2. OBBIKHOBEHHBIE
JANPOPEPEHIIMAJIBHBIE YPABHEHU A

2.1. Coaep>kaTejbHbIE 3a0a49, IIPUBOILAIINE
K OOBIKHOBEHHBIM /@ (pepeHnmnajIbHbIM YPABHEHUSAM

B n.1.1 MbI nocrpowiu Juckpemmsie MATEMATUYECKUE MOIEIU ABYX COAEPKATEIbHBIX 33/a4. Tenepb Mbl OyaeMm
CUUTATH, YTO COCTOSIHUE AMHAMUYIECKON CHCTEMbl (HAIPsKeHWe Ha, KOHJIEHCATOPE B 33/a4e 1, KOOPAUHATA U CKOPOCTh
TeJIa B 334a4€ 2) MOXKHO HADJIIAATh (M3MepsTh) B JII000H MOMEHT BDEMEHH, 3 He TOJIKO B y3JlaX BPEMEHHOM CEeTKH.

Cremya ®ume Cobax', BBemeM B 0OUXOI €Irle OJHO GOTaToe CJIOBO — KOHMUHYAALHILS — T HA30BEM MATEMATHIECKHE
MOJIeTH, KOTOPhIe OY/IyT MOCTPOEHBI B 3TOM MYyHKTE, KOHTHHYAJIbHBIMU.

IIpennosnarast Hampsi’keHne HA KOHIEHCATODPE HeNpepbiBHO auddepennnpyemoit GpyHKIme, mepeiiieM B paBeHCTBE

~ Uk+1 — Up
=0 2t "k

At
k npenery (At = 0). Honyuum i = C - u'.
IMoacrasnsia pesyasrar B (1.1.1), Haitnem
1 1
W=—t url g (2.1.1)
T T

3nech, Kak u pasbine, 7 = RC.
AHaJIoruyHO, CUnTAs KOOPAMHATY U CKOPOCTDb Teya B 3anade 2 (m.1.1) menpepoiHo muddepenuupyeMbivu byHK-
oUsIMU, TepefieM B PaBEHCTBAX
~ Tk+1 — Tk ~ Uk+1 — Uk
Vp = alia = L} W = hlas L]
At At
k mpeneny (At = 0). Homyunum v = z', w =v'.
IMoncraBnsis w = v' BO BTOpOi#i 3akoH HeioToHA

m-w=m-g—a-v—>b-x

(cm.(1.1.4)), mpumeM K cucTeme ypaBHEHUI

!
= v
. b a (2.1.2)
{ vo= m T—m-vtg.

Eciu npomuddepennuposars nepsoe u3 ypasHenui cucrembr (2.1.2) (m1s 3TOro Hy»KHO IOBBICUTH TPeOOBaHUS K
[JIQIKOCTH BXOASAIIUX B HEro (pyHKumit!) u UCKJII0YUTh U3 BTOPOrO yPABHEHUS] CKOPOCTb, TO MOJIYyYUM BMECTO CUCTEMbI
0010 ypaBHEHME, HO COLEPXKAIIEE B OTJIMYKUE OT CUCTEMbI 6MOPYH0 NPOU3BOAHYI0 UCKOMOM (DyHKIMN:

" a

T =——-x'—£-m—|—g (2.1.3)
m m

2.2. OcHOBHBIE ONpE/IEeJIEHUS

IMonyyennas B m.2.1 KOHTHHYyaJbHAS MATEMATUYECKAs MOJENb 33Ja49M O 3apsije KoHzaeHcaropa (2.1.1) ssasercs
YACTHBIM CIIYYaeM 00biKHO8EHH020 JuPPepeHyuaisvbroeo YypasHerus, nepeozo nopadka, AUHetiHo20, ¢ NOCMOAHHBIM KO-
apduyuermom

¥ =a-xz+f. (2.2.1)
3aech
a — 3agaHH0e YKo (Koadiduyuenm ypaBHEHUs);

f — 3amannas wenpepbiBHast GyHKIEs (C60600HbIT wAEH yPABHEHUS);
T — ucKoMast PyHKIHSI.

3aveuanue. Pyukumnu, BXoAsIMEe B ypapuenue (2.2.1), Bceraa CINTAIOTCS OMPEAETIEHHBIMEA Ha, HEKOTOPOM MTPOME-
KyTKe. B manbHeifieM, ecin He OrOBOPEHO TIPOTHBHOE, MBI OyJIeM CUUTATh, YTO ITOT MPOMEKYTOK — cezmenm [a, [3].

VYpasuenne (2.2.1) maspBaercs

l®uma Cobax — mogpyra Dmmouxu Ilykunoii.
20T IaTHHCKOTO continuum — HeIpephIBHOE.
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dudeperyuarvroim, TaK KaK COAEPIKUT MMPOU3BOAHYIO NCKOMO#N (DYHKIUY;

06VIKHOGEHHbIM — TAK TIPUHATO HA3LIBATH AuddepeHnuabuble ypaBHeHus i (DYHKIWIA OTHOM mepeMeHHo (B OTin-
YKMe OT YPABHEHUH 6 “4aCmHbLL NPOU3EOIHBIT);

nepeoz2o Nopadra, MO0 CTapIIas U3 BXOASIIUX B HETO IPOU3BOIHBIX — IIEPBAS;

AuHelHbIM — TAK KAK MOXKeT ObITh 3alIMCAHO B BUE

L) = f,

rae £(z) = x' — a - x — aunetinod (yoequrech B sTom!) oneparop.
Hakowner, 310 ypaBHeHue ¢ n0cmosHHbiM KOIDOUINEHTOM — B OTJINYNAE OT JIMHEHHOTO YPABHEHUS C NEPEMEHHDbIM
K03 buUnmeHTOM, B KOTOPOM @ He 9UCJIO0, & 33JaHHas Ha [, 3] HenmpepoiBHAs QyHKIWMSI.

Tepmunosorndeckoe 3amedanne. II0cKoIbKY B 3TOi TJ1aBe PaCCMATPUBAIOTCS TOIHLKO 0OBIKHOBEHHBIE Tud depeHIm-
aJIbHbIE YPABHEHUs, MbI OyIeM OIyCKATh CJIOBO "OOBIKHOBEHHOE" U TOBOPUTE duddhepenyuarvhoe Yypashenue, a MHOTIA,
U TIPOCTO YpasreHue.

Cucrema (2.1.2) ecTb 9aCTHBII Clydaii CUCTEMBI 1 JIMHERHBIX yPABHEHUI IEPBOTO MOPSIKA C NOCMOAHHbIMYU KOID-
durnmenTamMu

! —
x) a1121 + ... + apr, + fi

! —
z, a1 + -+ Gunxn +  fa

KOTOpasi B MATPUIHOM (DOpMe MMeeT BUIL
=A-z+f

Ecnu snementsr marpunbt A — GyHKuUM, HEIPEPHIBHBIE HA [, (], mOTyYaem cucremy JMHENRHBIX yPABHEHUI IEPBOTO
TIOPSIZIKA, C NepemerHbimy KOIDDumenTamn.

3anuinemM, HAKOHELl, CUCTEMY HeAUHeUHbLIT YPABHEHU NEPBOrO IIOPSIKA,

= oi(t;zr,...,Tn)
: (2.2.2)
z, = op(t;z1,...,%,)
rIe ¢1,. ..,y — GyHKIUM, HenpepblBHBIE HA [a, §] X , a ) — Bce npocrparcTBo R mnu ero gacrs.

B sroit riase MbI 6yjem paccMarpuBarh 3adayy Kowwu: HaliTu HenpepbiBHO quddepeHuupyembie Ha (o, §] byHknum
Z1,...,Tn, KOTOPbIE B KAXKJ0H TOYKE CErMeHTa obpamaior ypasaeaus (2.2.2) B TOXKAECTBA U, KPOME TOTO, YAOBJIETBO-
DSIIOT HAMAALHOLM YCAOBUAM, 33TAHHBIM B TOUKE tg € [, 3] :

2k (to) = Tpo, k=1,...,n.

Tepmunosiorndeckoe 3aMedanne. 3ana4dy Komuy Ha3bIBAIOT TakkKe HauaAbHOU 3adavedi MU 330a9eil C HAYaJIbHBIMU
yenousivu (initial value problem). IlpuMenuTesbHO K TeOpUM JUHAMUYECKUX CHCTEM — 3TO 3aJa4a OIPEJeICHUs
3aKOHA JBUKEHUs CUCTEMBI IIPY 33JaHHOM HAYAJIBLHOM €€ IIOJI0KEHUH.

O606mmas ypasuenue (2.1.3), 3anuimeM JuHeHOE yPABHEHUE 7-TO MOPSIIKA C NOCMOAHHbMY KO3bdUIrenTaMu
™ =q,_ 12V 4. faz+ f.

Eciu xosddunuentsr ag, . .. ,a,—1 — GyHKIME, HENpEpBIBEBIE HA [, 3], mony4yaem JuHEHHOE yDABHEHHWE N-rO IIO-
PsiIKa ¢ nepemernvimu KOO unmeHTaMu.

Hakomerl, MOXHO paccMaTPUBAThL HeAunelinoe ypaBHeHue MOPsIKa, N
2™ = (t; z,x,..., :L'("_l)) , (2.2.3)

rae ¢ — dbyskuums, HenpepbiBHAA HA [, (] X Q, a Q — Bce mpocrpancTeo R™ mm ero 9acrs.

Tak e, KaK B CJIy4ae pa3HOCTHLIX ypaBHeHU, AuddepeHnnanbHoe ypaBHEHIe TOPsiIKa 1 MOXKeT ObITh mpeobpa-
30BaHO B PABHOCUJIBHYIO CUCTEMY U3 1 YPaBHEHUi MepBOr0 MOPAIKA.
HeiicTBUTENBHO, BBOSI 0O03HAUEHNSI

=2, o= =y, o, yp =2 =yl
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nojiyuuM u3 ypasHenusi (2.2.3) cucremy

Y = Y2
ys = s

Opnako obparsbiit nepexox He Bcerga Bo3mokeH. [Tokaxkem 3ro Ha mpocreiimem npumepe. Ilycrs nana cucrema
JIBYX JIMHEHHBIX yPABHEHUI MEPBOrO MOPSsI/IKA, C IMOCTOSIHHBIMU KO3d dunpeHTamu

!

21 = a11%1 + a1222 + fi
!

Th = A21%1 + A22Z2 + fo

rae fi u fo — nenpepuisnvie Ha [a, (] byakuun. [TonbITKA UCKIIIOYUTD U3 9TOH CUCTEMBI HCKOMYIO (DYHKIMIO L9 TPUBEET
K Heobxomumoctu auddepeHnupoBanus OgHOro u3 ypaBHeHuil. Ho cBOOOAHBIN YIeH 3TOr0 ypaBHEHWS IO yCJIOBUIO
JINIIb HENMPEPHIBEH M MOXKET OKA3aTbCsl HequbdepeHnupyemMbim!

Mgt obparaeM Ha, 3T0 0OCTOSTENBCTBO BHUMAHIE YUTATEST, TAK KAK B KyPCAX 110 TEOPHH JIMHEHHBIX JIEKTPUIECKIX
Herneil ¢ MOCTOSTHHBIMIE TaPAMETPAMU 339aCTYI0 CBOAAT CHCTEMbI YPABHEHU IIEPBOrO MOPSIIKA K YPABHEHUIO BBICOKOTO
nopsiika, auddepeHuupysi ajs 3roro weduddepenyupyemoie Gynryuu. Ilpu 3T0M BO3HUKAIOT TAK HA3BIBAEMbIE 0000-
wennve Gynryuy — I-QyHKImM 1 ee npoussoaubie. Mcnonb3oBanue annapara 0600neHHbIx pyHKuuil Tpedyer ypoBHs
MaTeMaTUYECKON IOArOTOBKH, HEJIOCTHXKUMOIO B TEXHUYECKUX YHUBEPCUTETAX.

