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Inasa 4. TPEYIOJIBHOE PA3JIOYKEHUE KBAJTPATHON MATPUIILI

4.1. LU-pasnoxxeHue

ITpu permennyu pa3IudHbIX 33039 MATPUYIHON aare6phl OKa3bIBACTCs MOJIE3HBIM IPEICTABATD 3aJAHHYI0 MATPHUILY
B BUJIE TPOM3BE/ICHUST HECKOJIBKIX MATPHUI CIEMUATIBHON CTPyKTyphl. Onua u3 cniocobos gaxmopusayuy (Pas3aoxkeHust
HA, MHOXKUTEJIM) MATPHUIBI MBI CE9AC PACCMOTPUM.

Nrax, mycTh 3aaHa KBaJpaTHAsS MaTpULa A.

1-# war. Haiinem Beaymmit (HanGosbmmii o moxysio) snement A. [lepecraBisist (€cinm Hy2KHO) CTPOKH U CTONG-
Lbl, [IOMECTUM BeLylIuii j1eMeHT B 1-10 crpoky u B 1-if crosben. danee oOHyuM n00duazonasvHvle d1€MEHTBL 1-T0

cronbua, npubasuss K m-i cTpoke (m = 2,...,7n NEPBYI0 CTPOKY, YMHOXKEHHYIO Ha (—%).

Homyuennyo marpuiy o6osmaumm A

2-it mar. Haiizem Bemymuii 371IeMEHT B IOAMATPUIIE, TIOJTY 9aI0IIEHCs 13 AWM BBIYEPKUBaHWEM 1-ro crosbna u 1-i
crpoku. Ilepecrarisst (eC.]'II/I Hy)KHO) CTPOKM U CTOJIOLBI, IOMECTHM BEAYLIWH 3JIEMEHT BO 2-10 CTPOKY U BO 2-if crosiberr.

Hanee 06HYyIMM MOAAMATOHAIBHBIE SIEMEHTHI 2-T0 CTOI0NA, npubasisis K m-i cTpoke (m = 3,...,n BTOPYIO CTPOKY,

am?2
MHO2>KEHH H —_ .
YMHOXKEHHYIO Ha, ( e )

Homyuennyo Marpuiy o6osmaumm A(?).

k-it mar. Haiinem Bemymuii smeMenT B moaMaTpune, norygaiomeiics u3 A1) ppraepkusanmem (k—1)-ro cron6-
ua u (k — 1)-it crpoku. Ilepecranisist (eciiu Hy>KHO) CTPOKM U CTOJIOLBI, HOMECTUM BEAYIIUii 3JIEMEHT B k-10 CTPOKY U B
k-1 cronbeun. Jasee 00HY MM MOAAMArOHAJIBHBIE 3JIEMEHThI k-10 ¢Tos01Ia, npubasiisis K m-i crpoke (m =k+1,...,n

BTOPYIO CTPOKY, YMHOXKEHHYIO Ha (—%ﬁ?}f).

Eciiz Ha KAKOM-TO 11are BeIyIIuii 3JIEMEHT OKAXKETCsI HyJIieM, paboTa airoputMa, 3akananBaercs. Takum o6pa3om,
nocsie He 6osee, yem (n— 1) waros mpl npeobpasyeM MATPUILy A B BEDXHIOI TPEYIOJIbHYIO MATPUILY, KOTOPYIO IIPUHSITO
obo3nauars U (or anrmmiickoro "Upper").

B paccMOTPEHHOM BBINIE aJIFOPUTME UCIONB30BAJIOCH JABA SJEMEHTAPHBIX TPEOOPA30BAHUS MATPUIILI - TIPUOAB-
JIGHWE K ee CTPOKE APYTO# CTPOKHW, YMHOXKEHHOH Ha 9HCJIO, W MEPECTAHOBKA, CTPOK (cTosbmnos). Tlokaxkem, 9To TH
3JIeMEHTapHbIE TPe00Pa30BAHUS MATPHUILI PABHOCUIbHBI YMHOKEHHIO €€ Ha MATPHUIBI CIENUAJBLHOIO BAIA.

1) O6ozuauum Ejm(a) (k # m) kBaapaTHy MATPUILY, HOITYy9aeMy0 U3 eAMHAIHON 3aMeHOM Hyns B k-if CTpOKe
u m-M croJbue uuciaom a 7 0.

ITpumep. Marpuna 4-ro nopsigka

1000
0100
Ea=2)=| 5 01 0
000 1

Samveuanue. Eciu k > m, 10 Ey,, () — nusichas TpeyromabHas, eciu k < m — 6ePTHAA.
TPYIH ATHCSI, YTO YMHOXKHAB MATPHIL, Ha Fpp (o) caesa, mpl ipubaBuM K -1 CTPOKe M-10 CTPOK,
Herpyano y6e Csl, YTO yMHO! a y Aua E ) 6a, ee k-ii cTpOKe m-10 CTPOKY,
YMHOKEHHYIO HA Q..

