.

3ameuanue. 3agady Komm st nuneiinoro quddepeHunatpHoro ypaBHeHust

' =a(t) -z +g(t), =z(to)=

MOXKHO CBECTH K ypaBHeHHi0 Bosnbreppa. eiicTBuTenbHO, nponHTerpuposas moocdecmeo ' (1) = a(r)z(r) + g(7) 1o

OPOMEXYTKY [to,t], momydnm
¢ ¢

2(t) = / a(Pa(r)dr + | 20 + / g(rydr |,

to tO

KOTOPOE, OYEBUIHO, ABJISETCS YaCTHBIM CrydaeM ypasHenns (3.4.1).

3Buro BOJIBTEPPA (1860-1940) — nTanbAHCKUN MATEMATHK, WIEH HAIMOHAJIBHON akagemun aen Jluruen B Pumve. Hanbosee m3BecTHBL
ero paboTsl B obsractu Aud@dEepeHIUaIbHBIX U HHTETPAJBHBIX YPABHEHUM, (DYHKIMOHAJBHOIO AHAJIN3A, TEOPUH YIIPYTOCTH.
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IMokaskem, 9TO OOHOPOIHOE ypaBHeHue Boabreppa
t
A1) = / K(t,7)2(r) dr
(o7

uMeeT TONBKO Hysesoe pemenue. Obozunaanm M = <m2,x<,8(|K (t, T)|) u oneHnM (DYHKIHMIO 2 — PEIIEHne 9TOrO ypas-
a<r<t<

HEHHUSI.
t

A1) = / K(tD)e(r)dr =

o

t
[K (¢, 7)] - |2(7)| dr < /M lzlledr = M -[lzllc - (t — ).

l
X
)
In
R

Orcrona

t
12(8)] < / K (t,7)] - 2(7)] dr <

(t—a)?

t
< MM el (r - a)dr = 02 aflo - £
a

JleiicTBy sl aHAJIOTUYHO, TIOJLyYUM, YTO JIJIsi JIFOOOr0 HATYPAJIBLHOTO k

(t—a)*

k
j2(t)] < MF-Jzflc -

Nk
Ipu nocrarouno Gompmom k MF - (B—Mﬂ < % Iosromy umeem |z(t)| < % “|lzllc mpwm Beex t € [a, ], orkyzma

lzlle < 3 - llzlle, ze. 2(t) =0.
IIo reopeme @penrospma OTCIOAA CIEAYET, YTO ypaBHeHUE BOmbTeppa BCETIa MMEET €IMHCTBEHHOE PEITIeHE.
Pemenne ypasaenus: Bojbreppa Takke 04€Hb PEIKO yIAETCs NoLyduTh B siBHOM ("3amkuyToii") dopme. B crenyro-
II[eM MMyHKTE PAaCCMATPUBACTCS BAYKHBIN YACTHBIN CIyJaii — ypaBHenue BoabTeppa ¢ pa3HOCTHBIM SIIPOM, JIJISl PEIIIEeHUST
KOTOPOTO MOYKHO TIPUMEHUTH TpeobpasoBanue Jlamiaca.

3.5. YpaBHenue BoubTeppa c pa3HOCTHBIM SIJIPOM

Pasnocmmuvim HazeiBaoT aapo suna K(t,7) = g(t — 7). He ymansas obmmoctu, moxHO cuutarb a = 0. Torzma
ypasuenue Bosbreppa nmpumer Bug

2(t) = / g(t — (1) dr + f(t), 0<t<4. (3.5.1)
0

Ecnu moompenenuTs QyHKIHKA ¢ U f, TOJOXKWB WX PABHBIME Hya0 mpu £ < 0 u mpu £ > (3, TO OHH, OYeBH-
HO, OKAXKyTCsl OpUTMHATaMHA. Bynem mckarh pemenwe takxke cpemu GyHkumii-opuruaasnos. Torna ypasaenue (3.5.1)
HEPEHUIIETCS B BUIE

r=g®z+ f (® —3nak cBeprku GyHKIWIA).