Bosee Toro, marpuyHasi TEXHUKA JeJ1aeT OPOLECC PEIIeHUsi CUCTEMbl ypaBHEHUI He 00Jiee CJI0KHBIM, 9eM pere-
HUe OJHOro ypaBHeHusl. Ilo3TOMy CBeJieHME CHUCTEMBI K OJHOMY YPABHEHHUIO HElesecOOOPa3HO Jake B Ciydae, KOTa
BO3MOXKHO.

2.3. JIuneiinoe ypaBHeHUEe IIEPBOTO MOPAIKA
C TIOCTOSHHBIM K03d buimeHTom

Tpebyercs naiitn HenpepwiBHO quddepenunpyemyo byakumio z : [a, ] = R, xoropas:
1) siBisiercst pemenuem ypasuenus (2.2.1), T.e.

) =a-zt)+ f(t), te€]a,p);

2) yIOBJIETBOPSIETHAMAALHOMY YCA08UNW, T.e. T(tg) = Zo-
Haunem ¢ paccmorpenust ciaydast, korga f(t) = 0 (odnopodnoe ypaBaeHue, COOTBETCTBYIOIEE ypaBHeHuto (2.2.1)).
Bo uzbezxanue nyranunpt 0003HaUMM TENEPh NCKOMYIO DyHKIHIO Apyroit Oyksoit. tak, paccmorpum 3ana4dy Komnm

Z'=a-z; 2(to) = 2. (2.3.1)
JlokazkeM, 910 3Ta 3373498 uMeeT pemenue. JleficTBUTeIbHO, TOACTABIsAS (DYHKIUAIO
z(t) = exp (a(t —to)) - 20 (2.3.2)

B (2.3.1), y6exgaeMcsi, 9TO OHA SIBJISETCs PerieHneM 3a1a49u Kommu Ha j1060M cerMenTe, CoIepKaleM TOUKY to.
HoxkaxkeMm Tenepb, 9To HaiijenHoe pemenue 3anauu Komu equncrsenso. Ilycers z(t) = exp (a(t — to)) - 20, & w —
xaxoe-Hubydv pemenue mot orce 3aaa4m Komm, t.e.

w' =a-w; wty) = 2. (2.3.3)

Beenem dbynkuuio u(t) = exp (—a(t — to)) - w(t). Torma, oueBugno, w(t) = exp (a(t — to)) - u(t). MoacraBum 310
BbIpaskeHue B (2.3.3):
exp (a(t —to)) -u'(t) +a-exp(at —tg)) - u(t) =

=a-exp(a(t —to)) - u(t); u(to) = 20-

Orciona exp (a(t — tp)) - /() = 0, a Tax KAK IKCIOHEHTA B Hysb HE OOpamaercs, noaydaem, 110 u'(¢) = 0. Torza
u(t) = const, u ¢ yaerom u(tg) = 29 umeem u(t) = 29. CnenoBarenvuo, w(t) = 2(t).
Hamu pokazana

Teopema. 3agaua Kommu st inHEHHOTO OJHOPOAHOIO yPABHEHMS IEPBOIO MOPSIIKA, C IMOCTOsSIHHBbIM KO3 duimen-
TOM:

Z=a-z; 2(to) = 20,
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rze a,to, 2o — IPOU3BOJIbHBIE BEIIECTBEHHbBIE YHC/IA, UMeeT Ha R eIuHCTBEHHOE pellleHne, KOTOpoe 330aeTcsl (POpMyJIoi

z(t) = exp(a(t — to)) - 2o
OTMeTHM Tak>Ke OTHO BAaKHOE

Caencrre. OyHKIuMs, yI0BJIETBOPSIIONAS YPABHEHUIO 2| = @ - 2 Ha Npomedcymxe, muO0 He 06paNiaeTcs B HyJlb HA
B OJTHOI TOYKEe ITOrO MPOMEXKYTKa, JINO0 paBHA HA HEM HYJIIO TOXKJIECTBEHHO.

Ilepeiinem Teneps k 3anade Komm s HEOTHOPOIHOTO YPABHEHUSI:

' =a-z+f; =z(to) =20 (2.3.4)
Ee pemenne 6ynem nckath B BUIE

z(t) = exp (a(t —tg)) - v(¢), (2.3.5)

rje v — HoBasi uckoMasi GyHkims (cpaBuutre (2.3.5) ¢ (2.3.2): KOHCTaHTa 29 3aMeHeHa Ha (DYHKLIUIO v, IOITOMY Pac-
CMATPUBAEMBIA METOJ, HA3BIBACTCS METOLOM 6APUAYUUY NOCTNOANHOT).
Moncrasnsisa (2.3.5) B (2.3.4), mony4gaem

ezp (a(t — to)) - v'(t) + a- exp (a(t —to)) - v(t) =
)

=a-exp(a(t —to)) - v(t) + f(t); v(to) = Zo-
Orcrona naxoxum, uro v'(t) = exp (—a(t — o)) - f(t), u uHTErpUpYs MOC/IEAHEE PABEHCTBO, OJLy4aeM
¢
o(t) ~o(t0) = [ eap(~aly ~ ta)) - F)cr.
to
VuursiBas, aro v(tg) = T, U NOACTABIsIsA PE3yabTaT B (2.3.5), MOLyIrM [OCIE HECJIOXKHBIX IIPeobpa30BaHuil

t
2(t) = exp (alt — to)) - 2o + / exp(a(t — 7)) - f()d. (2.3.6)

to

ITokaxxem Tenepn, 9T0 310 eduncmaennoe pemenne 3amaau Komwu. Ilycre & — dbyukuwms, 3amanHas HopMyJIoi
(2.3.6), a w — kKakoe-HUOYIb pelenue Toi ke 3ama49u Komm, T.e.

w=a-w+f; w(te) = xzo.

Torna pasuocTs AByX pemenuii 3anauu Ko ynossiersopsier oqHOpogHoMy ypasaenuio (z — w) = a - (z — w) u
B OZIHOI TOYKE 3Ta Pa3HOCTH obpamaercs B HyJb: (x — w)(tg) = 0. o ciencrBuio u3 AOKA3aHHO BBILIE TEOPEMBI T3,
Pa3HOCTb PABHA, HYJIIO MOHCOECTNEEHHO.

Takum 0b6pazom, JOKa3aHa

Teopema. 3amada Ko
!
¥ =a-z+f; x(ty) = o,
rae f — HempepbIBHAS HA [a, f] DyHKIWMS, tg € [@, ], o — TPOM3BOIBLHOE BELIECTBEHHOE YHMCIIO, UMEET eINHCTBEHHOE

pelneHne, KOTOpoe 3a1aercs Ha [, 3] dbopmymoit (2.3.6).

IMpumep. B m.2.1 6610 BBIBEAEHO muddepennuanbaoe ypasHenue (2.1.1), onuchBaomee 3aKOH W3MEHEHUsT Ha-
MIPSKEHNsT Ha KOHZEHCATOPE MPH 3apsiiKe TOCJIEeTHEro OT UCTOYHUKA, TOCTOSTHHOM 3IeKTPOABIKYyIeil cuibl. Jlo6aBuB
uagasbHoe yoiosue u(0) = U, nonyuum 3amagy Komm:

1

1
T 7 - E).
u - u+7_ ; w(0)=U (U<E)

Ee pemenwe maerca dhopmymnoit (2.3.6) mpu a = —%, f@t) = g:
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Sameuanus. 1. Meron Bapuamuy mMoCTOSTHHONW HA3BIBAIOT TAKXKE METOIOM JlarpaHika.

2. Kak Bugno u3 dpopmysr (2.3.6), pelienne JUHEHHOrO ypPABHEHUS €CTh CyMMa, JBYX CJIAraeMbIX:

exp (a(t — to)) - Lo npeacrasiasier coOO UBMEHEHUE COCTOSIHUS JIMHEHHON JUHAMUYECKON CUCTEMbI 33, CYET HAYAJIb-
HOTO 3a11aca SHEPTUH B 3TOH cucTeMe (HEHYJIeBOEe HAYAIBHOE YCIOBHE);

¢
Jexp(a(t —=))- f(y)dy ecTb M3MeHeHNE COCTOSIHUS TMHEHHOM IMHAMUYECKON CUCTEMBI 33 CUET BHEIIHErO BO3ZE-

CTBUsI HA Ty cucreMy (CBODOAHOrO 9YjIeHa yPABHEHUS).

3. B mpuiioxeHusix 4acTo BCTPEYAIOTCs 3a7a49u BUaa (2.3.4), B KOTOPLIX [ — HE HENpEpPLIBHAS, 4 JIWIIh KyCOYHO
HerpephIBHAsA Ha, cerMenTe (dbyHKIus. B 9ToM ciiydae ypaBHEHHE HE MOYKET, KOHEYHO, BBITIOHATLCS B TOYKAX PA3PhIBA,
dbyukiuu f.

BcnomuuM onpenesnienue nepBooOpa3HOil 11t KYCOYHO HENPEPLIBHOW (DYHKUUM f: 9TO KyCOYHO IJIAKasl, HEIPEPbIB-
Has QYHKIMS, IPOM3BOIHAS KOTOPO# coBmaaer ¢ f B Toukax HenpepbiBHOCTH f. [l0 anamornm, pemennemM ypaBHEHUsI
(2.3.4) ¢ KyCOYHO HENMPEPHIBHBIM CBOOOIHBIM YIEHOM f HA30BEM KYCOUYHO IVIAJKYI0 HEMPEPHIBHYIO (DYHKIHUIO, YIAOBJIE-
TBOPSIOIILY0 9TOMY YPABHEHUIO BO BCEX TOYKAX HenmpepbiBHOCTH f. lHAYE MOXKHO CKAa3aTh, YTO PEIeHUE JOKHO ObITh
epBo0OPa3HOli OT TpaBoii yacTu ypasuenus (2.3.4).

Bazagy (2.3.4) ¢ KyCOYHO HENPEPLIBHBIM CBOOOAHBIM 4IEHOM MOXKHO pemarsb "no Kyckam". [loscaum 310 Ha npu-
Mepe.

IIycrte tg = @, u byskumsa f Ha [a, f] mmeeT equHCTBERHYIO0 TOYKY pa3peBa A. Torna onpenenuM pemenue Ha [a, A]
no ¢dopmyne (2.3.6), a 3arem pemmum HOBYIO 3amady Komm ma [A, §], cauras mosydeHHOE HA MEPBOM WIATe 3HAICHUE
x(A) HOBBIM HaYATBHBIM ycaoBueM. Ecim Togek paspeisa GombIne OMHOM, 9Ty ONepPANUIO Hy?KHO IPIMEHUTH HECKOJIBKO
pas.

OzHaKO HECTIOKHO BUJETD (IIPOBEPBTE 3TO!), 9TO IIPU ITOM BO BCEX TOUKAX IIPOMEXKYTKA [, 3] pernenue z(t) Oyger
3agaBaThest opmysioii (2.3.6). Ilosromy noka3aHHas TeOpeMa CIPABEIJINBA U JJIsl yPABHEHUsI C KYCOYHO HEIIPEPHIBHBIM
Ha [, 5] cBOBOTHBIM YIE€HOM.

4. ®opmyaa (2.3.6) conepxxkut unrerpasi. Takum 06pa3om, oHa siBjsiercs: Kak Obl "nosry babpukarom " pemenusi: Mbl
cBesin TIpo0JieMy OThICKaHus pemenus 3agauu Komwm k npobseme BbIYMC/IEHUsT MHTErPaja, (KOTOpasi, KAK U3BECTHO,
JIAJIEKO He BCEr/a MPOCTa,).

