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2. IIPUBJ/IN2KEHUNE (I)YHKI_[I/Iﬂ
2.1. PaBHOMepHOe npuban>kKeHme

Kak wuzBectHO, KOMObIOTEp "yMeeT"BBIMOMHATH dYeThIpe apudmerndeckux AeicTsusi. C NOMOIIBI0 3TUX Aei-
CTBUI MOYKHO BBIYUCJISTH 3HAYEHUSI MOJMHOMOB M PAIMOHAJIBHBIX Apobeit. Kak e BBIMUCISIOTCS 3HAYEHUS APYTHUX
craHgapTHLIX GyHKumii? PaccMOTpuM 3TOT BOIPOC HA, mpuMepe DyHKIUU Sin.

B cuity n3BecTHBIX CBOMCTB CHHYyCa €rO BbIYUCJIEHHE IIPU JI000M 3HAYEHHH ONEPAHIA MOXKeT ObITh CBEIEHO K
BBIYKCJIEHUIO Ha cermente [0, %] A1y 33134y MbL 1 OyeM perarTs.

Hanomuum, 9To cuHyc ObLT onpedeser KaK CyMMa, BCIOIY CXOISINErOCs Psiia

. 400 . $2k+1
sin(x) = kzzo(—l) 2

ITosToMy KakeTCsi eCTeCTBEHHBIM BBIYUC/ISTH €r0 3HAYEHUs C MMOMOIIBI0 OTPE3KA, TOrO Psifa, T.e. IMOJTHHOMA,
Teiiniopa, BLIOPAB MOPSIIOK 3TOTO MOJMHOMA, 7 HACTOJIBKO OOJIBIITNM, YTOOBI BHIMOJIHSIOCH HEPABEHCTBO

A, = max (|[sin(x) — Tsin(n,z)|) <e
max (Jsin(z) = Tun(m, )]

(¢ — momycTuMast MOrPEITHOCTbD ).

Oanako nomuuoM Ty, KaK ¥ BCAKUiA nomHOM Teitiopa, xopomo (Jiydiine BCeX MOJMHOMOB TOTO K€ MOPSIIKA)
uMuTUPyeT noBeeHue MYHKUUU B JOCTAMOYHO MAAOT OKPECTHOCTH TOYKHU (B JAHHOM ciiydae — HyJsi). Hu u3 gero
He cilefyer, 4TO OH Oyzer obaJjars STUM CBOMCTBOM Ha cermente [0, g] TosTOMY TIPENCTABISIETCS, 9TO MOXKHO, HE
YBEJIMYMBAsI MTOPSIZIOK [TOJIMHOMA, YMEHbIIINTH MOIPEITHOCTD A .

CoBceM OYEBUIHO ITO JJIsi IOJUHOMA NEPBOro nopsiaka, (pyakuuu-koucrantsl). [omuaom Teiinopa B 3TOM Ciry-
9ae — TOXKJECTBEHHBIN Hyab, n A1 = 1. B 10 ke Bpewms, ecm B3sath nomuaom S1(z) = 0.5, To Ay = 0.5. OT™mernm, 9To
HaubOJIbIIEro 3HaYeHusi omxaonenue |S1(x) — sin(z)| mocruraer Ha KOHIAX CEMEHTA.

m
2 —

0 5
Puc. 1: T'paduknu sin(z) (xupnas muaus) u Ty (2, 2)

Paccmorpum Teneps mosmHOMBL BTOPOro nopsinka. Ha puc.2.1 n3obparkeHbl rpaduKu CHHYCA W €ro MOJUHOMA,
Teitnopa Ty (2,2) = x. Buano, 910 OTK/IOHEHHE PACTET HA, CETMEHTE W ero HaubOJIbIIee 3HAYEHUE JOCTUTAETCs IIPU
T = -721:: Ay = 72[ — 1 ~ 0.5708. Eciiu ke 1oCTpouTh XOP/Ly, COSAMHSIONLYI0 KOHIbI AYTU, U KACATEJIbHYIO K IpaduKy
CHUHYCa, TaPaJJIEJLHYIO 9TOM XOPJe, TO NPsAMasi, JEXKAIas TOYHO MOCPEJIUHE MEXK/y XOPJOH U KacarebHOH (puc.2.2)
— 910 rpaduk nommaoMa Sz (x) =a+b- x, rue

1 . ( (2)) 1 (2) 2
a = —sin | arccos | — — —arccos | — |, b= —.
2 ™ by by T

U3 puc.2.3 BumHO, 9TO HAMOOJbIEE 3HAUEHWE OTKJIOHEHUs JOCTUIAETCS B TPeX TOUYKax: Lo = 0, ©1 =
arccos(b) u zo3 = w/2. Ilpu sToM Az = a = 0.1053, 94TO CyUIECTBEHHO MEHbIIE, YeM MDY 3aMEHe CHHYCa €ro IOJIH-
HomoM Teitopa.

MMonuuombr S 1 Sy — 3TO NPOCTERIINE TOJIMHOMBI HAUAYHULEZO PABHOMEPHO20 NPUbAUNCEHUA N1t DYHKLIUU Sin
na cermente [0, 5]. Mveer mecro

Teopema. 1. JIjisi BCSIKO# HENPepBIBHOM Ha cermenTe [a, ] dbyukuun f u Beskoro n € N cymecTByer e amHCTBEH-

HBIA DOJIMHOM S, nopAadka n, Ijis KOTOporo A, = r[na)]c(|5n($) -f (:v)|) MeHbUe, IeM JJIs JTI0O0r0 APYTOro IMOJUHOMA,
a,B

TOrO K€ MOPAIKA. JTOT MOJMHOM HA3BIBAIOT IIOJUHOMOM HAMJIYYIIEr0 PABHOMEPHOTO IPUOJIMKEHUs MOPSIKA, 7 IJIs
dyukimu f Ha cermenre [a, 3]
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Puc. 2: Tpadwk S2(x)  (>kmpras nuawns)

vl

Puc. 3: Tpaduk byukuun sin(z) — Sa(z)

2. llpu n = +00 A,, = 0. [Tosromy HEnpepbIBHYIO HA cerMeHTe (PYyHKIUI0 MOXKHO PABHOMEPHO IIPUOIM3UTD
HOJIMHOMOM C JIIO0O0i TOYHOCTBIO, €CJTU B3ATh MOPSIIAOK TIOJMHOMA JOCTATOIHO GONMBIIIM (3TO YTBEPKICHUE HABBIBACTCS
Teopemoit Belieprrpacca).