IIpeoGpasys 510 ypasHenne no Jlamnacy, nonyaum Z = § - % + f, OTKyza
l—-g

3amedanus. 1. DTOT METO IPUMEHUM U B (JIy4ae, KOraa f = +00, eCjir, KOHEYHO, QYHKIWY g U [ 9KCNOHEHUUAALHO
02POHUNEHDL.

2. He ciemyer 3abbIBaTh, 9TO HA CAMOM Jiejie Mbl HE DEIIWJIA yPaBHEHHUE, a mpocTo "mepenanu pabory B Apyroi
uex": Tpebyercs HailiTu u3obpaxkeHus GpyHkuuil g u f u, ecau amo ydacmces cdesamnv, BOCCTAHOBUTh OPUTMHAJ JIJIst
HaAeHHOro n300parxenus pemenns (3.5.2)!

ITpumep.
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exp(—(t —7))z(T)dr +1; 0<t< +oo.

8

~—~

)

I
o .

3nech
o0) = ap(—0)-8:(0) = G = 73
O =6t = Jlo)=—
IIpeobpasyst ypaBuenue mo Jlamnacy, Haiigem
F(s) = 3;1 - §+Sl2 — 2t) = (1+1) -6 ().

3.6. HucaenHoe pernieHne
JWHENHBIX MHTETPAJIBHBIX YPaBHEHUMN
®pearoasma n BoasTeppa

Panee moq4epKuBAIOCh, YTO PEIIEHUE MHTErPAJIbHOTO YPABHEHUS] OYEHb PEIKO YAAETCs MOAy4YuTh B sBHON ("3a-
MKHYTO#") popme. B 3TOM myHKTE MBI pACCMOTPUM MPOCTEHIINI YUCIEHHBIH METO |, PEIICHMUS.

3agaauM HarypasibHoe ducio N ¥ IOCTPOUM Ha CerMeHre [, 3] paBHOMEpHYI cerky tp, = a + k- h; k =
0,...,N; h = ’B_Ta. YucsenHoe penierue OygeM UCKATh B BUE CIIAMHA TEPBOro Nopsiaka (KyCOYHO TOCTOSHHOM

dbyukumm)
Sp(t) =5, mpu t <t < tps- (3.6.1)

3amvensis B ypasuenuu (3.2.1) uHTErpas KBagpaTypHON (DOPMYJIOi JIEBBIX MPSIMOYTOJBHUKOB, TOJIYUYAM CUCTEMY
JIMHEHHBIX aaredpanvecKnX ypaBHEHUH

N-1
sk =h > K(ti,tm)sm + f(ts); k=0,...,N—1. (3.6.2)
m=0

IIpuBenem 6e3 JOKA3ATEIHCTBA TEOPEMY, OOOCHOBBIBAOIIYIO IPUMEHEHIE STOTO YUCIEHHOTO METOA.

Teopema. IIycTh BBIIOTTHEHB! CIEAYIONINE YCIOBUS:

1. saapo ypasaenus (3.2.1) uMeer HeNPEPHIBHBIE YACTHBIE IPOU3BO/IHBIE IO 000MM aPryMEHTAM B KAXKIIOM U3 Tpe-
YTOJIBHUKOB, OTMEUYEHHBIX Ha, PUC.3.2;

2. dyHKUus f nMeeT KyCOYHO HENPEPBIBHYIO NIPOU3BOAHYIO HA [, A];

3. COOTBETCTRBYIOLIEE OJHOPOIHOE YPABHEHNE MMEET TOJBKO HYJIEBOE PEIleHue.

Torma cymecTByer Takoe MOJIOKUTEIbHOE 9UCIO hg, 9TO 1pu Beex h < hg cucrema JuHeHHbIX ypaBHeHuil (3.6.2)
MMeeT eJIMHCTBEHHOe PeleHue s = [sg,...,sn—1]7.
Iasiee, cymecTByeT Takoe mosioxkureabHoe duciao C, aro upu h < hg

|z(ty) —sg| <C-h, k=0,...,N—1,

rje ¢ — pemeHne ypasserus (3.2.1).
Bosee Toro, nnsi Becex t € [a, ] Boimonnena oneHka |z(t) — Sy (t)| < C-h, rae Sy, — cnnaiis, onpeessieMblii hbopMyIoit
(3.6.1).