2.4. CucrtemMa JuHENHBIX ypaBHEeHUIA
MEPBOTO MOPAIKA C TOCTOSHHOU MaTpureit

. 0 0
ITycrs 3amasbl N HENPEPHIBHBIX Ha o, (] dyHKIWMit fi ..., fy, Yuci0Bast n X n-marpuna A, n gucesn xg ), ceny :c%) u

TO4UKa ty € [a, B].
Banumewm 3anaay Komwm mis cucrems: suneiinbix juddepeHunanpupix ypaBHeHUi IEPBOro IOPsiIKa, ¢ IIOCTOSHHOM
MaTpunei
o =A-z+f; z(t) =z. (2.4.1)

Buech f=[f1..-fa]T; 2@ = [z‘ 2Tz =[z1...2,]7 - uckomas BexTOp-byHKIHS.

Kak u B npenpiymeM myHKTe, HAIHEM C paccMoTpenus 3anaau Komm nyis 00ropodnoti cucremsr
=A-z 2(t) =29. (2.4.2)

JlokazkeM, 4T0 BEKTOP-(DyHKIus
2(t) = exp (A(t — to)) - 20 (2.4.3)

— peueHue 3a1a4n (2.4.2).
HeitcTBuTenpHO, osiaras t = tg, yOexKaaeMcs, 9TO 2 yIOBJIETBOPsIET HAYAJIbHOMY ycaoBuio. Jlasee, nuddepeniu-
Py4 pajn, 3a7a0myii MATPUIHYIO SKCIOHEHTY, IOIyIaeM

X (AR IR ARk
(eap(4)’ =3 (T) = T

k=0 k=1

+

=A. ZAk A 1_ Z . _A-ea:p(At),

=0
OTKYIa,
2(t) = (emp (A(t — to))) 20 = A exp (Al —to)) - 2@ = A - 2(1).
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JTokaskem Temephb, 4TO HaiijenHoe penrenue 3anaun Komm emuncrsenso. Tycts z(t) = exp (A(t —tg)) - 2(9), a w —
xaxoe-Hubydo pemenue mot owce 3aaa4m Komm, T.e.

w' =A-w; w(ty) =20, (2.4.4)

Beenem Bexrop-dbyaxkmmio u(t) = exp(—A(t —t9)) - w(t). Torna nmo ceoiicTBy marpmaHO# SKCnoHEHTH W(t) =
exp (A(t — to)) - u(t). IlomgcraBum 310 BhIpaXkenue B (2.4.4):

exp (A(t —1t)) - u'(t) + A-exp (At —to)) - u(t) =

=A-exp(A(t —to)) - u(t); u(to) = 2.

Orciona exp (A(t — to)) - u/(t) = 0, a Taxk KaK IKCHOHEHTa, — OOpaTuMas MaTpuna, nojsydaem, uro u'(t) = 6,. C
yueToM HawaibHOrO yetosust umeeM u(t) = 2(9). CrenoBarensno, w(t) = z(t).

Sameuanus. 1. O6parure BHUMaHUE, YTO 9TU PACCYXK/IEHUS MOYTH TOCIOBHO IMIOBTOPSIIOT TOKA3ATEIBCTBO aHAJIO-
TUYHBIX yTBEPXKJEeHUM U3 m.2.3.

2. U3 popmyssl (2.4.3) BUAHO, 9TO MHOXKECTBO 6CEXL PEMICHUI OJHOPOJHON CUCTEMBbI JIMHEHHbBIX aud depeHuaibHbIX
YPaBHEHMII ¢ TOCTOAHHONU MATPUIIEH €CTh N-MEpPHOEe JIMHEeHHOe MPOCTPAHCTBO.

Tlepeitmem Teneps K 3amade Komm 1t HeoqHOPOMHOM cucTeMbl. meeT mecTo

Teopema. 3amada Komm (2.4.1) g cucreMbl TMHEHHBIX yPABHEHWH MEPBOTO MOPSIAKA € MOCTOSIHHONW MaTpUIei
MMEeeT €JUHCTBEHHOE PEIIeHre. JTO PeleHune 1aercs popmyJioi

t

z(t) = exp(A- (t— to)) 2@ 4 /exp(A (t— ’Y)) - f(7)dy- (2.4.5)

to

Mgl He IPUBOAUM JIOKA3ATEIHLCTBO ITOH TEOPEMbI, TAK KAK OHO COCTOUT B MOYTH JOCJIOBHOM MOBTOPEHUM JOKA3a-
TEJIbCTBA AHAJOIMYHON TEOPEMBI U3 TPEIBIAYIIEro MyHKTa (C y9€TOM CBOMCTB MATPUYHON SKCIIOHEHTHI).

3amevanus. 1. Herpyano ybeautbesi, uyto dopmyana (2.3.6) ectb vacTHbril ciydail dhopmyssl (2.4.5).

2. Ocraercs B cusie 3amedanue 2 u3 11.2.3: pemenue aunetinoti cucreMbl quddepeHnuanbHbIX ypaBHeHni (M3MeHeH e
COCTOSIHUSA AuHetinoli TMHAMUYIECKON CUCTEMbI) €CTh CyMMa, ABYX CIaraeMblx. Ilepsoe npejcTaBiisier co00l n3MeHeHne
COCTOSIHUSI TUHAMUYECKOM CUCTEMBI 33 CUYET HAYAJBHOIO 3amaca Hepruu. BTopoe sIBJIsSeTCs peakiuell Ha BHEITHee
BO3J€CTBUE.

3. Ananorunyno 3ameuanuio 3 u3 11.2.3 onpeensercs pemenue 3aga4an (2.4.1) B ciyyae, korga f — BeKTOp-QyHKIUs
€ KyCOYHO HeNpepBIBHBIMU Ha [a, 3] kommorenTamu. Popmyia (2.4.5), Tak ke KaK U TEOPEMa CYIIECTBOBAHUS U €J[MH-
CTBEHHOCTHU DEIeHUsI, OCTAETCS CIIPABEJIUBOM U B ITON CUTYAIIUH.

4. K yxe ormeudenHoil B 3ameuanuu 4 u3 1m.2.3 npobjieMe BBIYUCIEHUSI MHTErpaJia J100aBJISeTCsS Tenepb He MeHee
CJIOXKHAsST TPOBIEMa TIOCTPOEHUST MATPUYHON IKCIIOHEHTHI.

2.5. Pemterne JIMHENHBIX ypaBHEHUiI MEepBOTO TOPSIKA
C TIOCTOSHHBIMU K03 punmenramu
C mMoMOIIbI0 Mpeobpa3zoBanusa Jlamjaca

B npuiokeHusix 4acTo BCTPEHaeTCs Ciydail, KOrja HadajbHOE yCJIOBHE 33ai0T B Touke ty = 0, cBOOOAHBIIN iieH
SIBJISIETCSI OPUTMHAJIOM, & perreHne 33a4u Komm

=A-z+f; z(0) =z (2.5.1)

umyT Ha npomexyTtke [0,+oo[. B sToM caydae pemenne 3amaercs dbopmysnoit (2.4.5) npu ¢ > 0. Eciu nomoxurs
z(t) = 0 npu ¢t < 0, TO MOXKHO 3amKCaTh

z(t) = | exp(At) - 20 + /efﬂp(A' t—7) - f(Ndy | - 8u(t). (2:5.2)
0

3necwk 6, — pynkuus Xesucaitga.

3ameTuM, uro unrerpan B (2.5.2) mpeacrasiser coboil cBepTky marpunpl-byakuuu exp(At) - §1(t) co cBoOGOIHBIM
wieHoM cucrembl (2.5.1). 13 cBOCTB MaTPUYIHON SKCIIOHEHTHI CJIEAYeT SKCIOHEHIMAJIbHAS OrPAHUYEHHOCTD SJIEMEH-
toB marpuinl erp(At). [osromy exp(At) - §1(t) — opurunan. Janee, CBEPTKA OPUIMHAJIOB M CyMMa OPUIMHAJOB —
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opurunassl. Cnenosarenbuo, GbyHKIUs Z, 3a0aHHas Gopmyoi (2.5.2), seaserca opuruHagoM. [losromy byHKIms
' = A-z+ [ Takike opuruHaI.

IMpumenus k obeum gactam cucremsr (2.5.1) npeobpasosanue Jlamnaca (IOKOMIIOHEHTHO), UMEEM

s-5(s) —2© = A-F(s) + f(s). (2.5.3)

Pemasi 3Ty cucremy Aunelinulr aazedpaurmeckur ypasHeHul, MOLYyIuM U300pasiceHue PEIeHNs
#(s) = (sI — A)~L- (f(s) + x<°>) . (2.5.4)

3 dbopmysn Kpamepa cieyer, ato amements MmaTpuint (s —A) ™1 — 310 paruona bHbIe 1poGH, IMCTUTE KOTOPBIX
— anrebpaudeckue JOMOJHEHNs JIeMEeHTOB MaTpulbl (sI — A), T.e. TOIUHOMBI N0paAdKa N, a OOIMIl 3HAMEHATETH —
OTIpeJIe/TTETh ITOH MATPHIHI, T.e. TIOMHHOM cmeneny n. 1losTomy Bee anementsr MarTpunst (sI — A)™1 — npasuaviwie
PAIMOHAIBHBIE TPOOH, MOTIOCH KOTOPBIX — COOCTBEHHBIE YUCIA MATPUILI A.

B gacro BcTpegarommemMcest ciry4ae, Koraa n300pakeHusi KOMIIOHEHT BEKTOPA CBODOAHBIX YIEHOB — TAK2KE [IPABUJIbHBIE

PaIMOHAJIBHBIE APOOH, SIEMEHTBI BEKTOPA, I (S) OKA3BIBAIOTCS MPABUIBHBIMEA DAIMOHAIBLHBIMA JAPOOSIMU, OPUTHHAIBI
KOTOPBIX HAXOMIATCS W3BECTHBIM CIIOCODOM.

ITpumep. Peumwm 3anaay Komm nyst cucremst (2.1.2):

2 = v
o= —%-m—%-v+g

¢ magaibabivE yenoBusmu £(0) = 2o, v(0) = vy (3a7aHBI HAYATBLHAS KOOPAUHATA, M HAIAJIbHAS CKOPOCTH TPY34,).
Boimosaum npeobpazosanue Jlamnaca:

$-T — xo v
$-U—vy = —%-%— -17+%

S R

Pemmus 31y cucremy, Haiinem n300parkeHust KOMIIOHEHT BEKTOpa-peliiennst 3axadn Kormm:

T.€.

a b
x0-32+(—-$0+v0)-s+g V:-S+g—— "%
m .= m

T= U=

a b ’ a b

s-<32+—-s+—> s+ —-s+—

m m m m

Ecsin KOpHU KBaIpaTHOTO TpexdieHa s> + % -8+ % Pa3IUYHbI, TO, 0003HAYNB UX S1 U S2 , OJIYIUM
g9 1 a 9
z(t)= —+ ——-(((s14+ =) -wo+vo+ = ) - exp(sit) —

8189 81 — 89 m S1

- ((82 + %) - T + vo + i) -emp(szt)) .

1 b
v(t)=——— (| = To—81-v0—g) exp(sit)—-
S9 — 81 m
b
—{ — -z —82-v9—g | -exp(sat) ) -
m
Eci KOpHI KBaIATHOTO TPEXH/ICHA COBNIAJAIOT: §1 = 8 = — 5, TO
4m?
o(t) = —5 g+
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a a’ a
v(t) = (vo + 9= 9 V0T 43T -t -exp(—%t>.

