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5. JUHENHOE (BEKTOPHOE) ITPOCTPAHCTBO

5.1. OcHOBHBIE IHOHATUA

PaCCMOTpI/IM MHO>KEeCTBO BCeX ManI/IH-CTOH6HOB BBICOTHI 17 ¢ KOMIIJIEKCHBIMU 3JIEMEHTAMMN. ManI/IILI)I—CTO.TI6ILI)I
OymeM 0D03HAYATH B STOM MYHKTE JIATHHCKUMU OyKBAMU, & IUCIA — rpedeckumu. Hyaeeot crosber; Oymem 0603HAYATH
0. Tlonoxwuwm no onpegenenuto — = (—1)-x u Gyzmem HA3BIBATH CTONGEL, —T NPOMUBONOAOHCHBLM CTONOIY . VI3BecTHO,
q9T0 ManI/IIlbI—CTOJI6IlbI MO2KHO CKJIQJIbIBATh U YMHOXKATh Ha 9UC/IA. Hepe‘II/ICJII/IM CBOWCTBA 3THUX OHepauHﬁ.

Nz+y=y+z, 2)x+y)+z=2+Hy+2), 3)r+0=2 4)z+(—z)=0;
5)1-z=2, 6)(a+p) z=az+fz;

7) (@f)z = a(fz), 8)a-(z+y)=az+ay.

Onpenenenune. MHOXECTBO BCEX MATPULI-CTOJIOIOB BICOTHI 7, C KOMILJIEKCHBIMY 3JIEMEHTAMU, B KOTOPOM OIPEIe-
JIEHBI OIEPAIMN CJIOKEHWsI U yMHOXKEHUsI Ha, YUCII0, 00JIa1a01Iue IepeIncIeHHbIME Bhime cBolicTBamu (1 — 8), Ha3bI-
BaeTcs Aunelinbim (6exmophbim) pocrpancrsoM u obozuauaerca C*. Ero smementst — (n X 1)-MaTpuiibl HaA3bIBAIOTCS
BEKTNOPAMUY.

Sameuanus. 1. Jluneitnoe npocrparcTtBo C" HA3BIBAIOT TAKKE KOMNAEKCHbIM JIMHEHHBIM IPOCTPAHCTBOM B OT-
JINYKE OT BEULLCMEEHHO20 TMHEHHOTO TIPOCTPAHCTBA R™ — MHOMKECTBA BCEX 6€ULECTNEEHHBLT MATPHII-CTOJIOIOB BHICOTHI
N, B KOTOPOM Pa3PEIIEHO yMHOXKEHUE MOALKO HG 6EULECTNEEHHDLE TUCIIA.

MozkeT moKa3aThCsl, YTO yAEJIEHO M3JIMIIHEE BHUMAHME IIEPEYNCICHUI0 U3BECTHBIX CBONCTB JIMHEMHBIX Omeparmii
HaJ MarpunaMu. Jleo 0HAKO B TOM, YTO JIMHEHHOE MPOCTPAHCTBO — OJIHO U3 OCHOBHBIX MOHSTHUI COBPEMEHHON Mare-
Maruku. B Hamem Kypce Mbl paccMaTpUBaeM, B OCHOBHOM, mpocreiimue dactabe ero ciaydan — C* u R™. Boobue xe
JINHEHHBIM [IPOCTPAHCTBOM HA3BIBAIOT JII000€ HEyCTOe MHOXKECTBO, HaJl JIEMEHTAMH KOTOPOro (BEKTOPAMM) MOXKHO
MIPOU3BOJIUTE JBE OTIEPALINHN, UMEHYEMBIE CAOHCEHUE U YMHOHNCEHUE HA HUCAO.

Cuoxenue. Kaxxoii nape 3/1eMEeHOB IPOCTPAHCTEA, (,Yy) (BEKTOPOB) CTABUTCS B COOTBETCTBUE BEKTOD, HA3BIBA-
eMbIil X CyMMOI 1 0003HAYAEMBbIH X + . DTa Onepalus JI0JXKHA, YIOBIETBOPATH CJICAYIONUM IPABUIIAM:

Nz+y=y+az, 2)(@+y)+z=a+(y+2).
3') B nuHeitHOM MPOCTPAHCTBE JOMKeH ObITh TAKO# HYy.Ae60t BeKTOp 0,
9T0 & + 0 = x g1 m060ro BEKTOPa, X.