ITpumep.
1 0 0 0 a ... Q4
o 01 0 0 asz; ... 24| _
E31 (_2) 4= -2 0 1 0 asy ... as4 -
0 0 0 1 asl . aq4
aii . a4
_ az1 . Q924
asy — 2&11 e as4 — 2(114
aq1 . a44

3amerum, uro ymHOXKUB MaTpuily A cieBa Ha Fg,(a), a 3aTeM yMHOXKUB MOJIy9€HHOE TPOU3BEIEHUE CJIEBA HA
Eym(—a) (upubasus K k-ii CTPOKe MaTPUUBL €€ K0 CTPOKY, YMHOXKEHHYIO HA (¢, & 3aTeM IPUOABUB K IOy YIUBIIEHCS
k-i1 cTpoKe Ty Ke M-10, YMHOXKEHHYIO HA —(), MbI IIQJIy9UM MCXOAHYIO MATPHUILY , T.€.

Eim(@) - Bgm(—a) - A = A = Epm(q) - Egm(—a) = I. (4.1.1)
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Ecnm 661 MOXXKHO OBLTIO TPOBECTH ONMMUCAHHBIH BBIMIE MTPOIECC MPeobpa30BAHUS MATPHUIILI B BEPXHIOK TPEYTONbHYTO
6e3 BHIOOpPA BEILYIIUX 3JEMEHTOB (T.e. 6e3 MepecTaHOBOK CTPOK U CTOJIOLOB), TO € YYETOM YCTAHOBJIEHHBIX CBOWCTB
marpull, Eg, (o) MOXHO ObLIO GbI HATUCATH

En,n_l(aN) et Egl(al) A= U. (412)

nn-—1 .
Q — KOJIMYECTBO COMHOXKUTEJIEl cyieBa or A (Kosmde-

3aece U - BepxHsist TpeyrojbHas Marpuna, a N =
CTBO OOHYJISIEMBIX HO/MATOHAIBHBIX JIEMEHTOB MATPHIBL 1-T0 MOPSIAKA).
Yuuoxus (4.1.2) cneBa Ha Eoy (—aq) - ... Ep po1(—an),
nOJLy9uM

Ex(—ai1) ... - Epp_1(—an) - Eppn-1(an) ... - Exn(ar) - A=
=En(-a1): ...  Enpn1(—an)-U. (4.1.3)
B cuity (411) E21 (—O[l) L. En,nfl(_aN) . En,n,l(aN) L— E21(Oé1) =1.
CreBa ot marpuiibl U CcTOUT NpOM3BEI€HIE HUKHIX TPEYTOJIbHBIX MATPHI] C € AMHUYHBIMY JUATOHAJISIMHE, TIPE/I-

crapsiiomee coboii (Kak HeTPYAHO MOKA3aTh) TaKKe HIDKHIOI TPEYTONBHYI0 MATPUIYY € €IUHWYHON JUATOHANBIO.
O603nauus ee L (or anrnumiickoro "Lower"), nepenuuiem (4.1.3) B Buge

A=LU.

OHAKO B peajibHOM aJICOPUTME TIPUCYTCTBYIOT €Ile MEPECTAHOBKY CTPOK W CTOJIOIOB MaTpullbl. BBeaem mam-
PUYY INEMEHMAPHOLT NePCMaH060%K [, , TONYUAIOMIYIOCT U3 €IUHUYHON MEePEeMEeIeHUeM eIUHUIbI, CTOsIIel B k-ii
CTPOKE B M- CTOJIOEIN, 8 eIUHUIIBI, CTOSINEN B M- CTpOKe, — B k-it crosberr.

IIpumep.
0 010 a b ¢ d
01 0 0 * ok kX
1—113'14_1000 p q r s|
0 0 01 I T
p q r S
I
“la b ¢ d
* ok x X
a * p x 0 010
b ox g x 01 0 0] _
A'Hm_c*r*'lOOO_
d * s * 0 0 01
p *x a x
_lg x* b x
“lr x ¢ x
s x d *

3nech 3Be3109KaMyu OO03HAYEHbI 3JIEMEHThI MATPHUL], HE MEHSIONME CBOErO IIOJI0XKEHMSI.

Bunno, uro ymuoxast marpuny A wva I, caesa, Mbl nepecraBisieM B A k-10 U m-10 CMpoKu, a YMHOXKAs €€ Ha,
Iy, cnpasa, nepecrasnsiem k-it u m-it cmoabybi.