3amveuanus. 1. Mbl CO3HATENIBHO OMYCTUJIM MHOXKUTENb 01 (), b0 monydeHubie (BDyHKIMA SBJSIIOTCS PEIMICHUSIME
cucremsl (2.1.2) npu ecex t € R.
2. OnucaHHBIM aJITOPUTM MOXKET MIPUMEHSITHCS JJIs1 TOCTPOEHUs] MATPUYHON SKCIOHEHTHI KAK PelleHns] MaTPIIHON

3a1a4u Komn
X'=A4-X; X(0)=1I,,

rae I, — equHUYIHAS MATPHUIIA.

3. Eciiu xoMmoneHThI n300pakeHusi CBOOOIHOIO UJIEH, HE SIBJISIIOTCS IPABUILHBIMYU PAIMOHAJIBHBIMY JPOOSMU, TO
MOXKHO TTOMBITATHCST BOCCTAHOBUTH PEINEHUE O MOy YEHHOMY U300PAYKEHUIO € MOMOIIBIO JOCTATOYHO OOTraThiX TADJINII,
COZIEP3KAIIUXCS] B PACTIPOCTPAHEHHBIX CIpaBOYHUKAX (Hampumep, I. /led. PyKOBOACTBO K PAKTUYECKOMY TIPUMEHEHUIO
npeobpasoBanus Jlamnaca. — M.: ®@usmarruz, 1960). Eciu 3Ta mombITKa He NPUBEIET K YCIEXY, TO 1IIeCO00pa3HO
0OpATUTHCS K YHUCIEHHBIM METOIAM pelleHus 3aaa49u Koru.

2.6. JIuHeiinble ypaBHEHUSA BBICIINX IIOPAIKOB
C IIOCTOSHHBIMU K03 punmenramu

ITycts fo — HempepbiBHAS HA [«, §] byHKUMS; ag, - . ., 4y 1 — 337aHHBIE YKCIa. PacCMOTPUM ypaBHeHWe
2™ = ap 12V 4o a2’ + aor + Jo- (2.6.1)

31ech ¢ — uckoMast i pa3 HenpepblBHO quddepeHuupyemas Ha [, 3] byHKIuMS.

Brenewm cienyromue 0003HaeHMsA:
p=a =y =2 yn =y = a7,
Torna ypasuenue (2.6.1) nmepenuinercsi B BUIE CUCTEMbI yPABHEHU# IEPBOTO TIOPSIIKA
y=A-y+f, (2.6.2)

rae
y = [y17y27 s ,yn]T = [m7ml7 s 7'Z.(n_1)]T7 f = [07 07 "'7f0]T7

0o 1 0 ... 0 0

0O 0 1 ... 0 0
A=

0 0 0 ... 0 1

ap a; a2 ... anpn—92 Qap—1

C mpyroii cTOpOHBI, eciu Yy — pelneHue cucreMbl (2.6.2), TO KOMIIOHEHTa, Y, HempepbiBHO muddepeHnupyeMa Ha
[, B]. I3 npennocienHero ypaBHeHUsI CHCTEMBL BUJIHO, YTO Yp_1 JBaXK/bl HempepbiBHO auddepeniupyema Ha [a, £],
u T.1. Hakoner, koMmnonenTa 1 7 pa3 HenpepbiBHO muddepeHnupyeMa U sBJISeTCs perieHueM ypasHenus (2.6.1).
Taxkum 0bpaszom, cucrema, (2.6.2) paBHOCWIbHA, ypaBHenuio (2.6.1).

B zamage Komu musa cucremsr (2.6.2) tpeGyercs: 3aaaHue HauaIbHOTO BEKTOPA B HEKOTOPOH ToUKe tg € [a, B]:

0(8) = 10 = 0,0 T = syl

Tenepnb MbI MOXKeM chOpMyIMpoBaTh 3aaa4y Ko st imaeiiHoro audepeHunaibHOro ypaBHeHus! n-ro mopsiaKa
¢ mocTosTHEbIME KO3(bdunmenTamn: HaliTh n pa3 HenpepuBHO quddepennmpyemyo Ha [a, 8] byHKIMIO Z, KOTOpAas
SIBJISIETCS pelenueM ypasaenus (2.6.1), r.e.

™) = ap_12™V (@) + - + aox(t) + f(), t€[a,f],

" YOOBJIETBOPSAET HAYAJBHBIM yCJIOBUAM, T.€.

_ ! 1 n—1 _ (n-1)
z(to) = xo, z'(to) = zg, ---, z )(to) =z, ,
! (n—1) _
LOE X0, L0, - - -, &g 33JaHHBIE YUCIIA.
IMockombKy 3Ta 3amada Komu pasrocuibHa 3a0ade Kommu 115 cucTeMbl ypaBHEHHIA MEPBOrO MOPSIKA, €€ PelleHne
CYIIECTBYET W €IUHCTBEHHO.
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Ha npaxTuke ypaBHEHMs BBICHINX MTOPSITKOB MHOI/IA HE CBOJSAT K CHCTEME, a PEIIAl0T HemocpeacTBeHHO. s wi-
JIIOCTPAIIAN PACCMOTPUM

Mpumep. Pemum 3anauy Komwm pist ypasuenns (2.1.3):

1" a !
r=——-2——-T+g
m m

¢ naganababivMg ycnosusamu z(0) = 2o u 2'(0) = vy (3a4aHbI HAYATPHASA KOOPAMHATA M HAYAIBHAS CKOPOCTH IPy3a).
IIpumennm mpeobpasoBanue Jlamraca. IlockoabKy

Lx')=5-T—x0; L(z")=5>-T—5-20— 00,

TO

- a ~ b . g
2 T—s-zo—vo=——-(8-T—x9) — — - T+ .
m m s

Pemus sT0o ypaBuenue, Haiizem
a
2
Xo -8 + (— 'ZL'()+'U0) -s+4g
m

(i)
s+ —-5+—
m m

Opurunas roro nzobpaykenusi ObLI TIOJIyYeH B IpUMepe 1.2.5.

T =

Bameuanue. Ecin fo — Kycouno nenpepoiBHas Ha [, 3] dyHKIms, TO pemenne ypasuenuns (2.6.1) crexyer nornmars
KakK DYHKIHUIO, Y KOTOPO# (1 — 1)-s1 IPOM3BOMHAS COBIAAAET ¢ OMHOM U3 MepBOOOpa3HbIX mpaBoi wactu (2.6.1). Takum
06pa3oM, pemenne B 3TOM Ciydae 1 — 1 pa3 menpepesro muddepennmpyemo Ha [, 8], a ero (n — 1)-a npoussoxHas
SIBJISIETCS KyCOYHO IVIAAKOMN, M yPABHEHNE BBIIOJIHSETCs IIOYTH BCIOLY Ha [« (].

2.7. JIuHeiiHOe ypaBHEeHWE MEPBOTO MOPSIKA
Cc mepeMeHHBbIM K03 puimeHTom

ITycrs 3amaner nBe HenpepbiBHbIe GyHKIWH a, f : [a, f] = R. Ypasuenue
' =a(t) -z + f(t) (2.7.1)

HA3BIBACTCSA JIMHEHHBIM JuddEPEHIMAILHBIM YPABHEHAEM MEPBOr0 MOPSIIKA, ¢ nepementvim Kodbdummentom a(t).
IMocrasus HauasmbHOE yenosue (ty) = Zo; to € [a, ], nomy4uum 3amady Komm: Haiiti HenpepbIBHO aubdepeHpupyeMyo
Ha [a, f] dyHKIMIO Z, KOTOpast yaoBIeTBOPsIET ypaBHerno (2.7.1), T.e

Z'(t) = a(t) -2(t) + f(t), t€[a,p],
a TAKXKE YJIOBJIETBOPSIET HAYAJIHLHOMY YCJIOBUIO.
Teopema. 3amaga Komu, chopMyimpoBaHHas BbIIIE, MMEET PELICHUE, U 3TO PEIIeHNe €IUHCTBEHHO.
JokazarenncTso. Buagase pacemorpum 3ama4dy Komu j1jist COOTBETCTBYIOMIETO 00H0PO0H020 YPABHEHUST
2 =a(t)-z; 2(to) = 2o-
Petienne s1oit 3agauu OymeM UCKATh B BUJIE

z(t) = exp (w(t)) - 20,

rme w — HOBas uckoMas ¢yHkuus. Iloacrasnsas z(t) B ypasHeuue, monyuum exp (w(t)) - w' (¢
Cokpamas nHa exp (w(t)) # 0, nonygaem w'(t) = a(t). I3 magampHoro ycmosus z(tg) = exp (w(
¢

w(to) = 0. Mosromy w(t) = [ a(y)dy. Nraxk,
to

) = a(t) - exp(w(t)).
t

0) R0 = 20 HaI/I,[LeM

i
(t) = exp /a(v)dv - 20-

Jlajiee mpuMeHsieM yrKe U3BECTHBIN METOT JlarpaHika: uieM perrenne 33,1a9u Ko 1j1st HeOZHOPOIHOIO YPABHEHUS

B BUJIE
t

z(t) = exp /a(’y)d’y - u(t). (2.7.2)

to
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Moxacrasnsia (2.7.2) B ypasuenue (2.7.1), nosyaum

t t

exp /Wwvﬂ@wwﬂm /mwymm=

to tO

t

= a(t) - exp /ﬁwuv-u@+fw

to
t
Orcrona u'(t) = exp | — [ a(y)dy | - f(t). NnTerpupys, nomydaem
to

t w

u(t) —xo = /exp —/a(’y)d’y - fw)dw.

o io
MMozncranoska pesynbraTa B (2.7.2) gaer

t t t

z(t) = exp /a('y)d'y - T +/emp /a(’y)d'y - f(w)dw. (2.7.3)

to to w
E,ILHHCTBGHHOCTI) 9TOr'0 pelIeHusda MOZKeT 6])ITI) JOKa3aHa METOAOM, aHAJIOTUIHBIM UCIIOJIB30BAHHOMY B H23

3ameuanus. 1. Vicnoas3osars dopmyity (2.7.3) mist IPAKTUYECKUX BbIYUCJIEHUN yIA€TCs YPE3BbIYARHO PEIKO, TAK
KaK BXO/SIIME€ B HEe JBA MHTErpaJsia 0ObI4HO Yepe3 Ta0yimpoBaHHbIe (DYHKIUYN HE BHIPAXKAIOTCSL.

2. U3 (2.7.3) Bugno, uro pemenve 3anaan Komm (2.7.1) npexncrasusier cofoit CymMMy ABYX CJIAraeMbIX: M3MEHE-
HUsI COCTOSIHUSI JIMHEWHON JUHAMUYECKOM CUCTEMBI 338 CYET HAYAJILHOTO 3alaca SHEPIUU B Hell (HEeHyJIeBOe HAYaIbHOE
YCJIOBUE) ¥ PEAKIMU Ha BHENIHEE BO31elcTBIE (CBOOOJHBIM YleH yPaBHEHNUS).

3. ®opwmyna (2.7.3) BepHa u B ciydae, KOraa Ko3hdUIMEHT ¢ u CBOOOIHBIN 4jieH f — KyCOYHO HENPEPBIBHBLIE HA
[, B] byskuun.
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2.8. Cucrema JuHENHBIX ypaBHEeHU
IepBOro MopgaKa ¢ IepeMeHHO#l MaTpueit

Mycrs A — KBaJpaTHAs MaTPHIA TOPSIKA N, IEMEHTHI KOTOPO# — HempepbisHbe Ha [a, f] dynkmmm; (0 =
[m§°), e ,m%o)]T — 3a/IaHHbI YucI0BOl cTonbern; f = [fi,..., fo]! — BekTOp-byHKIHS, HENpepbBHAs Ha [, B].
Paccvorpum 3amagy Kommn:

o= A®) -z + f(t); z(te) =20, (2.8.1)

CyiecTBOBaHNEe U €IUHCTBEHHOCTh PEIneHus ToN 3amadu Komwm ciemyer u3 TeopeMbl, JTOKA3ATEIbCTBO KOTOPOM
MBI OITyCKaeM:

Teopema. [1J1s1 BCAKOI HeMpepbIBHOM Ha [, 3] MaTpuib-byakunn A(t) u Besikoro ty € [a, f] CymecTByer e JuHCTBEH-
Hasl HempepbIBHO muddepennupyemas Ha [, 8] marpuna-byukuus W (¢, tg), obrasawomas caeayomumMu CBOACTBAMN:

1. DtW(t, to) = A(t) . W(t, to);

2. W(to,to) = I;

3. det (W (t,t0)) # 0 npu Beex t € [a, B];

4. nyist mOBBIX TPEX TOYeK t1,ts,t3 Ha [a, f]

W (ti,t3) = W{(t1,t2) - W(ta, t3).