4"}V kaxJ10r0 BeKTOpa JOJKEH ObITh TaKOH Npomueono.aodchuili BekTop (—z), uto x + (—xz) = 0

YMuoxkenne Ha uucio. KaxkoMy BEKTOPY T U KarKJIOMY UNCIIy @ CTABUTCS B COOTBETCTBHME BEKTOD X, HA3BI-
BaeMblil ux npoussenenueM. IIpu aTom

Mlz=2, 6)(a+pPz=az+pfz, T7)(pf)z=a(bz),

8)a(z +y) =az + ay.

[TepeuncieHHble BOCEMB CBOMCTB HA3BIBAIOT GKCUOMAMU AuHeliH020 npocmparncmea. Iloguepkuem emme pas, 4To
TIPU TIOCTPOEHUY TEOPUU HE CYIIECTBEHHO, YTO MPEACTABJSIOT COOOM 9JIEMEHTHI JIMHEHHOrO TPOCTPAHCTBA, — BEKTOPHI
(yins 661 ux MOxkHO 6bLTO "cKiIaabBaTh", "yMHOXKATH Ha YuCa", U BHINOMHIMCH akcuombl). Torma GyayT cropa-
BEIJIUBBI BCE BBIBOIBI TOCTPOEHHON Teopuu. OuH npuMep JIMHERHOrO mpocTpancTsa, oraudaoro or C* u R™, Gyxer
paccMoTpeH B 11.5.4.

3. JlumeitHoe mpOCTPAHCTBO R MMeeT OYEBHIHYIO T€OMETPHYECKYI0 MHTEPIIPETAIMIO: KAXKIOMY €TrO BEKTODPY
T = 71, T2, 7] MOXKHO COTOCTABUTH HATPABIEHHEIH OTPE30K, HAYATIO KOTOPOTO COBMEIIEHO ¢ HAYAIOM KOODIWHAT, a
KOHEI] PACTIOJIOKEH B TOUKE ¢ KOOPJIUHATAMU L1, T2, T3 (puc.5.1.). Mol 6ygem 0603Ha4aTh HAPABJIEHHBINA OTPE30K TOM
e OyKBOI, 94TO U COOTBETCTBYIONIUI €My BEKTOD, HO CO CTPENKOi cBepxy. Herpyano ybeauTnest, 9To

a:—-l—g)/:7+7; at=a-7.



27

T2

T1

Puc.5.1 x = [z1,22,73]7

5.2. JIuHeiliHast 3aBUCIMOCTh BEKTOPOB

ycrs 3anans Bektopst u3 C* a, ..., a®. CocraBum ypasuenue

ala(l) + ...+ aka(k) =46,,

B KOTOPOM UCKOMBIMU ABJIAKTCA YUCTA A1,y - .-, -

BTo ypaBHenne Moxer GbITh mepermcano B Buie Aa = 6,, tne A = [aM),... a®] - zamanman (n x k)-
Marpuna, ¢ = [ag,.. ., ak]T — MCKOMBI BEKTOP-CTOJIOEI, T.€. OHO IPECTABIsIeT cODO0M 00HOPOOHYI0 CUCTEMY JIMHERHBIX
YpaBHEHWUIA.

OueBnIHO, YTO TIPH JIIOGBIX 3aJAHHBIX BEKTOPAX T4 CHCTEMA, UMEET HY.AE60€ PEIeHne
a1 =0,...,a, =0 (a=06).
MoeT 0Ka3aThCs, 9TO HYJIEBOE Delenue eduncmeento. Tak, HATPUMED, €CIH
a™ =11,0,01", a® =0,1,0]",
TO ypaBHEHUE
a1a + aa® = [, a2,0]" =[0,0,0]7 = 65

HMEET MOAbKO Hyaegoe perneHne o = a2 = 0. B T0 ke BpeMst U3BECTHO, YTO OZHOPOAHAS CHCTEM3, JINHEHHBIX yPAaB-
HEHUil MOXKET UMETh PELICHWs], OTJIMIHBIE OT HYJIEBOTO (HAIPUMED, €CJIM YUCJIO yPABHEHWI MEHBINE, €M 9IUCIIO Mepe-
MEHHBIX).