3. TTomMHOM HAMJIYYIIIero PABHOMEDPHOrO MPUOJIMYKEHNS] XaPAKTEPUIYETCs CISAYIOINMM CBOWCTBOM: HA CErMEHTE
[a, B] cymecTByer mo kpaiineit mepe n + 1 Takas TOUKA g, Z1,...,Tn, 9T0 |Sp(zr) — f(zr)| = A, npudem 3ma-

ku pasuHocru Sp(zk) — f(zr) B 9TMX TOukax wepemytorcs. Touxu g, Z1,. .., T, HASBIBAIOTCS TOYKAMU 4eObIULEECKO-
20" anvmepnanca.

Ha puc.2.4 mpescraBien TpaduK pasHOCTH MEKy CAHYCOM ¥ €ro TIOJTMHOMOM HAMJIyHIIero paBHOMEPHOTO TPH-
G6mmkerms necsiroro mopsika Ha [0, 5. Ha rpadmuke xopormo suansr 11 rowex amprepranca. 3aech Ajg & 3.3 x 10711
Bamernm, uto mommaoMm Teiiopa TOTo e TOpsaKa JaeT morpentHocTs 3.6 x 1076 (1).

\ A /\ /

Puc. 4: sin(x) — S1o(x)

[

T ————

-_

—

___——‘
I

e

Sameuanus. 1. I[lommHOMBI HaMTY YIIEr0 PABHOMEPHOTO MPUOIMZKEHUST UCTIOIB3YIOTCS J1JIs1 BEIYUCIEHU s 3HAYEHUH
CTAHZAPTHBHIX (DYHKIMI B KOMIbIOTEPAX (KOHEYHO, ITO HE €IUHCTBEHHBIN CII0C00).

. "TIpubmanxkenue dyuxuwmit" cocrout, no Cymecrry, B 3amene oaHo# Gyukuuu ("Hey106H0# "B KAKOM-TO CMbICIE)

Ha apyryio ("ymobuyo"B TOM ke cmbicie). BO3HMKAIOmMAS NpU 3aMEHE NOTrPEITHOCTDb J0JKHA, KOHEYHO, JIXKATH B

nmornyctuMbix npezenax. C npubsukerneM (QYHKIME MBI BCTPEYAJINCH PaHEe B 33/a49€ YUCTEHHOTO WHTErPUPOBAHUSI.

HpI/I 9TOM IOAbIHTEI'DAJIbHAA d)yHKIlI/IH 3aMEHAJIaCh ITOJIMHOMHUAJIBHBIM HHTEPIIOJIAIVNOHHBIM CILJIQMHOM.

MadbuyTuit JIsosma YEBLIIIEB (1821-1894) — pycckuit MaTeMaTHK M MEXaHUK, OCHOBATENb [1eTep6yprekoit MaTeMaTHIeCKO# IKOIET
wien ITerepOyprckoit, Bepnunckoit, Bonouckoit, [Tapuskckoit, I1Isenckoit AH, unen Jlongorckoro Koposesckoro obmecrsa, mo4eTHEIN WieH
MHOTHX DYCCKHX M MHOCTDAHHBIX HAyYHBIX OOINECTB B YHHBEDCHUTETOB.



44

B 3TOM nmyHKTE MBI PACCMOTpEIN IPUMEHEHNE TPUOIKEHNsT (DYHKINHN JIJ1s1 BBIYUCIEHNST 3HAMEHMH 3THX (DYHK-
uil. 3mech ObLIO €CTECTBEHHO MPHUHSTH B KAYECTBE MOrPEITHOCTH MPUOINKeHusT Haubosibliee 3HAYUEHNE OTKJIOHEHUsT
(Mozy st pa3HOCTH MeKJy TpUbIMKAEMON 1 PUbIUKAIOMEH (yHKIMIMNT).

3amernMm, 4To BBEJS B JIMHEHHOM IIPOCTPAHCTBe (DYHKIMiL, HEIPEPHIBHBIX HA CErMEHTe [a, ], HOpMY 1O IPABUILY

1flle = max (If()|)

z€[a,f]

(ybemurech, 9TO 3TO AEHCTBUTENLHO HOPMA! ), MBI IPEJCTABUM BBEIEHHYIO HAMU NOTPENTHOCTD B BUJIE HOPMbI PA3HOCTH
MeX Ty TpuOJINKAEMOM U TPUOIMKAOIIEN (DYHKIMSIMU:

Ap = ”f - Sn”C’-

B npyrux npumenenusix npubsivkenusi QyHKINN eCTeCTBEHHBIM OKA3bIBAETCsI MCIIOJIb30BAHNE IPYIUX HOPM JIJIst
olpeiesieHusl MOHsATHs "MOrpemHocTh npubukenus " .