Marpuuy W nassBator gyndamenmanvroti mampuyet 00nopodnoti cucmemv, 2’ = A(t) - z.

Sameuanue. Eciu A — nocmoannas Marpuna, T0 HeTPyAHO yoeaursbesi, ato W (t,to) = exp (A - (t — to)). K coxa-
JIGHHIO, B OOIIEM CJIy4ae He CYLIECTBYET He HUCAEHH020 AJIrOPUTMA IOCTPOeHUs (DYHIAMEHTAILHON MATPULIBL.

Pemenne 3agaaun Komu 115t 0MHOPOAHOM CHCTEMBI
2= A) -z 2(to) = 2¥

umeer sus z(t) = W(t,to) - 2(0) (y6emurncs B 3TOM MOKHO, nojcTasus 2(t) B cucremy ¢ yaerom csoticts W).
Orcrona, KaK U B CIy9ae CUCTEMBI C TIOCTOSIHHON MATPUIEH, MOXKHO BUZIETh, YTO MHOXKECTBO 6CET PEIIEHMU OIHO-
DPOOHOI CUCTEMBI €CTh N-MEPHOE JITHEHHOEe IIPOCTPAHCTBO.

Pemenne 3anaun Kommm mjis HEOMHOPOIHON CHCTEMBI MOXKHO HANTH y»Ke M3BECTHBIM MeTOmoM Jlarpamika. OHO

UMeeT BUJ
t

z(t) = W(t, to) - ¥ + / W(t,7) - f(7)dy. (2.8.2)

to
Jlerko Buzers, 4ro (2.4.5) — gacTHbIi ciaydaii (2.8.2).

Ormernm eme pa3, uTo pemenus 3axa4 Komm aist Bcex pacCMOTPEHHBIX TUIOB Autetino auddepeHnnanbabx
YPABHEHWI IPEACTAB/IAIOTCS B BUJIE CyMMBbI ABYX CJIATAEMbIX: H3MEHEHUs] COCTOSIHUS JIMHEHHON AMHAMIIECKOl CHCTeMbL
33 CYeT HAYAJIBHOrO 3aIaca SHEpruu B Heil (HeHysieBOe HAYAILHOE yCJIOBHE) M PEAKIMM HA BHELIHee BO3eiicTBue
(cBOGOIHBIH YIeH ypaBHEHUS).

2.9. JluHeiinbie ypaBHEHUS BBICIINX IOPSAIKOB
C mepeMeHHbIMU KO3 duiuneHrTaMmm

Wuorna dhopmaau3anys IPUKIQIHON 333490 €CTECTBEHHBIM 00pa30M mpuBOAUT K 33aade Komwm njist JuHEHHOrO
yPaBHEHHS TOpsaka n > 1:
g™ = a1 ()™ 4+ ai ()2 + ao(H)z + f(2);

(to) =m0, #'(to) =z, ..., V(te) = 2"V,

Tak ke, kKak B 1.2.6, MOXKHO MMOKa3aTh, YTO 3Ta 337343 Komwm sKBuBajieHTHA, 3ama4e Komu ajis CucTeMbl ypas-
HEHUI TEPBOrO MOPSAKA W, CIEJOBATENBHO, /JIsi HEe CIPABEIINBA, CHOPMYJTUPOBAHHASI TEOPEMa, CYIIECTBOBAHUS U
€IMHCTBEHHOCTY DPEIeHUS.

Kakue-nmubo obmue ¢opmaabrbie METOIBI PEIIEHNST ITOM 334a9U OTCYTCTBYIOT. 1103TOMY MBI pacCMOTPUM JIAIIH
MeMO0 CMeNEHHHIT PAC0S, TIPUTOIHBIN JJIs IUHEHHBIX yPaBHEHUM, KOIMDOUIMEHTHI U CBODOAHBIN YjIeH KOTOPBIX GHG-
AUMUYHG, B OKPECTHOCTU HAYAJIBHOM TOYKY (HAOMHUM, 9TO JJIsl CyUIECTBOBAHMS U €IUHCTBEHHOCTH PEIIEHUs 330391
Komw nocTaroyso uib HenpepbBHOCTH KO3GhGMUIMEHTOB U CBOOOIHOrO 4ieHa,). MOXKHO I0Ka3aTh, 9TO UMEET MECTO
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Teopema. Ecin xoadduuneHTs 1 cBOGOIHBIN UI€H ypaBHEHMsI aHAJIUTWYHBLI mpu |t — to| < R, TO u pemrenne
AHAJUTUYHO HA 9TOM HHTEPBAJIE.

Nznoxkenue MeTona mpoBeIeM Ha mpuMepe 3ajauu Koy Jjisi ypaBHEHUsT BTOPOrO MOPSIIKA,
' =pit) -z’ +qt)-z+ f(t); z(to) =a; 2'(te) = 6.
IIycrs
p(t) =po+pi(t—to)+ - +pu(t —t)" +...;
at) =qo+at—to)+ - +au(t—to)" +...;
f&=fo+ filt—to)+ -+ falt —to)" +...,
W BCE 9TH PSAIBI CXOAATCs pw |t — to| < R. O6o3raunm T = t —tg n Oyzem nckarsb permenune 3anaun Komm B BUzIE psiga

z(t) =zo+x1T+- -+,

(r.e. Byzem uckaTh YUCIA Lo, L1, - -, Tn, - - - — KOIDDumuenTer 3roro psga). JduddepeHuupyst ABaXKIbl psiI-pelieHne
Y TIOZICTAaBJISIsI BCE PSibl B YPaBHEHUE, ITOJIyIHNM TOXKJIECTBO:

1.2.$2+2.3.x37—+...+(n_1).n.xn.7-n_2+...E

=@o+mT+ AP ) (@ 2 BT Az, T )+
Hgo+ar+- -+ +. ) (o + T+ T, 4 )+
o+ fit+- 4 fur" + ...

IIpupasuuBasi K03 GUIMEHTHI TPU OAMHAKOBBIX CTEMEHSIX [MEPEMEHHOU 7 B 00EMX YaCTsiX ITOTO TOKIECTBA, IO-
Jy9uM OECKOHEYHYIO CUCTEMY JIMHEHHBIX aJiredpandecKux ypPaBHEHUI OTHOCUTEIbHO UCKOMBIX KO(DdUIMEHTOB Psiia-
pelieHus:

1-2-20 = pox1 + qoxo + fo;
2-3-2z3 = 2pozx2 + pix1 + gor1 + q1xo + fi;
(n_ 1) “‘n-x, = (n— 1)p0(ll’n_1 + - -+ Pp_2x1t+

+qTn—2 + -+ Gn—2%o + fn—2-

/3 HAYAJIbHBIX YCIOBUI HAXOIMM:
zo=2z(to) = a; m =1x'(tp) = 8.

TMepBoe ypaBHEHUE CHCTEMBI JAET BO3MOXKHOCTH ONPEIEJUTh Ty, BTOPOE — T3 U T.J. (00paTuTe BHUMAHMWE HA TO,
YTO yPABHEHUE JJIsl X, COIEPIKUT B IPABON YACTH TOJIBKO y¥Ke U3BECTHBIE YUCIA L(, L1, - -, Lp—1)-

2.10. Hesmmnueitabie quddepeHnmaibHble YPAaBHEHUS

B npenpraymux myHKTax ObLIa paccMoTpena 3amada Kormu mist Hanbosiee 9acTo BCTPEUAIOMINXCS B MPUIIOKEHUSTX
AUHEUHbIT YPABHEHNH C NOCMOANHbLMU KOIDMHUIMEHTAMY 1 CHCTEM TAKWUX yYpaBHeHUi. BbIan Takke MpuBeIeHbl OCHOB-
HBIE CBeeHusI O 3aaa4e Kommn mis auneldinbir ypaBHeHuUI ¢ nepemertbmy Koappuyuenmamu. Ceifaac MbI paCCMOTPUM
zamagy Kormmm 1jist ypaBHEHUsT IEPBOro MOPsiIKa, OOMIEro BUIa,

a' = f(t,z); =z(to) = 0.

3necs f — menpepuieHas BelecTBeHHAas (DYHKIUsS JBYX [EPEMEHHBIX, 33JlaHHAasl Ha OPSIMOYLOJbHUKE
[a, B]x]e,d[, to € [, B], w0 E]e, d].

OTMeTrM reoMeTpUYIECKYI0 HHTEPTIPETAINIO TAKOTo aud depeHaIrHOr0 YPABHEHHUSI: OHO CBSI3BIBAET KOOPAMHATHI
TOYKM HA MJIOCKOCTH (%, T) ¢ yryioBbIM KO3(hGMUIMEHTOM KACATEIBbHOMN, IPOBEIEHHON B 3TOW TOYKE K rpaduKy penieHus
ypaBHEHUsI. DTOT rpadUK OOBIYHO HAZBIBAIT UHME2PAAbHOUY Kpusoll ypaBHenus. Takum 06pa30M, ypaBHEHNE 33Ja€T
noAe HaNPasaeHuli CBONX MHTErPAJIbHBIX KPUBBIX.

ITonb3ysich BBEAEHHON TepMUHOIOrKel, 3a1a4y Koy MOKHO ¢hOPMYIMPOBATD TAK: HAWTH MHTEIPAJIbHYIO KPUBYIO
YPaBHEHUd, IIPOXOALANLYIO Yepe3 3aJaHHYI0 TOYKY IIJIOCKOCTH.

Nmeer mecTo

Teopema. 1. Yepes Kaxkayi0 TOYKY NPSMOYTrOJbHHKA, Ha KOTOPOM HeNpepbiBHA (yHKIus f, MPOXOIUT TLOMsA Obi
00na vHTErpasibHas KpuBas ypasuenus &' = f(t,x).
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2. Ecsin Ha 3TOM IPSIMOYTOJIbHUKE HEIIPEPhIBHA U YacTHAsI Ipou3BogHast D, f, To Yepe3 KarXK/AyI0 ero TOUKY IPOXOIUT
PO6HO 0dHa MHTErpaibHas KPUBAsi 3TOT0 YPABHEHUsI.

IIpu pazpeiBHOi npoussoauoilt D, f 3axaya Ko moxker umerb 60siee 0aHOrO pemeHusi. Tak, HAIpuUMep, 33,1344,
Kommu

' =2z, z(0)=0

umeer nBa pemenus Ha [0,+0o[:  z1(t) = 0 u 72(t) = t? (4epes HAUANO KOODAMHAT MPOXOAAT J6e WHTErpabHbIE
KDUBBIE).