Omnpenenenne. Eciu ypaBaenne
ara® + ..+ apa® =4 (5.2.1)

HMEET moabko Hysesoe pemenue, To MHoxkecTBo Bektopos all), . .., a'®) naspBaercs aunetino nesasucumoim. Ecmm xe
9TO yPABHEHUE UMEET HEeHYAEEble PEIIIEHUs], TO YIOMSHYTOEe MHOXKECTBO BEKTOPOB HA3BIBACTCS AUHEUHO 306UCUMbBIM.

,HOK&)KGM Tenepb HECKOJJIBKO yTBep)K,ILeHHfI, CBSA3aHHBIX C MOHSITHEM JIMHENHON 3aBUCUMOCTH MHOXKECTBA BEKTO-
poB.

1. MHO)KeCTBO, cocTodmee u3 OJHOIr0 HEHYAEB020 BEKTOPA JIMHENHO HE3aBUCHUMO.

HokazarenscrBo. a # 0 Aaa =60 = a = 0.

2. MHOXeCTBO, coAepIKaliee Hy4e60l BEKTOD JIMHEHHO 3aBUCUMO.

JokazarenbcTBO. Y paBHEHHE ala(l) +...+ aka(k) + afl = 6§ umeeT OUEBUIHOE HEHYJIEBOE PEIEHUE O = ... =
a, =0, a=1.

Beenem HOBOE moHsiTHIE

Onpenenenne. Bekrop a = ajaP) + ... + aya'® nassaercs muneiinoi komGunanueii sekropos all), ..., alk),
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3. Ecsiv MHO>KECTBO BEKTOPOB JIMHEHHO 3aBUCUMO, TO XOTsi Obl OJMH U3 HUX €CTh JIMHEHHAS
KOMOMHAIWST OCTAIbHBIX.

Hoxkazarensctro. ITycts a(l), e alk) - HeHyJIeBOe pelnenue ypasaenus (5.2.1), CymecTByoIee B CUITy JUHEH-

HOI 3aBUCHMOCTH MHOYKECTBA BEKTOPOB. I1yCTh il ONMpEesIeHHOCTH yy, 7 0. Ilepenocs B (5.2.1) cinaraemoe ama(m)
B MPABYIO YaCTh U Aejist 00€ 9aCTU HA —Qypy,, TOIYIUM

o™ <_&> a4 (_%) a(m=1) 4 (_M> A 4 <_%> o)
Qm (6777 Qm Om

4. Eciiu xoTst 661 OIMH U3 BEKTOPOB MHOXKECTBA €CTb JIMHEHHAsT KOMOUHALMST OCTAJIbHBIX, TO
MHO2KECTBO JINTHEWHO 3aBUCHMO.

Hoxazarenbcrso. Ilycrs, Hanpumep
a™ =a;a® + ... +a,, 1a™V + am+1a(m+1) + ...+ aga®.
Iepenocst Bee c1araeMble B MTPABYIO YaCTb, MOJIYyYUM
o1a® + .+ 10+ (=1D)a" + apyral™ + 4 apa®.
Mgt mocrpounu nenyaesoe (quy, = —1) pemenne ypasrenus (5.2.1) !

3ameuanue. JlokazaHHbIe BbIle yTBepKaeHus 3 U 4 9acto GOPMyIUPYIOT TaK:

5. JIuneiinasi 3aBUCUMOCTb MHOXKECTBA BEKTOPOB PABHOCHJIbHA BO3MOXKHOCTH IIPEICTABIICHUST
OJIHOI'O U3 HUX B BHJE JIMHEHMHONM KOMOMHAIUUA OCTAJ/IbHBIX.

6. MHO>XeCTBO BEKTOPOB, COJEpIKalllee JIMHEHHO 3aBUCUMYIO YaCTh, TMHEWHO 3aBUCUMO.

JokazarenscTro. Ilycrs MHOMKeCTBO comepskut k BekTopos u ero dacts all), ... al™ (m < k) imneiino 3asu-

cuma, T.e. ypasaerne BialV) + ... + f,,a(™ = § umeer menynesoe pemenue (cpeau wucesn fi, ..., By €CTh OTIHYHBIE
or myns). Torma u ypasHeHwe

a=aaV + ... +ana™ +apa™Y 44 apa®
MMeeT OYEBUIHOE HEHYJIEBOE PelIeHHe

ar =P, ,0m =PBm; Amip1=...=ap =0.