B xypce suneiiHO#l anreOppl n3ydasaach 33Ja4a O CIVIAXKUBAHUU IKCIEPUMEHTAJIBHBIX JAHHBIX IIOJIMHOMAaMH,
OPTOTOHAJIILHBIMHU HAa, CETKE. DTy 33a4y MOKHO PACCMATPUBATH M KaK 33/1a4y MPUOINKEHNs 33JaHHOTO BEKTOPA JIN-
HEeHON KOMOHMHAIMel BEKTOPOB M3 HEKOTOPOro ceMeiicTBa. HamoMHNM, YTO TOTPENTHOCTH MPHUOINIKEHUS MTPU 3TOM
OIIpeJIeIsIIaCh KaK HOPMa Pa3HOCTH, IOPOXKIEHHASI CKAJISIPHBIM NpOu3BeeHneM. BriOop Takoro ompenesieHus: o0bsic-
HAJICA OByMs NPUYUHAMU:

1) OHO He IPOTUBOPEYUT 3APABOMY CMBICILY;

2) uMeeT mPOCTYI0 TeOMETPUIECKYI0 MHTEPIPETAINIO;

3) 331294 CBOAUTCS K CUCTEME AUHEiHbT yPABHEHUIA.

B cnenyronux nyakrax Oymer pacCMOTpeHa aHAJOIMYHASI HOPMa, B IPOCTPAHCTBE KYCOYHO HEIIPEPHIBHBIX (DYHK-
uuil ¥ 3a7a4a NpudInKeHnst (DYHKIUHN 110 9TOH HOpMe.

2.2. OpToronajbHbIE NOCJIEA0BATEIBHOCTH (DYyHKITMH

PaccmoTpuM suHeiHOE IPOCTPAHCTBO KYCOYHO HENIPEPHIBHBIX Ha CEIMEHTE [, 3] KOMIIJIEKCHO3BHAYHBIX (DYHKIHA.
Beemem B 3TOM MPOCTPAHCTBE CKAJISIPHOE ITPOU3BEIEHUE TIO TTPABUILY

B

(o) = /so 4. (2.2.1)

a

Herpyznuo ybenurbest B TOM, 9TO TAKOE OIIPEIEICHNE YIOBIETBOPSIET BCEM AKCHOMAM CKAJISIPHOIO IIPOU3BEACHIUS,
kpome onHOl. Ecim (ITO €CTeCTBEHHO) CUMTATH HyAeMm JUHEHHOTO MPOCTPAHCTBA (DYHKIMIO, PABHYIO HYJIIO Modcoe-
CMEenH0, TO U3 PABEHCTBA, HYJIIO CKAJIPHOrO KBaApara GyHKIMU He caedyem, 9To 91a PyHKuus — HysteBasi (BCIIOMHUTE,
9TO MHTErPAJ OT (DYHKIUM, OTJMIHON OT HyJsl B OJHON TOYKE CErMEHTa, PABEH HYJIIO).

Yro0bl yCTPAHUTH IPOTUBOPEUNE, 00208aPUBAIOMCA HE PA3INIATH AB€ (DYHKIWMN, 3HAYCHUSI KOTOPBIX DA3JINY-
HBI B KOHEYHOM UHCIIE TOYeK cerMeHTa. IIpu Takoit HOroBOpEeHHOCTH HYJIEM BBEIEHHOTO MPOCTPAHCTBA OymeT BCSKast
dbyukums, nowmnu ectody paBHas HyJHO (OTIUYHAS OT HyJIsl JIWIIb B KOHEYHOM YHUCJIE TOUEK CETMEHTa).

Teneps dopmya (2.2.1) neliCTBUTEIBHO 381a€T CKAJISIPHOE TPOU3BEIeHNE. BBeIeM TaKKe HOPMY, OPOXKIAEMYIO

9TUM CKAJISPHBIM IIPOU3BEIEHUEM:
lell = Ve, ) (2.2.2)

Ybemurech, 9TO BCe AKCMOMbI HOPMBI BBITIOJTHEHBI.

3ameuanne. MoxxHO 0000muThH NOHsiTHE "CKAISIPHOE TpOU3BeAeHNe" , BBE/IsI TAK HA3BIBAEMOE CKAAAPHOE NPOU3-

sedenue ¢ 8ecoM:
B8

(¢, ) = / roy. (2.2.3)

3aece r — nowmu 6ctody noscdcumevHas GYHKIWS, IMEHYeMast 8eCOM.
CkansipHoe npoussezienne (2.2.1) — 910 ckajsipHoe npoussenenue ¢ Becom 7(z) = 1.

st nanbHeiinero Ham noTpebyTCs 0pmozonaabtbie (B CMBICIE CKaJsIPHOrO npoussenerus (2.2.3)) mocieno-
BaresbHOCTH byHKumil. [IpuBenem deTbipe mpuMepa TAKUX MOCIEI0BATETLHOCTEN.

[Mpumepsr. 1. TpuronomeTpuyeckas MOC/IeI0BATEILHOCTh?.

2I10 eCTeCTBEHHBIM IPUYHHAM yIOOHEE 3aJaBaTh 3Ty HOC/IEJOBATEILHOCTH HE HA MHOMKECTBE HATYDAJbHBIX umcea N , a Ha MHOXKeCTBe
LEJBIX Yuces Z.
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Herpynno ybeaurncst, 4T
T/2
21k —m
(Ph: Pm) = / exp (Z¥JE) dz =T - dkm

~T/2

(3mech O — cumson Kponekepa).

CBouM Ha3BaHWEM 3Ta MOCIEIOBATEIHLHOCTH 06SI3aHA TOMY, UTO JOJITOE BpeMsT BMECTO 00Jiee yI00HBIX (hyHKIMIA
erp (z%w) HCTIOJIb30BAIUCH (DYHKIVY SiT (%m) u coS (%w) .