OrMeryM CBOMCTBA MATPUIBI JJIEMEHTAPHBIX IEPECTAHOBOK.

1. B xax10if ee CTPOKE M KAXKIOM CTOJIOIE POBHO OIHA €IWHUIIA; OCTAJbHBIE JIEMEHTHI — HYJIN.

2. Uy - Mgy = I (aBaKIBI TOMEHSIB MECTAMU ONHY W Ty ¥Ke Tapy CTOJOIOB WM CTPOK, MOJIY9IaeM UCXOIHYIO
MATPWUILY).

3. det (Iyy,,) = —1 (mepecTaHOBKa ABYX CTPOK WJIU ABYX CTOJIOLIOB MATPUIBI MIPUBOIUT K yMHOXKEHUIO €€ OIpe-
nesarensi Ha (-1)).

IIpousBeneHne HECKOJbKMX MATPUL, JIEMEHTAPHBIX II€PECTAHOBOK €CTb MATPULA, MEHSMOMAs MECTAMH Y2Ke
HECKOJIbKO nap croabnos (crpok). Takas MaTpuua HA3BIBAETCS Mmampuuel nepecmanoeox u obaamaer cBoiictsom 1.
Ee onpenesurens pasen 6o (+1), smmbo (-1). Marpuna, obparHas MaTpUIE NEPECTAHOBOK, TAKXKE €CTh MATPULA,
MEPECTAHOBOK.

Teneps MoxkeT ObITH ChHOPMYIUPOBAHA OOIIAS

Teopema. [Ijisi Kaxk 104 KBAIPATHON MaTpuilbl A CYIMIECTBYIOT TaKue MaTPUIlbl nepecTtaHoBoK I1; u Iy, uTo

I,-A-T,=L-U, (4.1.4)
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rae L — HUKHsIsT TPEYTOIbHAS MATPHUIR C AMHUYHON NUaroHaJbi0, a8 U — BepXHsIsS TPEYTOJIbHAS MATPUIIA.
Dopmyna (4.1.4) nazsBaercs LU-pasaosicenuem Wi mpeyzoivHoim padAodHcenuem MaTPUIbl A.
JloKa3bIBATEILCTBO MBI OIIYCKAEM U3-33 €ro TeXHUIeCcKoi cioxuocTu. Ormernm, uro I1; u Il (a, cienoBarensho,
L u U) onpenesensr He €TMHCTBEHHBIM 00Pa30M. JTO CJIeyeT, HANPUMED, U3 TOrO, 9TO IIPU BBIOOPE BELYIIErO IEMEHTA
MOXKET BCTPETUTHCH HECKOJIbKO PABHBIX 110 MOYJII0 HAMOOJIbIIMX 3JIEMEHTOB U, OT/JAB IPEAIIOYTEHNe OJAHOMY M3 HUX,
MBI TIOJIy9UM OJHO U3 BO3MOXKHBIX LU-pa3/ioxKeHuil MaTPUIIBI.

4.2. Hekoropbie npuMeHeHus LU-pas3iioxkeHnst

1. Boruucnenue onpegenureneii. Vcnonb3ys ¢gopmyiy (4.1.4) u cBoiicTBa OnpemenuTesieil, Mbl MOXKEM HAITUCATD:

det(A) =det (I7' - L-U -y ") = det (II7") - det(L) - det(U) - det (II; ') =

= (:El) “ULL .-t Upp (421)

(ompenenurenn mpeyzoavhoir Marpun L u U paBHBI IPOU3BENEHUSM UX AMATOHAJIBHBIX JIEMEHTOB, & 3HAK
(+) wmu (-) B mpaBoil 4aCTU 3aBUCAT OT KOJIMYECTBA FJEMEHTAPHBIX TIEPECTAHOBOK Ipu BhinoyHenun LU-pasiioxenus
MATPHUIBI).

B 11.3.1 6bwI0 MOKA3aHO, YTO BBHIYUCIEHUE ONPEIEIUTENsI MATPULLL "0 ONpeIeIeHnI0 " HEBO3MOYXKHO, TIOCKOIBKY
TpebyeMoe [Ijisl €ro peasu3aluy KOJIUIeCTBO onepaiuil npesbimnaet n! (n — nopsigok Marpuis). MOXKHO MOKA3aTh, 9TO

3
LU-pazmoxkenue TpedyeT MOpsiaKa % onepanmit. [Ipu n = 30 370 coctasuT okomo 3 - 10* (cpaBHUTE ¢ MOMyUeHHOM

pamee omenkoit 3 - 1022 naa seraucaenus "mo ompenenenmio”).
TeXHOIOTHMIO PACCMOTPHM Ha IIPEMepe TAK HA3BIBAEMOH MaTpuIbl Bammepmonaal