7. Besikast HenyCTrad 9aCTb JIMHEHO HE3aBUCUMOI'0 MHOXKECTBQ, JIMHEMHO HE33aBUCUMA.

HoxkazarenbctBo. OT IPOTUBHOTO.

OueBngHBIE CICICTBUS.

8. Ecin pa wenysnesbix sekropa B R2 (R?) nmueiiHO 3aBUCHMBI, TO COOTBETCTBYIOIINE UM
HAINPABJIEHHBIE OTPE3KK KOJLIMHEAPHBI (JI€KAT HA OJHON NPSMOIL).

9. Ecitn Tpu HEHYJIEBBIX BEeKTOpa B R® JIMHEHHO 3aBUCHMBI, TO COOTBETCTBYIOIIUE UM
HAIPABJIEHHBIE OTPE3KK KOMILIAHAPHBI (JIE2KAT B OJHOM MJIOCKOCTH).
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5.3. PasmepHocTs JimHeliHOro mpocrpaHcTBa U ero 6asuc.

Omnpenenenne. Eciun B smaeiiHOM npocrpancTBe P cywecmeyem JuHERHO HE3aBUCHMAsT 9aCThb U3 7L BEKTOPOB,
a 6caKas 4acTb, comeprKkaiasi Oosiee, 4eM 1 BEKTOPOB, JIMHEHHO 3aBHCUMA, TO IOBOPST, YTO MPOCTPAHCTBO MMEET
Pa3MEepHOCTHb N U MUIILYT:

dim(P) =n (or aurmauiickoro dimension — pa3MepHOCTb ).

Ipumep. Jokaxem, aro dim(C") = n.

JleiicTBUTETHHO, MHOXECTBO, COCTOSIIEE U3 7 BEKTOPOR
e® =11,0,...,0]",e? =10,1,...,0]7,...,e™ =0,0,...,1]T

JIMHENHO HE3aBUCHUMO, TAK KAK YPaBHEHHUE (/1 el 4 a26(2) +...+ ane(") =6 win

1 0 ... 0 oy 0
0 1 ... 0) ez _ , wuim, HakoHew, I,a =0
00 ... 1 an 0

MMeeT eIMHCTBEHHOE DeleHne o = ... = ay, = 0.

B o ke Bpems mobas gacts C*, comeprkaimas 60bIne, 94eM 1 BEKTOPOB, JIMHEHHO 3aBIUCUMA, TAK KAK [P M > N
ypasuenne ajat) + ...+ a,a(™ = 6, uMeer HeHyeBoe peleHHE KaK OJHOPOIHAS CHCTEMA, B KOTOPOH KOIMYECTBO
MEPEMEHHBIX (171) MPEBbIIAET KOJUYECTBO YPaBHeHui ().

W3 namero paccyxpaenus cuenyer, yto u dim(R") = n.

Ecnu ve orpannyuBarbest junaeiinbivu npocrparncrBaMu C* u R, 10 HeJIb3s MCKIIIOUUTH CIIyYail, KOraa CyIie-
CTBIOT JIMHEHHO HE3aBUCHMbIE YACTH JUHEHHOTO MPOCTPAHCTBA, COAEpIKAIIMe KAK YIOAHO MHOTO BEKTOPOB. JTO JAET
OCHOBaHME BBECTHU

Omnpenenenve. Ecau mist mo6oro n € N B JIMHEHHOM IPOCTPAHCTBE CYIIECTBYET JIMHEHHO HE3ABUCUMAsT YACTh,
COCTOSIIIAS U3 1 BEKTOPOB, TO JIMHENHOE MPOCTPAHCTBO HABBIBAETCS OECKOHEYHOMEDHHIM.

ns xoneunomepHsizr TMHERHBIX TPOCTPAHCTB BBEJIEM MOHsITHE Oa3uca

Onpenenenne. bBa3ucom n-MepHOrO JIMHERHOrO MPOCTPAHCTBA HA3BIBAETCS JIIOOON YIOPSIIOYEHHBIN JIMHEHHO
HE3aBUCHUMBII HAOOP M3 N BEKTOPOB 3TOrO MPOCTPAHCTBA.

pumep. Bexropst e(V) ... e(™) | Brenennsie Beime, 06pasyior Gasuc 8 C" u B R”. Ero HazsBaior cmandapmmoim
6a3ucom.