Kak ckazas KJIaccuK PyCCKO#M JINTEPATYPHI, BCE JuHeliHbie YPABHEHUsT JUHENHBI OJJUHAKOBO, HO BCSKOE HeauHed-
HOe ypaBHEHHE HEJMHEHWHO no-ceoemy. [losTomy He cymecTByeT Kakux-iu6o obmmx gopmasvhnix ("dopmymbabix)
MeTOZOB perreHusi 33aa9u Komu. Mbl OrpaHrYuMcst paCCMOTPEHHEM OJHOTO 9aCTO BCTPEYANOMIErOCs CIydasi — TaK
HA3bIBACMOT'0 YPABHEHUS C PA3AC/ICHHBIMU IIEPEMEHHBIMUA:

Nurerpupyst 910 paBeHCTBO MO IPOMEXYTKY [tg,t], momyanm

¢ i
z'(7)dr /
———~— = | R(r)dr.
/ Q (z(7))
to tO
Caenas B JIeBOM MHTErpajie MOACTAHOBKY Z(T) = ¥y, NOJIy4uM
z(t)

t
dy_ T)aTt
@—/R()d.

IIycre W — mepBoobpasnas mius R, a S — nepsoobpasnas qia 1/Q. Torpa

z(to)

S (2(t)) — S(wo) = W (t) — W (to). (2.10.1)

Urak, mns "ananmuruaeckoro” (bopmanbaoro) pemenust 3aaaau Kommu Heobxoaumo:
1) naittu nepBoobpasHble st GyHkimit R u 1/Q);
2) paspemuth ypasuenue (2.10.1) OTHOCUTENIBHO MEPEMEHHOMH .

O‘IeBI/I,ILHO, 9TO yCnex MOXKeT OBITH JOCTUTHYT JIUIb B UCKJ/TIOYUTEJIBHBIX CITyYadX.

2.11. Yucaennsie MeTOabl pemnieHud 3agaun Kormm

o kouna XIX Beka ycuusi pa3pabOTINMKOB Teopur OOBIKHOBEHHBLIX AudDEepeHnraabHbIX ypaBHEHU! ObLIu Ha-
MPABJIEHBI B OCHOBHOM Ha, TIOWCK PEIeHW OTIEJbHBIX TUTIOB YPABHEHUN B KJIACCE TAK HA3BIBAEMBIX KBAJIPATYP, T.€.
"snementapabix " ("mkonbHbIX") dyHKIWMA, uxX MEPBOOOPa3HbIX U KoMno3urmii. Hepesko BBOIUINCH HOBbBIE, TAK HA3bI-
Baembie "crenmasnbabie GyHKIMYA, K KOTOPBIM OTHOCAT HEKOTOpbIe mepBoobpasubie oT "snemenTapubix" byHkumii (¢
OPUMEpPaMK MX Bbl IO3HAKOMUJIUCH B KyPCe MaTEMATUYECKOrO aHAJIN3a), a TAKXKEe PElIeHHs] HEKOTOPbIX aubdepen-
UMaJIbHBIX YDABHEHUM, BaXKHBIX s Npujioxkenuii (Hanpumep, dynkuuu Beccens — pemenusi ypasuenus Beccenst).
CaoiicTBa 31X (DYHKIMI XOPOIIO U3YYEHbI, ObLIN MOCTPOEHBI MOAPOOHBIE TADUIIBI UX 3HAYECHIA.

DToT 1yTh OBLI, HO-BUIUMOMY, €MHCTBEHHBIM BO3MOXKHBIM JIJIsi IPAKTUYECKUX IIPUJIOKEHNH B OTCyTCTBHE 3D dEK-
TUBHBIX BbIYUCJ/IUTE/IbHBIX Cpe,ILCTB. C I1I0ABJIEHUEM SBM IIOCTEIIEHHO yTpaTI/IJII/I CBO€ 3Ha4YeHue Ta6.HI/I]_H)I — UX 3aMe-
HWJIA KOMIIBIOTEPHBIE IPOrPaMMbl (KOHEUHO, HE CJIeyeT 3a0bIBaTh, 9YTO CO3JAHUE ITUX MPOrPAMM CTAJIO BO3MOXKHBIM
TONBKO Osrarofaps nHGOPMAIMA O CIENUaIbHBIX (DYHKIMAX, HAKOILIEHHON B JOKOMIBIOTEPHYIO 310Xy!). 3arem ObLiu
pa3paboTanbl 3O dEKTUBHBIE TPOrPAMMBI, PEAJUIYIONINE YKCIEHHBIE METOABI pernenust 3aaaun Komu mjisi mmpoko-
ro kJacca guddepeHumanbHblX ypaBaeauii. Eciu 106aBUTh K 9TOMY MMEIOIIUECS HbIHE BO3MOXKHOCTH IPA(DUIECKOro
[IPEJICTABJIEHUS IOy YEHHBIX YUCIEHHBIMU METOJAMM PElIeHWii, TO CTAHeT sICHON OeCCMBICIIEHHOCTD IOIBITOK 3aCTa-
BUTb OyJylIero 7noAb306amens BblydUuTb ''MeTOAbI" peleHnsi O0/IbIIOr0 KOJIMYECTBA “aCmHbLL BUAOB 3aaa4u Komu.
Hocrarouno azpecoBarh ero K cupasounukam (Hampumep, 9. Kamke. CupaBounuk 1no o6bikHOBeHHBIM Judbdepen-
muaabHBIM ypasHenusm®. — M.: Hayka, 1971) wim K oxHO#l U3 cpeji KOHEYHOTO nonb3oBarens (manpumep, DERIVE,

3913 paboTa COmEpIKUT permeHus: OKOI0 1650 ypaBHeHmii.
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MATHEMATICA, MAPLE), koTopble yMEIOT PEIaTh BCE TUIbI YPABHEHW, 0 CAX MOP 3AIOJHSIOIAE yIeOHUKI
maremaTuku a1 BTY30B.

3ameruMm elne, 9TO [axKe B CIydae, KOTJIA yPaBHEHUE COMEPIKUTCS B CIPABOYHUKE, OT TMOIYIEHHOTO (HOPMAJIBHOTO
pelleHrsi TONKY MOXKET OKa3aTbCs HeMHOro. Hampumep, ypaBHeHUe ¢ pPa3ieeHHBIMA IE€PEMEHHBIMU JIOIIyCKaeT (Gop-
MAJIbHOE DellleHre, HO 33,1348 Komu mpu 91oM (BhakTUIecKn ,Iepe1aeTcs B APYIOi UeX,,— CBOAUTCS K 3343496 TOCTPOCHUSI
JIBYX 11€pBOOOPA3HBIX, B OOLIEM CJly4ae HeAJrOPUTMU3UPYEMON.

B 3TrOM myHKTE MBI PACCMOTPUM HEKOTOPHIE AJITOPUTMBI TIOCTPOEHNS MPUOJIMAKEHHOTO pererus 3aaadu Kormu.

CepnesHoe npeaynpexaenue. [lepen npumeneHneM J060r0 YMCIEHHOIO METOa HEOOXOAUMO OTBETHUTH HA JIBA BO-
mpoca:

1. CywmecrByer o perienue nanHoi 3ana49u Kommu?

2. Ecnu cyniecTByer, TO € JUMHCTBEHHO i OHO?

Nmeercst nesbiil psiJi TEOPEM, KOTOPBIE OTBEYAIOT HA 3TU BONPOChL. OIHA U3 HUX NPUBEIEHA B MPEAbIIYIIEM IIyHKTE.

3aMeTuM, 9TO T3 TEOPEMa TAPAHTUPYET CYIIECTBOBAHNE PeIleHns 338391 Komu Auwb 8 Hekomopol okpecmuocmuy
HAYAADHOT, MOUKU.

Ipumep. B zamaue Komm 2/ = 1+ 2?; 2(0) = 0 dbysxmua f(t,z) = 1 + 22 yaoBIeTBOPSET YCIOBHAM TEOPEMBI
CYIIECTBOBAHWS W €IWHCTBEHHOCTHU peIeHns 3a1a49n Koy Ha, BCeil IIOCKOCTH, T.€. 9epe3 KaskKIyl TOYKY MIOCKOCTH
NTPOXOOUT €AVHCTBEHHAA WHTErPAJIbHAA KPUBAA. Hepr,Z[HO y6e,ﬂI/ITBCH, YTO Yepe3 HaYaJI0 KOOPAWHAT MPOXOIUT T'Da-
duk pemennst £ = tg(t), KOTOPOe ONPENEIEHO TONBKO Ha | — 7/2,7m/2[ 1 He MOXKeT OBbITb MPOJOJIKEHO HA GOJIBIIMI
IIPOMEKYTOK.

BOHpOC O CymieCTBOBAHUU DEIINEHUS HA 3aJaHHOM IIPOMEXKYTKE HEIIPOCT. He nMed BO3MOXKHOCTHU OCTaAHOBUTHCA Ha
HEM [OAPOOHO, OTMETUM JIMIIb, YTO JJis AUHElHbLT YPABHEHUNA U CUCTEM 9T MPODJIeMa HE BO3HUKAET — UX PEIICHue
BCErJa OIPEIEIEHO HA TOM K€ IIPOMEXKYTKE, Ha, KOTOPOM OIpeaeeHbl KOIMDMOUIUMEHTHL 1 CBODOIHbBIN YJI€H.

Toctpoenne uncnennHoro pemennsi 3amaun Komu HaunHaercst ¢ Toro, 9ro Ha cermeHre [tg,t, = T 3amaercs cerka
{to,t1,-..,tn}. Jajee BEIMUCISIOTCS 3HAYEHNS TIPUOJIMIKEHHOTO PEIIEHNs] Ha STON CETKE T1, L2, . . ., Lp.

Onpezenenne. ITozpewsrocmovio memoda HA3BIBAETCST IUCTIO
mlgxx(kvk —z(tg)]), k=1,...,n.

Mer paccmorpum gBa Hambosee MPOCTHIX YUCIEHHBIX METOAa pemenwst 3amaanm Komm: meronm Ditnepa m MeTom
"mporuos-koppexnusi'.

Meron Ditnepa

Pemaercs 3amaga Komm
z' = f(t,z); x(to) = wo.

B rouxke (to, o) (pmc.2.1), mexkameii Ha MHTEPECYIOMEH HAC WHTETPAJBLHOM KPUBOH, M3BECTHA KACATEIbHAS K ITOM
KDPUBO#i, TaK KaK €e yrioBoil Koadduuuent pasen f(tg,xo). Umest merona iinepa COCTOUT B 3aMEHE JBUXKEHUS TIO
neuzeecmuol naTErpasbHoil KpuBoii (1 Ha puc.2.1) ABMKeHWEM MO u3eecmHol KacaTe bHON K 3Tol Kpusoil. Cuenas
OJIVIH II1aT, MbI NiepeliieM B TOYKY C KoopauHaraMmu (t1,x1), rae t; 3a1aHo, a £1 = T + f(to, Zo) - (t1 — to)-

Bropoii mar Mmeroza Diinepa OTIMYaeTCs OT IEPBOrO TEM, YTO JBUXKEHUE IIPOUCXOIUT 110 KACATEIHHOM K HHTErPaJIb-
HOI KpuBoi (2 Ha puc.2.1), npoxopsimeii yepe3 TOUKy (t1, 1) (C/I€AyeT NIOMHUTD, Y9TO 3TO YKE OPY2as UHMEZPAALHARA
xpueas!). Tlocnenyromue marn anajorudubl Bropomy. Takum 06pa3oM UCKOMasi MHTErpaJibHAs KPUBAsl 3aMEHSETCS
somanoit (3 na puc.2.1) — ona HazpBaercs aomanot Jidaepa.

OueHuM MOrpemHOCTh Meroaa Jdiiepa jist crydasi paBHomepHoi cerku. Q6o3HauuMm HavaiabHyIO abcuuccy to,

KOHe4HyI0 t, = T, a mar cerku — h = =50,

Teopema. Ecimm kax rpaduk pemenus (t), TAK ¥ IOCTPOEHHBIE IO METOY diiepa TOUKH (t1,L1), .., (tn, Tn) HE
BBIXOJAT M3 NPSIMOYTOJbHHMKA A, Ha KOTOPOM OTPAHMYEHBI MEPBble NPOM3BOAHBbIE (DYHKIUK f, TO JJIs MOIPEITHOCTH
METOZIa FIMEET MECTO OIEHKA

c
, k=1,...,n,

mkax(|a7k —z(ty)]) < o

roe C - HEKOTOpPaA IIOJIOKUTEJIbHAaA KOHCTAHTA.