1z 27 ... 2!
7|1 = 22 P
1 oz, 22 ... 20!
0O603nauuM onpenenmress Marpunsl Banmepmonna V(z1, 2a,...,2,). Bbrarem u3 n-ro cronbua mMarpunsr ee
(n — 1)-# cronbern, yMHOXKEHHBIN HA z1; BerareM u3 (n — 1)-ro cronbua marpunst ee (n — 2)-i cTonbemn, yMHOKEHHBI
HA 21;...; BBIYTEM U3 2-TO CTONONA MaTpunel ee 1-if cronber, yMHOXKeHHBIA HA 21. B crny cBoiicrea (4) onpenemwnrens
HE U3MEHUTCSL:
1 0 0 .- 0
1 zo—21 22(22 —21) 23_2(252 —21)

V(z1,22,...,2n) = det

1 zpn—21 2n(zn—21) 22z, — 21)
Paznoxum onpenenuTess o 1-it cTpoke:
29— 21 29(29 — 21) Z;L—2(ZQ —21)

Zn— 21 Zn(Zn — 21) 20 2(2, — 21)
B cuiy cBoiicTBa (3) MOXKHO BBIHECTH 33 3HAK ONMPEIEJUTE/IsT OOIIMe MHOXKUTEIU CTPOK (22 — 21), - - -, (2n — 21)-
1 2 23_2
V(z1,22,.-52n) = (22 —21) .. - (2 —2z1) -det | |.ooooiiiiiiiit. - =V(z2,...,2n).
1 2z, Zn—2

[ToBTOpsist 3Ty OnEpaImMio, MOHMKAIOIIYIO MOPSIA0K MATPHUIBI, B KOHIE KOHIIOB TIOJIY 9MM
V(z1,22,--.,2n) =
=((za—21) - (zn—21)) - (23 —22) ... (20 — 22)) * (2 — 2n—1)) =
= H (Zm — 2k)-

m>k

3aMeTuM, 9TO €CIIU 21,22, - - -, 2n — NONAPHO PA3AUNHDLE TUCIIA, TO ONPEACTUTEh MATPUILI BaHaepMoHIa om-
AUYEH O HYAS.

! Anexcanap Teobun BAHIEPMOH/T (1735-1796) — dbpanmysckuit MaTemaTuk, wien [lapuxckoir AH.
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2. Pemenue cucrem nuHeitnbx ypasaenuii. Eciu monydeno LU-paznoxenune marpunbl A (II; - A -Tly = L - U),
TO perieHne cucteMbl Az = b CBOIUTCS K MOCTIEIOBATELHOMY PEIIEHUIO JBYX CHCTEM C TPEYTOJbLHBIMUA MATPUIIAMHE:

Ly=1I;-b, Ul -z)=y. (4.2.2)

Pemrenne cucTeMbl ¢ TPEyToIbHON MaTpuiieii KoadbuiuenTos TpebyeT BBITONTHeHH TTOPs/Ka N’ onepanuii (1Ipo-
iB n® Ans cucTeMbl ¢ 3amosHeHHOH Marpumueit ko3dbdunuentos). [Ipasaa, 3aTparhl Bpemenu Ha LU-pasnoxkenue
CPABHUMBI C BPEMEHEM PEIeHUs] CUCTEMbI C 3AMOJIHEHHON MATPUIEH U, Ha MEPBbIN B3IJIS, BHITOALI He BUIHO. OqHAKO
B TIPUJIOKEHUSIX BECbMA YACTO MPUXOAUTCS PEIIATh HECKOJIBKO CUCTEM C OJHOM W TOM YKe MaTpuIiei (CM., HarmpuMmep,
ri.14). B srom ciyuae dhakTOpU3aIys MPOU3BOIUTCS OIWH Pa3, 9TO MPU MATPUIAX GOJBIIOrO MOPSIKA JAET BEChMA
3HAYUTE/IbHBIN BBIUTPHIIT BO BDEMEHU.

OrmeruMm eme, 9To uHOrAa BMecTO LU-pa3iox)enus ucnoap3yor Tak HazbiBaemoe LDU-pa3iioxkeHue MaTpUILbL.

Ecou A - HEBBIPOKICHHAA MATPHIIA, TO B dopmyie (4.1.4) U — rakxke HEBBIpOXK IeHHAst MaTpulia. [lojgoxkum D =
diag[ui1, - .., upy] 1 U=D1U. Torna, U- BEPXHsisi TPEYTOIbHAS MATPUIIA, C €AUHUIHON TUATOHAJIBIO, U CIIPABEIJINBO
COOTHOIIIEHUE B

1-A-Il, =LDU,

koTopoe u HasbiBaeTcss LDU-pazsoxenuem MaTpuiibl A.