Ponn 6a3uca onpenesnsier

Teopema. Bcesikumit BeKTOp KOHEYHOMEPHOTO TMPOCTPAHCTBA MOYKET OBITH MPEJCTABJIEH B BUIE JMHEHHONH KOMOU-
HaIUy BEKTOPOB 6a3uca, U Takoe NPeJCTABJICHNE €UHCTBEHHO.

Jokazarensctso. Hycrs a(V) ... a(™ - Gasuc, n b — nponssosbHbIit BekTop. I10 OMpeIeIeH 0 pa3MepHOCTH TIPO-
crpancrsa muoxkectso b,all) ... al™) conepsxamee Gosee, wem n BeKTOPOB, UHEHHO 3aBuCHMO. [I03TOMY ypaBHeHue

ab+aa® + ...+ a,a™ =6,
uMeeT HeHyJieBoe pemenue. B wactHocTH, o # 0, n60 mHAYE nMeso Obl HEHYJIEBOE PEIeHne yPaBHEeHUEe
araM + ... +aua™ = 0,

u 6a3uc okazaJscs Obl JTMHENHO 3aBUCUMBbIM MHOXKecTBOM! A eciu a # 0, ToO
a1 Qn
b= (=20Ya g (=20 ),
Q e

¥ 803MONCHOCTb TIPEJICTABIIEHNST TTPOU3BOILHOTO BEKTOPA B BUJIE JIMHEHHON KOMOWHAINY Oa3MCHBIX BEKTOPOB J0Ka3a-
Ha. JIoKaxKeM Ternepb eduHCcmMEeHHOCMb TAKOTO MpecTaBiaeHns. [lycTh UMEIOTCs 1BA IPEICTAB/IEHNS] BEKTOPA B BUIE
JIMHEHHOM KOMOUHAIMY 0a3UCHBIX BEKTOPOB:

b=p1a™ + ...+ B,a™; b= 'yla(l) + ...+ wna(").
Bbranras 3T paBeHCTBA MOWJIEHHO, IOy 9aeM

0=(81—m)aM + ...+ (Bn —yn)a™.
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Orciona, BClaencTBHe JUHEHHOM He3aBUCHMOCTH Oasuca, Bce KO3 GdUIMEHTHI NpU €ro BeKTOpax — HYJH, T.e.
ﬂl :’717"'7ﬂn = Tn-

Omnpenenenne. IIpencraBienne BeKTOpA B BUIE JIMHEHHON KOMOMHAIMN BEKTOPOB 6a3MCa HA3BIBAIOT PA3A0JHCE-
HUEM 6eKmMopa no basucy, a KO3(MOUIUEHTHL 3TOr0 PA3JIOXKEHUs — KOOPIUHATAMU STOIO BEKTOPA B 3TOM Oasuce.

Samveuanus. 1. OrmeTuM CymecTBEHHOCTh (DUKCAIMU TIOPSIIKA BEKTOPOB B 6asuce (ynopsimoueHHOCTH 6A3KCA).
W3meHuB MOpsiIOK BEKTOPOB B Ha3uce, MOJIyYnM, KOHEYHO, ONSTh 6a3uc, HO APyroii!
2. OGpaTuTe BHEUMaHME Ha TO, 9TO pasjokeHne Bektopa b no Gasucy all) ... a™. re. pemenne ypapuenus

oara™ + .. +ana™ =0 (5.3.1)
ceogurcst B C" u B R" K perneHuo MaTpuYHOro ypaBHEHUs!

Aa =1b, (5.3.2)

rze, kak Beerma, A =[a),.. . a™], a=|ay,...,a,]T
Taxkum o6pazom, (5.3.1) u (5.3.2) npeacTaBasOT coOOM MONPOCTY JBE PA3JIUUHbIE (DOPMBI 3AITUCA OJHOIO U TOrO
’Ke ypaBHeHUs1 — "BekTopHyi0"u "mMarpuunyo".