2. Oynkmuu Pagemaxepal.

OTr Kycourno nocmosnnvie Gbyakumm 3anaasl HA [0, 1] mpasmiom

ro(z) =1;  r(z) = sign (sin(2F72)); k =1,2,... (puc.2.5).

ro(x)
r1(z)

T
ro(x)

T

Puc. 5: I'padbuknu tpex nepsbix dbyukumit Pagemaxepa rg, 11 72
Jlerko mokaszarb, 4TO

(re,rm) = /rk(:c)rm(:c)d:c = Okm-
0

3. IMomuuomer Jlexanapa®.

Oy nmosmHOMBI 33aHbl Ha [—1, 1] mpaBuaoM
1
2kl

3Tanc Anonsd PAJTEMAXEP (1892-1969) — nemenkuii maremaruk, ¢ 1936 roma paboran s CITIA.
4 Anpuen Mapu JIEXKAHIP (1752-1833) - dbpammysckuii maTemaTuk, unen Ilapmxckoit AH.

Po(z)=1; Py(a) (@ -1)"* k=1,2,....




46

Jlerko Buzgers, uyro Pj, — mosmmaOM cmenenu k. HemocpeacrBeHHOE BBIYUCIEHNE JAET

1

(Pe, P} = / Py (&) P (2)dz =

-1

2

1 Ok

4. TTosmuoMsbr Yebbiesa.

Ot nosMHOMSBI 3a1aHb!l Ha [—1, 1] npaBuiom
Ti(z) = cos(k - arccos(z)), k=0,1,...
(mposepbre, Boraucaus T 1jis HECKOJBKUX 3HAYEHUH k, 9TO 3TO JeHCTBUTEJILHO IOJUHOMBI).

ITokaxxem, uT0 moMHOMBI HeObINIEBa, OPTOTOHAJIBHBI C BECOM

1

\/1—332.

r(z) =

JeficTBUTENLHO, TOACTAHOBKA, t = arccos(z) maeT

& ()T (z)dx = /cos(kt)cos(mt)dt =
0

(Tkn

/1m

/ % cos( m)t) + cos((k + m)t))dt.

IMocnenmuit nHTErpaJ, OYEBUIHO, PABEH HYJIIO, €CaIu k # m.

2.3. CpeaHekBaapaTudeckoe NpudbIIN>KeHNeE.
Pansr @yprne

ITycts f — KOMIJIEKCHO3HAYHASI, KyCOYHO HempepbIBHAS Ha [, ] dyHKIWms, a (@f) — OPTOrOHAIBHAS MOCIEI0-
BATEJILHOCTh KOMIUIEKCHO3HAUHBIX (DYHKIWI, TaK¥Ke KYyCOYHO HENPEPBIBHBIX HA [, f].

Haiinem snunelinyo KoMOMHAINIO TEPBHIX N (DYHKIUI U3 ITOH MOCIEI0BATEIHHOCTH, PACCTOSIHAE OT KOTOPO# 10
dyukuun f (paccrosinue IOHUMAETCS KaK ONpeesieHHast paBeHCTBOM (2.2.2) HopMa pazuoctu!) Oyzer MUHUMAJIBHBIM,
T.e. HaliJeM TaKue N 9YUCea aj, . . ., Ay, 9TO

F=aor|| < ||f = brer
k=1 k=1

pu JIIOOBIX 9MCIaX by, ..., by,

Kak m3BecTHO U3 Kypca JUHEHHO aaredphl, ecii HOpMa MOPOXK/IeHa CKAJISIPHBIM IPOU3BEIEHNEM, BCETIA YI00-
Hee paboTaTh HE C HOPMOIi, a C ee KBaJpPaToM.

2

F=dbwon| = (f =D brr, f =) buopr ) =
k=1 k=1 k=1
= (L= (5D brer ) —
k=1

n

D bk, £ )+ D brors Y bripr
k=1 k=1 k=1

YuursiBast, ato (@, Ym) = 0 npu m # k, umeem

F=Y bigr|| =
k=1
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= FIP = DBk (From) = D be pms £) + D bichillpul”-
k=1

k=1 k=1
O6o3HauuB
}-;c — <fa on)
lloxll*”
TIOJTY 9AM
n 2 n DN - .
Hf = ber| =P+ (_bkfk — b fi + bkbk) llwll® =
k=1 k=1
n . m N
= [1F1P = D1k Pllorll® + X 1 Fx = bxlPlleow>-
k=1 k=1
B srom paseHcTse nepeMeHHbIMU ABJIAIOTCH b1,...,b,. B cuiy neoTpunmaresbHOCTH IOCTEIHErO CIaraeMoro
MCKOMBINM MUHUMYM gocturaercs npu by = fr; k= 1,...,n. IIpu stom
n N 2 n N
Hf—z:fksok = 1P =D 17l Nl (2.3.1)
k=1 k=1
Onpegnenenune. Yucna ﬁ = % HA3bIBAIOTCs KoaPpuyuenmamu Pypve GbyHKiyu f 10 OPTOrOHAILHON HO-
- Pk

CIIEJJOBATEIBHOCTH (P )-

n ~
[ocnenosarensrocts cymm y | fxl?||k||?, ouesuano, ne youisaer. danee, us (2.3.1) BuaHo, 9TO
F=1

ST APl < 15112, (2.3.2)
k=1

T.e. 3TA HOCIENOBATEIHHOCTh OrpaHUYeHa CBEpXy. [l03TOMy 4mCiIoBO#M psiz

+oo

> 1Pl

k=1

cxomurest. [lepexons B HepasencTse (2.3.2) x npeaeny (n = +00), moxyuum nepasencmeo Becceas®

400 N

S 1 FPllerll” < NFIP.

k=1

Ecnu nns mekoropoit dyuruuu f HepaBencTBO Beccesst mpeBpamaercsi B paBeHCTBO

too

S 1 lPlleel® = 1£117

k=1

(ono HasbBaercs pasencmeom Ilapcesans’), To bopmyna (2.3.1) mokasbiBaeT, 4TO

‘f—ka%

k=1

2
=0.

lim
n=+oo

EcrecTBenno nepenucaTsb 3TO COOTHOINMEHUE TaK:

too
> feer =1
k=1

5®punpux Bumsressm BECCEJID (1784-1846) — memenkui#t acTponoM, wien Bepmnunckoit AH, cosmarens Kenurc6eprckoi o6cepsaTo-
puu.