Hoxazarenbcrso. [loncrasum B ypasuenue ¢’ = f(t, ) pemenue 3anauu Komu (6 cywecmeosanuu u eduncmeen-
HOCTNU KOMOPO20 Mbl Npedeapumesvro ybeduaucy) u npounrerpupyem mooicdecmeo x'(t) = f (t,x(t)) mo cermenty
[tk,trt1] - Tomyanm tars

(tk1) = z(te) + / f (r,z(7)) dr. (2.11.1)
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to t1 t2 t3

Puc. 1: (1) — uckomasi uaTerpasbHas Kpusas, (2) — "mobGounse" unTerpabuble KpuBble, (3) — MoMaHas Diliepa

B 10 ke Bpems mo meToxy ditnepa

trt1
Tpt1 = Tk + f(tg,2x) - h =z + / f(tg, xp)dr. (2.11.2)
ti

Berumras (2.11.2) u3 (2.11.1) u obosHauas e, = x(t)) — T, HOLYyIUM

tht1

er+1 = €k + / (f (ry2z(1)) — f(tr, zr)) dr. (2.11.3)

Ipencrasum nogpiaTerpabayo dbyakmo B (2.11.3) B Buge cyMMbl
f(r,2(7) = fth, o0) =
= (£ (ra(0) = £ (B 2(t))) + (£ (s 2(te)) = £ (tas ) )

IIpumenum hopmysry KOHEUHBIX MPUPAIIEHUIA K TIEPBOMY CJIaraeMOMY:
f(m2(r) = [ (tr, 2(tr)) = (Drf + Do f - f) (7, 2(7)) - (T — tk)

(T — HeKOTOpasi TOYKA Ha UHTEpBAJE |tk, T[).
O6osznauns A = sup (|D,f + D, f - f|), nomyuum
A

f(rz(r)) = f (te,2(tr))| < A- (T —tr). (2.11.4)
ITpumenum GbopMysry KOHEYHBIX PUPALIEHUI KO BTOPOMY CJIAraeMOMY:

[ (e, x(te)) — f(tr, o) = Do f(tr, T) - (x(tr) — wx) = Do f(th,T) - e

(Z — Hexoropasi ToUKa MeXAY Zp U Z(tr)).
O6o3nauns B = sup (| D, f|), nomyunm
A

F (s (ta)) = Fltn20)| < B el (2.115)

U3 (2.11.3), (2.11.4) u (2.11.5) creayer

tht1

v —eal = | [ (7 (ale) = fltw ) dr] <
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tht1 thy1

< [ |ram) - swat)ar+ [ |7 tat) - feonr <

tk+1 tk+1 9

SA-/(T—tk)dT+B'|€k|'/dT:A-%+B-|6k|'h.
tr tr

IlosTomy
h2
len+1] < lex+r —exl +lex| < (1 +B-h)-lex] +A- <.
BrimuceiBast aTo HepaBencTBo 4yist k = 0,1, ..., n — 1, noxyuum
h2
le| < A- >

h? h? h?
|e2|g(1+B-h)-A-E+A-?:(1+(1+B-h))-A-?;

hZ
|en|S(1+(1+B-h)+---+(1+B-h)”*1)-A-Ez
_(1+B-h)"-1 _ B-(T —to)\" A-(T —to)
=55 A-h= 1+7n 1 —Bn
N3 dopmynsr Teitopa
ln(1+$)—$—#x2
T 2(1+¢)?

— HekoTopas Touka mexay 0 m x) Bugno, uro In(1 + ) < z npu Bcex £ > —1. ITosromy gas moboro n € N
P y ) P y

n-ln(l+w> <B-(T —ty).

Iloncrasiisist 370 HEPABEHCTBO B OLIEHKY IS €y, TIOIYIUM

len| < (ewp(B-(T—tO))—l).w.%: %

W3 nomy4yeHHON OLEHKYU CIIAYeT, YTO NOrPEMIHOCTh MeTO1a DiIepa MOXKHO CAEJIATh CKOJb YIOIHO MAJIOH, yBEJIH-
4uBas KOJINYECTBO y3JI0B CETKH.

3amedanue. B npakTuyeckux BBIYUCIEHUSIX OOBIYHO UCIIOJIB3YIOT TOT K€ METO JPOOJEeHUs [Iara, 9YTo U B YUC-
JIEHHOM WHTErPUPOBAHUM: YABAMBAIOT KOJIMYECTBO Y3JI0B CETKH JI0 T€X I[OP, [OKA y JABYX COCEIHUX NpUOIMKeHui
HE COBIAJET 33JIaHHOE KOJn4decTBO 3Hadammx uudp. IIpu 37oM HEOOXOAMMO MOMHUTH, YTO TAKHE KOCBEHHBIE METO-
bl KOHTPOJISE TOYHOCTH, Oyaydu AOCTATOYHO HPOCTHIMU, HE JAIOT B TO 2K€ BPEMsl ITOJIHON IapaHTHH JOCTOBEPHOCTHU
pe3yJIbTaTa.

MeTop ,IIpOrHO3-KOPPEKIus

Ecsin 661 MbI MO BBIYUCIUTH uHTErpas B ¢opmyse (2.11.1), To nomyuunu 6b1 3HaUeHue pemenus 3aga4du Ko-
I B OYEPEeIHOM y3Jie cerku. Meron Ditjiepa MOXKHO WHTEPIPETUPOBATH KAK 3aMEHY MOIABIHTErPAIBLHOM (DYHKIUU B
(2.11.1) coaiirom nepBoro mopsiaka (KOHCTAHTOM), 9TO NPUBOIUT K KBAAPATYPHON (DOPMYIIE AE6HIT NPAMOYZONLHU-
%£068. MO>KHO PaCCUYUTHIBATD, YTO IIOIPEIIHOCTD METO/IA YMEHBIIUTCS, €CIM UCIOIB30BATH CILIANH BTOPOrO MOPSsiIKA, T.€.
KBaJpaTypPHYIO popmyay mpaneyud

tht1
Tesr = Tk + / £ (r,2(r)) d=%s +

tr

fr,zr) + f(thg1, Thi1)

5 - h.
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Oanako 3Ty HOpMyJ Ty IPUMEHUTD HEJIb3s1, TAK KAK B €€ TIPABOI 4aCTh CTOUT HEU3BECTHOE TOKA IHCIIO f (tg41, Lhi1)-
TTosToMy KaxkIpIil MmAr METOa MPOTHO3-KOPPEKIWs Pa30uBaeTCs Ha, JBa, MOLIATa.
Ipensapurenbublii (IPOrHO3) BBINOIHIETCS MO0 METOAY Diepa

ZEk-‘rl = Tk + f(tkamk) ° h7

a 3aKJII0YUTENIbHbIA (KOppekuus) — 10 ¢opMyJie Tpalenuii, IpUuYeM BMECTO HEU3BECTHOTO Tpi1 OEpPeTcs pesyJibTar
MPOTHO33 Tp1:
(e, zr) + [(teyr, Try1)

5 - h.

Th+1 = T +
st paBHOMEPHO# CEeTKM CIIPABEIJINBA,

Teopewma. Ecsn kax rpaduk pemenns z(t), TAK 1 TOCTPOEHHBIE IO METOLY "TPOTHO3-KOppekuust" touky (ty, Tk ), k =
1,...,n, He BBIXOJAT U3 NPAMOYTOAbHUKA A, I7le OrpaHUYeHbl 6MOPbIe TPOU3BOAHbIE DYHKIMU f, TO UMEET MECTO
OLIEHKA

C
|x(tk)_mk|5_27 k=17"'an7
n
raoe C — HEKOTOpPadA IMOJIOZKUTEJIbHAaA KOHCTAaHTA.

Samveuanus. 1. CymecTByOT METOABI YUCJIEHHOrO pernenus 3anaun Komwu, ucnonb3yomue B ¢opmyse (2.11.1)
crnaiiH-annpokcumanun 601ee BBICOKUX MOPSAAKOB. JI0KA3aHO, 9TO NP UCMONB30BAHUY CILUTARHA mOpaaka m (u npu
02DAHUNEHHOCTNY M-T NPOU3EOOHHT PynKyuy f) IMEeT MECTO HEPABEHCTBO

const
n™

lz(tr) — zx| <

2. YucjieHHBIE METOIBI €CTECTBEHHBIM OOPA30M PACIPOCTPAHSIOTCS Ha 3aaa4dy Komu s CUCTeMbI ypaBHEHUH
MEPBOrO TOPSIJIKA.

3. CoBpeMeHHAsi BbIYUCJIATEbHAST MATEMATHKA PACIOIAraeT OosbiiuM HAOOPOM MAIIMHHBIX IIPOrPAMM JJIs YUC-
JieHHOro pertenus 3a1a4u Komu. Tak, Hanpumep, 6ubianoreka NAG cofepKuT HECKOJIBKO JECATKOB TAKUX [IPOIPAMM.
Cpenpr koneuanoro nons3osarens (MAPLE, MATHEMATICA, MATLAB) takzke 00eCIIeInBalOT YUCICHHOE DEIIEHUE
3aga4u Kommn.

4. CunTaeM HEOOXOIUMBIM €IIe Pa3 MOAYEPKHYTh, 9TO (KAK ¥ JJIS KBAPATYPHBIX (GOPMYJI) IPUBEICHHBIE OIECHKH
MOrPEITHOCTH TIOIYYEHbI B TIPEATIONIOKEHNN docmamoywHhoti eaadkocmu Gyukyuy f, T.e. TPU HAJIMYNY ¥ Hee OTPAHUIEH-
HBIX YACTHBIX TIPOU3BOIHBIX JOCTATOYHO BHICOKOTO TIOPSIIKA.
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2.12. TlousaTue ycroitunBocTu pemiennd 3agadn Komm

B npusnoxenusix Teopun 0OBIKHOBEHHBIX JudHEePEeHIMaIbHBIX YPABHEHN BAXKHYO POJIb UTPAET BOIPOC O BJIUSHAN
Ha, pererne 3aaa4u Ko morpemHocT B HA9aAbHBIX YCIOBUSIX.
Mo2kHO TOKa3aTh, YTO UMEET MECTO

Teopewma. Ilycts z — pemenne 3amaaun Ko
' = f(t,z); x(to) =z (2.12.1)

— OTpeJIeNIEHO Ha CerMeHTe [tg, T']. Ilycts dbyukuus f u ee yacrHast npoussoanas D, f HenpepsiBHbI ipu t € [to, T'], = €
R. Torzaa a71s1 TIOBOTO MOMOYKMTENHHOTO € HAiIeTCs TaKoe monokuTensroe §, aro ecn |#%) —z(0)| < §, 1o Z — permenue

3amaun Komm
= flt,x); x(to) =9 (2.12.2)

— TaKXKe ONPEIETIEHO HA CerMeHTe [tg, '], MpUYeM BBITIOIHEHO HEPABEHCTBO
|Z(t) — z(t)| <e, tE€E][to, T

Nuaue TOBOPA, MAAOE USMEHEHUE HATAJIBHOTO YCJIOBUA TIPUBOAUT K MAAOMY USMEHEHUIO PEHICHUA Ha CErMEHTE.
FOBOpSIT, YTO PEIIeHue 3a1a9n Ko HETMIPEPBIBHO 3aBUCUT OT HAYAJBbHBIX NTAHHBIX.