Caencrsus. 1. Eciu cronbusl kBagpaTHOl MaTpUlbl JIUHERHO He3aBucuMbL (T.e. cocrasysaior 6asuc C* ( R™)),
TO CHCTEMAa JIMHEHHBIX ypaBHeHm (5.3.2) uMeeT eMHCTBEHHOE PEIIeHre P JIFO0M CTONONE CBOGOTHBIX WIEHOB.

2. TIOCKOJIbKY €JIMHCTBEHHOCTh PEIIEHUSI JIMHEHHON CUCTEMBI C KBAIPATHOW MATPUUEH PABHOCUJIbHA (KAK yKe
U3BECTHO) HEBBIPOXKIEHHOCTU ITON MATPUIbI, TO JIMHEHHAS HE3ABUCUMOCTH CTOJIOILOB KBAJAPATHON MATPUILI TAKKE
PABHOCHJIBHA €€ HEBBIPOMKAeHHOCTH. VITaK, eciim — KBaAPATHASI MATPUILA [TOPSIIKA , TO PABHOCUJIBHBI CJIEAYIOMUe TPU
YTBEPKIEHUA:

det(A) # 0;

cronbupt Marpupl A obpasyor 6azuc C* ( R™);

cuCTeMa, JIMHEeWHbIX ypaBHeHuit Ax = b npu ji000M cTosibIe b mMeeT eIUHCTBEHHOE PEeIeHuE.

5.4. IIpocTpaHCTBO MOJIMHOMOB IIOPSIKA N

Kak ussecrno, nosimHomom crenenu k > 0 nassiBaercst dbyukiust, neiicrsyomas ud C 8 C o npasuity

p(2) =p1+p2z + ...+ pry12”, (5.4.1)

THO€ P1, - -, Pk+1 — 33JAHHBIE KOMILUIEKCHBIE YUCIIA, HA3BIBAEMBIE K0IPPUUUEHMAMY NOAUHOMA, TIPUIEM Dir1 7 0.

Bameuanue. Ecim k03bdunuenTs NOMMHOMA — BEIECTBEHAbBIE 9uCaa, TO (5.4.1) onpenensier Takxke dbyHKIUIO,
gedicrByromnyio u3 R B R.

Omnpegenenne. Hazosem JivHEHHBIM TPOCTPAHCTBOM MOJIMHOMOB NOPAJKA N MHOXKECTBO, COAEPIKAIIEE BCE MTOJIN-
HOMBI, CMeNnensb KOTOPBIX CMPo20 Meubwe N, N PYHKIMIO, TOXKIECTBEHHO PABHYIO Hys0. MlHadye roBopsi, OJIMHOMOM
nopsiika n 6yaem HaszbBaTh GYHKIWIO p(2) = p1 + P22 + ... + pp2™ L, e p1, ..., Ppp — TPOUBBOMbHBIN HAGODP KOM-
IUIEKCHBIX 9UCE (B TOM YHCJIE OH MOXKET COCTOSATH U3 OJHUX HYJIEH).

JIuneitHoe TPOCTPAHCTBO MOJMHOMOB TOpsiaKa 1 6ynem o6o3Hadars P,. Oyukimo #(z) = 0 6ygem Ha3bIBATH
HYAL-NoAUHOMOM. CTEIeHb HyJIb-IIONINHOMA, He OIpe/eseHal

B TPOCTPAHCTBE Pn €CTECTBEHHBIM o6pa30M onpenesieHbl CyMMa TOJIMHOMOB W NPOU3BEACHUE TIOJIMHOMAa Ha
YUCJI0:

P+)@) =@ +a)+ @+ @)z+ .+ Pn+¢)2" 5
(ap)(z) = (ap1) + (ap2)z + ... + (apn)2™ .

3amedganne. O6paTuTe BHUMaHIE HA TO, ITO CMeneHsb MOIMHOMA BOBCE He 00513aHa, COXPAHSATHCS TIPU CJIOXKEHUN 1
YMHOKeHUH Ha, 9ucio. Hanpumep, CKiIanpBas a8a HOMMHOMA, CTENEHN 2, MOXKHO HOJIy9UTh MOJMHOM HYJIEBOI CTEIIEHN
(1 + 22) + (—2?) = 1. YMHO)Kast NOMUHOM J1I060# CTeTeHu Ha HyJb (KOTOPBIH eCTh 9ucIo!), MoTydaeM HyJib-TIOTHMHOM,
CTeNeHb KOTOPOrO He ONPEe/IeHA.