6Mapx-AnTyan ITIAPCEBAJID (1755-1836) — dbpanIy3cKu#i MaTeMaTHK.
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U CKa3aTh, YTO Pl

+oo
(fa on) .
2ol (2.3.3)

(o HaszbiBaercs padom Dypve dynkuum f 00 OPTOroHAJIBHON mOCHenOBATENBHOCTH (P))) cxomurcs K f 6 cpednem
xeadpamumeckom (unu no nopme (2.2.2)).

O6parHo, ecyu psf (2.3.3) cxoguTcs K f B CpeAHEM KBaAPATAIECKOM, TO u3 (popmyibl (2.3.1) HECIOKHO yBUIETD,
uro 1y pyHKImu [ BbINOTHEHO paBeHcTBO [Tapcesasis.

Sameuanue. Pasencrso ITapceBajisi — aHaor u3BeCTHON U3 MKOJILHON reoMerpuun TeopeMbl [ludaropa.

Bosuukaer Bompoc: [yisi Besikoit s byHKuun f, KyCOYHO HelpepbIBHOM Ha [, (], copaBemmBo pasencrso [lap-
ceBasisi? OTBET HA HTOT BOIPOC 3ABUCUT OT mocsenoBarensHocTu (¢ ). Hanpumep, eciin "uzbsars"u3 nocienoBareabHO-
CTU OMH JIEMEHT (O, , TO JJjist GyHKumu f = ,, Bce Ko duuuenTor Pypbe 0KAKYTCsT PABHBIMU HYJIIO, U PABEHCTBO
IlapceBans e Oyser uMerb MeCTa.

B n-MepHOM yHWTAPHOM IPOCTPAHCTBE OPTOTOHAJIBHBIA HAOOD U3 N HEHYJIEBBIX BEKTOPOB (OPTOrOHAJILHBIH Oa-
31C), KAK U3BECTHO, 00/Ia1a€T JBYMsI CBOMCTBAMMU:

1. EqusCcTBEHHBIN BEKTOD, OPTOrOHAJIBHBIN BCEM djIeMeHTaM 0a3uca, — HyJIeBOiA.

2. JTrob60# BEKTOp MPOCTPAHCTBA, MPEACTABUM B BUIE JIMHEWHON KOMOWHAIMU JIEMEHTOB 6a3uCa.

Anasorom mMoHSATHST OPTOTOHATBLHOTO H631Ca B HECKOHEUHOMEPHOM TTPOCTPAHCTBE CO CKAJISIPHBIM TPOU3BEICHUEM
SIBJISIETCSL TIOHSATHE 3AMKHYMOT 0PIMO2OHAAbHOT Cucmemss 3eMeHTOB (B HAIIEM ciaydae — QyHKImii).

Onpenenenne. ToBOpSAT, YTO OpPTOroHANbHAS Ha [, 3] MOCIEIOBATEIBHOCTD () ) SBISIETCS 3AMKHYTOH OPTOrO-
HAJILHOM CHCTEMOI, ecn ist 410607 KyCOYHO HENpephIBHOM Ha [, 3] dyHKuuu nMeer Mecro paBeHcTBo IlapceBasist
(re. psax @ypbe 100608 KyCOUHO HENPepbIBHON (GyHKImM f 1O 3TOH MOCIEJOBATEIHHOCTH CXOOUTCI K f B CpenHeM
KBa/IPATUIECKOM).

Ecnu opTOroHabHAS TIOCIEN0BATENBHOCTD (@) ABJISETCS 3aMKHYTOH OPTOTOHAJILHOM CHCTEMOH, TO €IMHCTBEH-
Hasl KyCOYHO HEMpephIBHAS (MYHKIWS, OPTOTOHANBHAS BCEM (P — ITO HYJIEBOM JIEMEHT MPOCTPAHCTBA, (T.¢. QyHKIwms,
OTJIMYHAS OT HyJIs JIWIIb B KOHEYHOM 4ucyie ToueK ). elicturensuo, eciau (f, o) = 0, k € N, T0 Bce ko3 dunuenTst
®Dypbe byukiuu [ paBubl Hymo. [losTomy B cuny pasenctsa [lapcesasns || f|| = 0.

ITpumep. MoxHO MOKA3aTh, YTO TPUIOHOMETPUUIECKAST MOCIEAOBATEBHOCTh U MOCIEA0BATEIHHOCTh ITOJIMHOMOB
JlexaHnipa — 3aMKHYTbIE OPTOrOHAJIbHBIE CUCTEMBI, 8 MOCIeA0BATENILHOCTL GyHkimii Pagemaxepa — ner (ybeaurecs,
HanpuMmep, 4to dhyHKIus cos(2mx) oproroHanbHa Ha [0, 1] Bcem dbynkuusm Panemaxepa).