3ameuanme. Teopema 0 HEMPEPHIBHOW 3aBUCHMOCTH PELIEHUs] OT HAYAJBHBIX JAHHBIX BEPHA U JJIsi CUCTEM yDaBHE-
muit. B aTom cayuae B (2.12.1)
£ [to,T] X R —s R

— BEKTOP-(DYHKIWST, UMEIOIIAsi HEIPEPBIBHBIE YACTHBIE IPOU3BOIHBIE TI0 KOMIIOHEHTAM BEKTOPA, T, & BCE MOIYJIH CIEIyeT
3aMEHUTDH HA, HOPMBI.

O4eBUIHO, YTO NIPU YBEJIMYCHUHN JIJIMHBI TPOMEXKYTKA, HA, KOTOPOM PACCMATPUBAETCS pernenue 3agaqu (2.12.1), nis
JIOCTYKEHHST TOH Ke JIOIyCTUMOM IOIPEIIHOCTH PEIIeHusI € IPUIETCs, BOOOIIEe rOBOPsi, TpebOBaTH BCe OOIbIIEH TOYHO-
CTH HAYAJIbHBIX JAHHBIX §. [I03TOMY BBIIENSIOT BeChMa BaXKHBI KJIACC PEIIeHuil, JjIsi KOTOPBIX OIEHKA TOrPEIITHOCTH
PeIIeHus He 3a8UCUM 0M NPOMEINHCYMKQ.

Omnpenenenve. [lycTs BekTOP-DyHKIUS f ¥ MATPUIA €€ IACTHBIX MPOU3BOAHBIX D, f HenpepbIBHBI pH t > tg, T €
R". Pemenue z 3amaun Komwu (2.12.1) naseisaercs yemotinusvim no Jlanynoey®, ecim BbINOIHEHbI TPU yCIOBUSL:

1) pemrenue x onpeesieHo npu BCex ¢ > to;

2) CymecTByeT Takoe MmoJoKHUTeabHOe uncio p, uro eciu ||F(® — 20| < p, To pemenne ¥ 3amaun Komm (2.12.2)
TaKIKe OIPeIesIEHO TIPU Beex t > 1o;

3) m1s MOGOTo TIONOXKUTEILHOTO € HaliieTcs TaKoe mojnoskuTesbaoe § < p, uro ecm ||7(0) — 20| < 4, o

() — 2@ <&, t>to.

Takum 006pa3oM, yCTOWYUBOCTD PELIEHUs 110 JIsIyHOBY O3HAYAET, YTO MAJIOe U3MEHEHUE HAYAJIbHBIX JAHHBIX IIPU-
BOJMT K MAJIOMy M3MEHEHWIO DEHICHUSI HA GeCKonewHoM IPOMEKYTKE [to, +00].

Ecau cucrema muddepeHnmuanbabx ypaBHEHUH ONUCHIBAET MOBEIEHAE TUHAMAIECKON CUCTeMBL, a = (t) — Tpebyembril
pekuM PabOTHI ITOM CUCTEMBI, TO YCTOWIUBOCTH MO JISIMYyHOBY 03HAYAET, YTO MAJIble OTKJIOHEHUSI OT ITOTO PEXKUMA, B
MOMEHT tg He IPUBEIYT K "pas3Baiy'cucreMbr — cucrema OyaeT BCEraa HAXOaUThCs BOMM3M TPEOYyEMOro pekuMa.

Baxkuyio posib B IPUIIOKEHUSIX UTPAET €€ OHO IMOHSITHE.
Omnpenenenve. Pemenne 1 Ha3bIBAETCS ACUMNMOMUMECKY YCMOUMUBHIM, €CITH OHO YCTOWYMBO NO JIsSmyHOBY, u

CYLIECTBYET TAKOE MOJI0KUTE/IbHOE YuciI0 p1 < p, uro ecan [|F0) — 20| < py, 10
[|Z(t) —z(t)]| =0 npu t— +oo.
B NMPpUMEHECHUN K ,Z[I/IHaMI/IquKOI.;I CuCreMe aCUMIITOTUYECKaA yCTOﬁqHBOCTB O3HAYaeT, YTO MMPU MAJIOM OTKJIOHEHUN
oT TpebyeMoro pexxuMa CUCTeMa CTPEMUTCS TPUOIU3UTHLCS K HEMY.

Paccmorpum HeKOTOpHBIE YCIIOBHSI aCUMMITOTAYECKOM yeToiuuBocT. Haunem ¢ 3amaqu Ko g5 auneitHoi cucre-
MBI C TIOCTOSTHHBIMU KO3 DUIIeHTaMu

o =Az + f; z(to) = z©. (2.12.3)

Teopema. Cienyromue qBa yTBEPXKICHAS PABHOCUJIbHbI:

4 Anexcarap Muxaitnosma JIIIITYHOB (1857-1918) — pycckuii MaTeMaTHK U MEXaHUK, akajaeMuk IlerepOyprckoit AH, 4ieH MHOrux aka-
neMuit u Hay9HBIX 00mecTB. CO34aTens TeOPHH YCTONINBOCTH JBUXKEHHSI, aBTOP (DYHAAMEHTAJBHEIX paboT no Teopun auddepeHnuaabHbIX
YPaBHEHHil, MATEMAaTHIECKOH (pU3KKe U TEOPUU BEPOSATHOCTEN.
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1) pemenve 3amaun Komm (2.12.3) acuMOToTHYECKN YCTOHYNBO;
2) BCe COBCTBEHHBIE YUCIIA MATPUIBI A UMEIOT OTPHIIATENLHBIE BEIIECTBEHHbIE YACTH.

Hoxkazarenbcrso. Ilycrs & — perrenune 3amaau Komw (2.12.3), a T — pemenue 3amagu Kown 1jis Toit ke cucreMbl
¢ dpyeum BEKTOPOM HAYAILHBIX JAHHBIX Z(0). O6os3maunm z = T — x, 2z = 20 — (9. Torza o dopmyne (2.4.2)

oy gaem
2(t) = exp(A - (t — tg)) - 20 = exp(—Ato) - exp(At) - zo. (2.12.4)

IMycts mMaTpuma A umMeeT COOCTBEHHOE YHMCIO A C HEOTPUIATEILHON BEINEeCTBEHHON dacTbio. Torma, eciaum zg —
COOTBETCTBYOIMIi COOCTBEHHBIN BEKTOD, TO 2(t) = exp(A-(t—1tg)) 20, u ||2(¢)|| > ||20|| mpm t > to. Taxum o6pazom, npm
CKOJIb yI‘O,Z[HO MaJIOM IIO HOpMe BeKTOpe z0 (OTK.TIOHeHI/II/I Ha4aJIbHbIX ,/:LaHHbIX) OTKJIOHEeHue peI_HeHI/IH Z He CTpeMI/ITCﬂ
K HyJIIO, T.€. pemeHI/Ie I HE sABJIAAE€TCA aCUMIITOTUYECKU yCTOfI‘{I/IBbIM.

ITycts Temeps Bce cOOCTBEHHBIE UMC/IA Aj MATPHIBl A NMEIOT OTpPHUIATEIbHbIE BelleCTBeHHble yacTu. M3 (2.12.4)
BUJIHO, YTO

2@l < llexp(—Ato)|| - llexp(AL)]| - [|zoll- (2.12.5)

W3 1n.2.5 u3BecTHO, 94TO M300pPAXKEHUsT SJIEMEHTOB MATPUYHON KCIOHEHTHI — MPABUJIbHBIE PAIlMOHAJIbHBIE NpobOwu,
MOJIIOCHI KOTOPBIX — COOCTBEHHBbIE YKCia MaTpullbl A. Pasnaras ux Ha mpocreifinme u BCIoMuHast (GOPMYJLy

. 1 tk—l
e (o) = ey 0 -0

MTOJTy4aeM, UYTO BCE HJIEMEHTHI MATPUIHON IKCIOHEHTHI — JIMHEHbIe KOMOUHAIMN (DYHKIUN BUIA tk . ea;p()\jt), rae Aj
— cobereennbie uncna marpunsl A, a k € NU {0}.
IMockonbky Re(A;) < 0, Bce dynkuun Takoro Buaa orpanudens! Ha [0, +oo[ i obpamarorcs B HyIb mpn t = +00.
IToatomy
llezp(A)|| <€ mpu ¢ €[0,+00[;  lim_|lezp(At)|| = 0.

Takum 06paszom, uz (2.12.5) BugHO, 4To npH ||20]] < &

2N < llezp(=Ato)l| - C -6 mpu ¢ € [to,+oo[;  lim |l=()]] = 0.

13 mepBOro COOTHOIIIEHNS CIeAyeT YCTOWYNBOCTD PEITNeHNs T MO JISIIyHOBY; BTOpOe 03HAYAET ACHMITOTHYIECKYIO YCTOMH-
YUBOCTb.

Ilepexoas kK pacCMOTPEHWIO HEJIMHERHBIX CHCTEM, MBI OIPAHUYUMCS JINIIb OfHON curyauumeii. [Iycts F': R® — R”
— HempepbIBHO auddepeHImpyeMoe BEKTOPHOE mose, u F' (x(o)) = 0,,. Torna cucrema quddepeHImaIbHbIX yPABHEHUH

z' = F(z) (2.12.6)

umeer pemenne z(t) = (%),

Tepmunonornyeckoe 3amedanue. Cucrema ypasrenuii Buna (2.12.6) (y Koropoit npaBasi 4acTb HE 3aBUCUT OT t)
Ha3bIBaeTCs agmonommol. Touku, B KOTOpbIX moste F' 00paImaercst B HyJlb, IMEHYIOTCST MOYKAMU NOKOA CUCTEMBI.

Mycrs T — pemenne 3amaqu Ko ms cucremsr (2.12.6) ¢ BeKTOpOM HavambHBIX JaHHbX T(0). O6G03HAUMM OT-
KJIOHEHHE DelleHus: 0T To4KU 1m0Kosi 2 = & — (0 u, ucnoms3ys dopmyaty Teitnopa s mons F, nepenmmrem (2.12.6)
TaK:

2 =DF () -z + a(z) (2.12.7)

(a0 — ocrarounsrit wien dbopmyist Teitaopa).

ITockonwbKy npu z, MaJIbIX IO HOPME, OCTATOYHBIH UJI€H MaJl 10 CPDABHEHMIO C IEPBBIM CJIATa€MBIM B TIPABOI 9aCTH
(2.12.7), MOXKHO OXKMIATH, YTO PEIIEHUsT CUCTEMBI (2.12.6) 6 Maa0l OKpPeCTNHOCTIY oYKUY NOKOA z(©) BexyT cebs Tax
JKe, KaK peIlleHns JIMHENHOU CUCTEMBI.

JelicTBUTEIBHO, MOKHO II0KA3aTh, YTO UMEeT MECTO

Teopema. Ecin Bce cobcrBennble uucia marpuipt DF (SL'(O)) HMEIOT 0MPUUAMEAbHbIE BEeIIeCTBEeHHbIe YaCTH, TO
pemenve z(t) = z(©) cucremsr (2.12.6) acumnroTuyecku ycroiunBo. Eciu xoTst 661 OMHO COBCTBEHHOE YUCIIO MATPUIIHI
DF (:17(0)) HMEET NOAOHCUMENbHYI BEIECTBEHHYIO YaCTh, TO pelenue (t) = 2(®) me Gyner ycroitaussiv o JlsmyHOBY
(u Tem GoJlee ACUMITOTUIECKU YCTONUUBBIM).

3amedanue. JTa TEOPEMA HABBIBAETCs TEOPEMOI 00 yCTOWYMBOCTH 10 JUHEHHOMY npubsmkenuto. Eciu st HeKo-
Topeix coberpennpix uucen marpuist DF(z(%) Re()\;) = 0, a s ocrampubix Re();) < 0, To 312 Teopema ne maer
OTBETa Ha, BONPOC 00 yCTOMIMBOCTH TOYKH HOKOSI.