IIpensiaraem ynrtarento yoeauTbCsi CAMOCTOSTEIBHO, YTO MHOXKECTBO [P, C BBEIEHHBIMU B HEM OIEPAIUSIMU CJIO-
JKeHUsI U YMHOXKEHUsI Ha YUCI0, "aBaHCOM'"Ha3BAHHOE HAMU AUHETHbIM NPOCMPAHCMNEOM, TEHCTBUTEIBHO SIBJISIETCS
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TAKOBBIM (T.€. yJOBJIETBOPSIET aKCMOMAaM, NpUBEAEHHbIM B 11.5.1). Poib HyseBOro sjieMenTta UTpaeT Npu 3TOM HYJlb-
IIOJIMHOM, & POJIb IIPOTUBOIOJIOXKHOTO NMOJINHOMY P JIEMEHTa — IOJIUHOM

(=p)(2) = (=p1) + (=p2)z + ... + (—=pn)2" .

Teopema. dim(P,) = n.

JoxazaTenncTBo. PaccMOTPUM MHOYKECTBO, COCTOSIIEE U3 7 IOJNHOMOB MOPSITKA, T
1 — 2 _ n _ (n—-1
W)y =1, ePR)=2 ,...,e™(z) =201,

CocraBuMm ypaBHeHUe
areM(2) ...+ ane™(2) =6(2) =0 (5.4.2).

3adukcupyem n nonapHo PASAUNHLLL YUCET 21, . ..,2, U, nonaras B (5.4.2) z = 2z, k = 1,...,n, noxy4dum
CUCTEeMY JIMHEUHBIX yDaBHEHUMN
-1
otz + ... FapzyT =0

ap +aozp+ ...+ 2P =0

uiu, B MaTpudHoii 3amucu, V (21, ...,2,)a = 6, rae V — marpuna Bangepmonza.

BcesieicrBre mOMapHOTO Pa3iUyUsl YUCEN 21,...,2, det(V) # 0. Ilostomy ypasHenue (5.4.2) mMeeT TOIBKO
HYJIEBOE PEIlleHUE, W, 3HAYUT PACCMATPUBAECMBIN HAOOP TOJIMHOMOB JIMHEHHO HE3aBUCUM.

C 1pyroit CTOPOHBI, €CJIM MHOXKECTBO

1

{p(l)(z) =pi+poaz+ o+ pm2™ L p P (2) = pig + Pz + . +pnkz”‘1}

cozepzxkut 6osiee, ueM n nonuHOMOB (kK > n), TO, IpUpaBHUBaAs KOIDMOUIMEHTHI IPU OAMHAKOBBIX CTEIIEHSIX [IEPEMEHHON
Z B JICBOI W IIPABOil 9aCTAX yPABHEHUSA

alp(l)(z) + ...+ akp(k) (z) = 6(2),

NOSTyIuM 00HOPOOHYM CHCTEMY W3 N ypaBHeHmil ¢ k mepemenubiMu (kK > 1), KOTOPAs MMEET HEHYJIEBBIE DEIICHWSI.
Ciie1oBaTEIBHO, BCSIKOE MHOXKECTBO, cojiepKaiiee 6ojiee, 4eM 1 mOauHOMOB u3 P™, JIMHENRHO 3aBUCKMO.

Mbl f0Ka3aiu yTBEPXKIEHWE TEOPEMbI M IOKA3aJId, YTO YIOPSIOYEHHBIH HAOOP IMTOJMHOMOB {e(l)(z)
1L e?(2) =2,...,eM(2) = z("_l)} obpasyer 6azuc P,,. DToT 6a3uc Ha3bIBAIOT CTAHIAPTHDIM.

3amveuanus. 1. PaznoxkeHne moauHOMa, MO CTAHAAPTHOMY 0A3MCy OYEBUIHO COBIIAIAET C €r0 3AIMUCHIO MO BO3-
PACTaOIIUM CTENEeHAM NEePEMEHHOM.