3ameuanne. Bee BBCICHHBIC B 9TOM IIYHKTE OIIpEIeJICHUA IEPEHOCATCS Ha cnyqaﬁ CKaJIAPDHOI'O IIPOU3BEICHUA

¢ Becom (2.2.3). Hanpumep, MOXKHO 1OKa3aTh, 9TO MOCIEI0OBATEIBHOCTD MOJIMHOMOB UebbieBa — 3aMKHYTas OPTOro-
1

V1-—z2
EcrecTBeHHO OCTABUTHL BOIPOC: CXOMUTCS M K (DYHKIMU [ 60 6CET MOUKAT Ce2MeHMa CXONANMNCI K Hell 6

cpednem Keadpamuneckom ee psan @ypoe?
B ofmem ciyuaae oreer Gymer orpunarenbabiv. CymecTByior, Hanpumep, "maromormaeckue" dyukmun (nenpe-

HaJIbHas cucTeMa Ha [—1,1] ¢ Becom

pui8HbBIE HA cezmenme [—%1—, %—] 1), pan @ypbe KOTOPBIX IO TPUTOHOMETPUYECKOH CUCTEME PACXOAUTCS HA GECKOHEIHOM

MHOKECTBE TOYEK CerMeHTa!
Jist mOJIOXKUTEILHOTO OTBETA, HA BOMPOC CJIEAyeT MPeIbsiBUTh K (GyHKumMu [ JIONOJHUTENbHBIE TPeOOBAHUS.
IIpumep takux TpeboBaHuit maer Teopema Jupuxie, chopMyMpoOBaHHAS B CJIEAYIOMIEM ITyHKTE.

2.4. Tpuronomerpudueckmne paabl Pypbe
U WHTEerpaJibHble npeobpa3oBauus Pypbe

Tpuronomerpudeckumu psigamu Oypbe HA3BIBAIOT Psiabl Pyphe M0 TPUTOHOMETPUYECKOH MOCIeI0BATEILHOCTH
dyHKIWMIA (e.’lfp (l%t)), keZ:

+oo n
N 27k . ~ 27k
; frexp (ZTt) = nlzlinoo _ankewp (th) )

rie
T/2

i = / f(t)emp(—i#t)dt.

-T/2
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C TOYKM 3peHust MPEeICTABIECHNsT (DYHKIWIH, 33JAHHBIX HA CEIMEHTE, TPUrOHOMeTpudecKue psizbl Dypbe He BbI-
Jensiores u3 psigos Oypre no ApyruM 3aMKHYTHIM OPTOTOHAJIBHBIM cucTeMaM (QyHKIuil (Hampumep, Mo MOJXHOMAM
Jlexanmpa). Ux ocobasi poiib BBISBIISETCS NPU MPEICTABICHAUN 7Tepuodudeckusr MYHKIMHA, JaCTO BCTPEYAIONUXCS B
[IPIIOYKEHUSIX.

st tpuronomerpudeckux psaoB @ypbe BepHA

Teopema dupuxsie. 1. Tpuronomerpudeckuii psin Pypbe KyCOYHO HENPEPBIBHOU U KYCOMHO MOHOMOHHOU HA,

CerMeHTe [—%—, %—] byHKIMK f CXOAUTCS BO BCEX TOYKAX ITOrO CErMEHTA.

2. Ecnu 0603na4uth ero cymmy S, To

s(-1) -5 (%) :f(%”)*f(g‘o)_

2 2 2 ’
S(t) = f(t—O)—;—f(t—FO) opu —%<t<€.

Cymma mpuzonomempuueckozo pada Pypve KYcouno Henpepuierol U Kycowno monomonnol pynkyuu f cosnadaem c
2amol PynKyuel 6 MoYKaT ee HENPEPOHIEHOCTNY U PABHE NOAYCYMME AEBO20 U NPAB020 npedenos [ 6 moukax ee pas3puiea.

3ameyanue. JIjisi KOMILIEKCHO3HAYHOM QYHKIMU f 10Z KyCOYHONW MOHOTOHHOCTBIO 371€Ch U JIajlee IIOHMMAeTCsi
Kyco4Hasi MOHOTOHHOCTH byHkuuit Re(f) u Im(f).

PaccMOTpuM KyCOYHO HEMPEPHIBHYIO U KYCOYHO MOHOTOHHYIO miepuondeckyo dyukuuio f : R — C ¢ nepuomom
T. O6o3uauum fr ee CyKeHUe HA [—%, %]
Pazmoxkum fr B psim @ypbe M0 TPUTOHOMETPUUECKOM MOCIEA0BATENBLHOCTU. B cuity Teopembr lupuxie mnpu

[t] < % HMEeT MECTO PABEHCTBO

+oo
J— ~ 2
f(t 0);f(t+0) = ¥ Ji-enp (Z%kt) (2.4.1)
k=—00
rae, cornacHo (2.3.3),
T/2
~ 1 2k
fr = T / f(t)-exp (—th) dt.

—T/2

IMockonbKy u sieBast, u npaBas 4acTu paBeHcTBa (2.4.1) — T-nepuoguyueckue GyHKIUYU, TO ITO PABEHCTBO BEPHO
mpu Bcex t € R.

3ameuanne. B reopun curnanoB GyHKIms f OMUCHIBAET CUTHAJ, COCTOSIINI M3 MOCIEI0BATEIHHOCTH OJNHAKO-
BBIX WMITYJIbCOB fT.

Cymma psna @ypoe ¢ koabdunuenramu (2.4.1) onpenesiena Ha BCeil ocu U JaeT "aHATUTHYIECKOE MPEICTABIIC-
Hue"9T0ii TOCIen0BATEILHOCTH UMITYJILCOB. CUTHAJ IPU STOM NIPEICTABJISETCS B BHAE OECKOHEYHOM CyMMBI TapMOHU-
YeCKUX KOJeBaHuii C 4acToTaMu wy, = % (k € Z), obpa3yromumu paABHOMEPHYIO CeTKY ¢ marom Aw = 2T7r
IMocnenoBarensrOCTh KO3 dunmenToB Pypne (ﬁ):ioo HA3BIBAIOT Komnaexchom Dypve-cnexmpom CUTHAIA
f ¥ TOBOPSAT, YTO CHEKTP MEPHOANIECKOTO CUTHATA, JUCKPEMEH.

Pagencrso ITapceBasist

T/2 oo
/ P dt =2l = 3 IRP T
—T/2 k=—oc0

noKas3blBaeT, Kak sueprus ummyisca E = ||fr||? pacnpenenena mexay stumu gactoramu.

IIpumep. PaccMoTpuM NEpHOAMYECKYIO IOCIEI0BATENFHOCTh TPEYTOJbHBIX WMMILYJIbCOB, H300PAKEHHYI Ha,
puc.2.6, OquH UMILyJIbC KOTOPOU 33,13aeTcst hopMyJIoit

2
-2 wpu <
fr(t) =
<|t| <

0 npu

(SR
Sl
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ANVANIVA

2

MH
MH

Puc. 6:

Haiinem KOMILIEKCHBIM CITEKTP 3TOM MOCIEI0BATEIHLHOCTH:

T/2

[ 1) ear (—Z%kt> gt =

—T/2

2wk
= _ 1-= o -
/ ‘ e;vp( i T t) dt
WET
1 — cos (T) ( 27rk>
S —— wp = .

G

2
CylecTBy 0T JIEKTPOTEXHUYECKUE YCTPOMCTBA, UMEHYEMbIE YaCTOTHBIMU (DUIBTPAMU, JJIEKTPUUECKAS ITPOBO-
JMMOCTh KOTOPBIX 3aBUCHAT OT YACTOTHI MPUJIOXKEHHOrO HampsiKeHusi. Hanpumep, B u0eaavHOM PUibMPE HUNCHUT

40,CMOM TPOBOJUMOCTD HA YACTOTAX, KOTOPHIE HE BBIIIE KPUTUIECKOM, PABHA €UHUIIE, & HA, BCEX OCTAIBHBIX 9aCTOTAX
— mymo. Ecniu nanpsizkenue U Ha Bxoge Takoro GpuibTpa mpeictaButh B (popme ero psma Pypoe

+o0o
U(t— );Ut+0 3 7. exp(z—kt>

T

k=—00

TO HampsizkeHue V' HA BBIXOAE Oymer umeThb (HhOpMy, ONpenenseMyo OTpe3KoM 31oro psana (N — HOMEp KPpUTHYIeCKOi

9aCTOTHI)
+N
~ 27k
t) = Z fr -exp (th> .
k=—N

ITpumep. Ha Bxox uaeansuoro dunbrpa Huzkaux 9actor (N = §) mojgaHa nepuoudeckas mocae[0BaATeIbHOCTD
TpeyronbHbix nMiyiabeos (7/1 = 0.25). Ha puc.2.7 n3o6parkeH OAuH MEPUOJ BXOJHON ¥ BBIXOAHOM MOCIIEJ0BATEIHHO-
CTelt.

T |
-1 -0.75  -0.5  -0.25 0 0.25 0.5 0.75 1

| | |
-1 -0.75  -0.5 -0.25 0 0.25 0.5 0.75 1
Puc. 7:

IIycts Teneps f : R — C — nenepuoduneckas KycOUHO HempephIBHASI ¥ KYCOYHO MOHOTOHHasi Ha R dyHKIwus.
Bozbmem npoussoavroe noaosicumeavnoe aucio T u paccMoTrpuM fr - cyKenue pyHKuuu f Ha CErMEHT [—%, %]
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3anuinemM U3BECTHLIE paBEHCTBa

— I

2
k=—00
T/2
~ 1 27k
fr= T / fr(t) - exp (—th> dt.
—T/2

Psan ®ypoe dysxkuun fr, CXOOUTCsT HA BCEil BEIECTBEHHOW OCH U, CJIEJIOBATEIHHO, ONPEJEISIeT HO8Y10 (DYHKINIO
+oo
~ 27k
F@t) = Z fr-exp (th) ; teR.
k=—o0

Ara dyHKms 0o Teopeme Jupuxie coBnasaer ¢ f nouru Beroay npu |t < T'/2, a BHE 3TOr0 HHTEPBAJIA SIBIISETCS
ee nepuoduneckum npodosscenuem (puc.2.8).

—
"

A

I
T
-3 7 3y

> _
Puc. 8: ®yukuus fr ((KupHasi JUHUS) U €€ NEPUOIUIECKOE IPOIOJIKEHUE

Herpynno 3ameruthb, 4T0 yBesinuuBasi 1', Mbl YBEJIMYUM JJIMHY UHTEPBAJIA, HA KOTOPOM F' IOYTH BCIOZY COBIA-
naet ¢ f. Bo3HMKaeT eCTeCTBEHHBIH BOMPOC: HEJb3s Jin nepeiitu kK npegeny (T = +00)?

[Ipumep. PaccMoTpuM OQuHOYHDBLA TPEYrONbHbIA UMILYJIbC € AMHUYHOM BBICOTHI U IIUPHHBL T
2t T.
‘1— F| mpu [t <53

ft) =

0 mpu  [t| > 5.

Dyukiust F (meprosudeckoe MPOJOIIKEHNE TAKOIO UMILYJIbCA), OYEBUIHO, COBIAJAET C YK€ PACCMOTPEHHOMN
[OCJIE0BATEILHOCTBIO TPEYIOJIbHBIX UMIIYJIbCOB (puc.2.6).