2. N3-3a cnenudukn KOHKPETHBIX 33,139 MOTYT OKa3aThCsi 00jiee yA0OHBIMY PABJIOKEHUS TOJIMHOMA, [T0 IPYTUM
6azucam P,,. C npumepaMy Takux 33439 Mbl IO3HAKOMUMCH B ILIL 5.5 u 11.3.

5.5. IHTepHIONAIMOHHEINA TTOJINHOM

Teopema. CymiecTByeT NOJIMHOM MOPSIIKA, 70, KOTOPBIA B 33JAHHBIX 1 TOYKAX IPUHIMAET 33JaHHbIE 3HAYEHS, U
TAKOI MOJIMHOM OJIMH.
HoxazarenscTBo. IlycTs 331aHBI 11 YIOPAJOYEHHBIX TIAD UUCET

(zla y1)7 LR (zna yn)
HOCTpOI/IM N IIOJIMHOMOB IIOPAOKA 712

10 (z) = (z—2) (z—23) ... (2 — 2)

21—22) (21—23) ...-(zl—zn)’

Ny (=2) (z=23)-...-(2=2) |
12)(z) = =) (22_233) = 2) (5.5.1)

n_(z—zl)(z—zg)(z—zn_l)

) = G o) )

Ormerum, 9TO

1) (z4) = 6k, kym=1,...,n. (5.5.3)
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CocraBuM ypaBHEHHUE
alDE) +... 4+ a,l™(z)=0(z)=0 (5.5.2)

U MOJIOZKUM B HEM IOOYEPESTHO 2 = 21,...,8 = Zn-.

Ucnons3ys (5.5.3) maxomum, uro ypaBHenue (5.5.2) uMeer moavko Hyaegoe perieHue, T.e. HOJUHOMBI (5.5.1)
JINHEHHO He3aBUCUMBI U 00paldyioT 6a3uc Pp,.

HOCTpOI/IM TeHepb IIOJIMHOM L HOpH,[LKa n, HpI/IHI/IMaIOH_[I/II.;I B 33/]aHHBIX TOYKAaX 3aJadHHbIC 3HAYECHUA

L(zy) =yr, k=1,...,n. (5.5.4)

Nckarb ero GyzeM B BuJie PA3JIOKeHHs 10 TOCTpoeHHOMY 6asucy (5.5.1)
n
Lz) =) aml™(2).
m=1
Bemmcesas ycnosus (5.5.4), monyduM cucteMy ypaBHEHU yisi onpeaeneHust Ko3(b(OUIMEHTOB PA3I0KeH s
n
L) = Y anl™ (@) =ye k=1,....n.
m=1
IMoxcrasus crona (5.5.3), nomyanm

Z aml™ (z1,) = Z UmOmk =Qr =Yg, k=1,...,n.
m=1

m=1

MbI HE TOJIBKO JA0Ka3aJiu TeOpeMy, HO M IIOJIyYNJ/IM ABHOE BbIPDazK€HHE€ [yId € JUHCTBEHHOI'O IIOJIMHOMA IIOPAIKA
N, IPAHUMAKINErO B N 3aJaHHbIX TOYKAaX 33/aHHbIC 3HAYCHUA

L(z) =Y yml™(2). (5.5.5)

Ero Ha3bIBAIOT UMMEPNOAAUUOHHIM NOAUHOMOM 6 dopme Jlazparoica'.

3ameuanne. CyIecTBeHHO, YTO B TeOpeMe (PUKCUPYETCST NOPAJoK MHTEPIIOJISITUOHHOrO MOJIMHOMA,, 8 HE €ro cme-
nensv. Bass, nanpumep, yp, = 1; k=1,...,n, nonyuanm npu arebom n L(z) = 1 — momuHOM HYA€60T CTENEHN.
IMpuwmep. [TocTpouM MOJIMHOM TPETHErO MOPSIIKA, COOTBETCTBYIOMIUIN TaOIHUIIE
1123
415|6

y
(z—=1)(z—=3)
2-1

+5-

13Kozed JIyn JIATPAHK (1736-1813) — dbpanmy3cKuii MATEMATHK M MEXaHUK, npe3ugeHT Bepmmuckoi AH, wien mMHOrmx axamemmit
MHpAa, OOUH U3 Pa3pabOTIYNKOB METPUYECKON CHCTEMBI Mep.