Eciu, coxpansisi jiMHy MMIIYJIbCOB T B 3TOI MOCIEIOBATEIHLHOCTH, YBEININBATH NEPUO UX MOBTOpPeHus 1, TO
mar 4acTOTHON ceTku Aw = 2% OyIeT yMEHBIIAThCS U OJHOBPEMEHHO OyAyT yMEHBINATHCS mopuuu 3Hepruu Fp =

| fx|?, mepenocuMBIe Ha AMCKPETHBIX YaCTOTAX Wy. BBeseM MoHsATHe cpednedi cnexkmpaibhoti nAaomHOCTY - OTHOTIEHUS
k03ddunmenta Oyphe K IIary 4acTOTHON CETKU

f(wk)—f_k— r ‘l—cos(szT)

CAw 27 (wkT)2

2

Torpa dopmyia (2.4.1) nepenuuiercst Tak:

too
f(t=0) ‘;‘ f(t+0) _ Z f(wr) - exp (iwgt) - Aw. (2.4.2)

k=—00

OueBuaHO, psif], CTOSIIMI CIIPaBa, MOXKHO MHTEPIPETHPOBATH KAK KBAAPATYPHYIO (DOPMYITY JEBBIX IPSIMOYTOIb-
HUKOB Il UHTErPaJIa

+oo
/ f(w) - exp (iwt) dw, (2.4.3)
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e
wT 0o
flw) = % : IEZST()QQ) = % 7 f(t) - exp(—iwt) dt.
9 -0

TTosTOMY MOXKHO PACCYUTHIBATE, YTO pH nepexoze K npeneny (I' = +o00) psx (2.4.2) npesparurcs B unrerpas (2.4.3).
JleficTBUTETLHO, NMEeT MeCTO

+o0
Teopema. Ecim f : R — C — KycO4HO HemnpepbIBHAsI M KyCOUYHO MOHOTOHHasi Ha R dynkuus, npudem [ |f| <

+00, TO MeeT MeCTO PaBeHCTBO' -
+oo
1(¢=0) ; f(t+0) = (V.p.) / f(w) - exp (iwt) dw, (2.4.4)
e
+oo
Flw) = % / F(2) - eap (—icot) dt. (2.4.5)

@opmysty (2.4.5) Ha3BIBAIOT Npamvim, & bopmyiy (2.4.4) — obpammvim npeobpazosanuem Pypove.

Sameuanne. B reopun curaanoB QyHKImO f HA3BIBAIOT CNEKMPAALHOY NAOMHOCMbIO CUTHANA f U TOBOPST, ITO
CIIEKTP TAKOI'O CUTHAJIA HENpePbL8eH.

Ha puc.2.9 n306paxena (ILyHKTUPOM) CHEKTPAIbHAS IJIOTHOCTH OAUHOYHOIO TPEYTOJBbHOrO UMILYJIBCA, & TAKZKE
CpeAHsisl CIeKTPAIbHAS IIOTHOCTH COOTBETCTBYIOMIEH OCIIEJ0BATENBHOCTH TPEYTOIbHBIX UMILY/IbCOB IPH PA3JIMIHBIX
ornomenusx 7/7T.

[ T
—4T 0 A%
W
i PR T I I U I 1 ‘ ‘ ‘ ‘ I. LT T I I 1
-4 0 4%
w

Puc. 9: Bepxnwmit pucynok — 7/T = 0.25, wwmxkunii — 7/T = 0.125

CepnesHoe mpenynpexaerre. B gureparype BcTpedaercss no kpailineld mepe wecmsd PA3HBIX CNOCO608 3anucy
WHTErpaJjbHbIX npeobpa3oBanuii @ypbe.

Nuorpa muOXUTEND % nepenocaT u3 (opmynst (2.4.5) B dopmyny (2.4.4):

+00 oo

7Ha,l'IOMI/IHa,eM, qT0 V.p. — 2AaB6HOE 3HAYEHUE UHTEI'DAJIA.
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nHOT/A ero "paBHOMEPHO pacHpenessioT" Mexay AByMst (popMyIamMu:

+oo +oo
7oy 1 ) fE=0+ft+0) 1
f(w)_m_é..., : = = (V.p.)/...

—0oQ

B HekOTOpBIX KHWrax OUIILYT B KCIOHEHTE 3HAK ~ + 7 B NPsiMOM MPEOOPA30BAHWM, 3 3HAK ,-“B O0OpaTHOM
b b} b
HaIIpUMeD:

fE=0)+ f(t+0) 1

2 o

+oo
(V.p.) / f(w) - exp (—iwt) dw.

Hexkoropsie (1o #e 6ce) coiicTBa npeobpasosanuit Pypbe cnpaseiuBbl 1is 1060 dopmbr 3amucu. [TosTomy
MBI HACTOSITEJILHO PEKOMEHIYEM, YCIIBIMAB CI0Ba "mpeobpasosanne @ypre", cipocurs: "A kax 310 mummercs?"

+oo
Bameuanue. Iycrs f — opurunan, u [ |f| < 400. Torsa npeoGpasosanue Jlamnaca Gyskuun f, KAk U3BECTHO,

0
ompenesieno npu Re(s) > 0, u npu Re(s) = 0, oueBuaHo, coBnamaer ¢ omuoii u3 ¢hopm ee npeobpasoanus Dypbe:

+oo
(ﬁf)(3)|s:iw = / f(t) - exp (—iwt) dt.

Boobie cBoiicTBa npeodpazosanuit @ypre u Jlamraca BecbMma, cxoxku. B qacrHocTu, eciiu npeodpazosanue Oypne
OIpenesieHO ONHOMN u3 GopMyIT

+oo
fw) = [ 1)~ cop (i) dn,
—0
TO MOXKHO ITOKa3aTh, 4TO 006pa3 @ypbe cBepTku AByX (DYHKIMII PABEH MPOU3BEAEHUIO nx 00pa3oB @ypwe:

(flfé/b) = J?l 1?2



