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I'nasa 7. CKAJIAPHOE ITPOM3BEJEHNE BEKTOPOB

7.1. OnpenenieHne U CBOMCTBA CKAJISIPDHOTO MPOW3BEIeHUS

Onpegenenne. Ckaaaprvim npouseedernuem BekTopos x € C* (nesbiii comuokurens) u y € C* (upasbiii COMHO-
JKUTEJIh) HA3BIBAETCS YUCIO0, KOTOPOE 0003HAYAETCs (X, y) U HAXOIAUTCS 1O MPABUILY

n
(@,Y) = TGy + - Tl = D T
r=1

CkaJisipHoe TPOU3BEIEHNE BEKTOPOB (OMHOCTOIOIOBLIX MATPUI]) MOMKHO 3aIMCATH U B TEPMUHAX MATPUIHOTO
YMHOKEHUSI:

(z,y) = y*x.

PaccMmoTpuM CBOIMCTBA CKAJIIPHOTO TTPOM3BEIEHUS.

n n
(z,z) = Zmrf,« = z |z|* > 0.
r=1 r=1

CrajsIpHBI KBAJPAT HYJIEBOIO BEKTOPA PABEH, O4YeBUAHO, Hyii0. C Opyroit CTOPOHBI, €Cju CyMMa HEOTPHIA-
TEeJIbHBIX 9MCeJI “KBaIPATOB MOYJIeH KOOPAUHAT BEKTOPA — PaBHA HYJIIO, TO BCE KOOPIWHATHI PABHBI HYJIIO, T.€. BEKTOD
— HYyJIeBOM.

1. CrasapHBI# KBAIPAT JTIO00TO BEKTOPA — BEIECTBEHHOE HEOTPUNIATETHLHOE TUCIIO.
(z,2) =0<= 2z =6.

(y,2) =1ZT1 + .. . YnTn = Y121 + - .. YpTn = T1Yq + - - - TnY,, = (T, Y).

2. ITpu u3MeHeHWN TIOPSAIKA, COMHOKUTENEH CKAJISIPHOE TPOU3BEICHUE BEKTOPOB 3aMEHSIETCST Ha,
CONPSTKEHHOE KOMILIEKCHOE YUCIIO.
(z,2) =0z =6.

Beraucienuem 06enx gacrTeil paBeHCTB [IOKA3BIBAETCSI, 9TO

3. CrassipHOE IIPOU3BENEHNE JIMHEHHO OTHOCUTEIBHO 468020 COMHOXKUTEJISL.
a€C= (ar,y) = alz,y); ((z+y) 2)=(z,2) + (y,2)-

3ameganusi. 1. OTHOCUTENIBHO IIPABOr0 COMHOXKUTEJsI CKAJISIPHOE IPOU3BEICHUE JIMHEHHBIM He siBjisiercs. Jleii-
CTBUTEJILHO

(z,ay) = {(ay,z) = aly, z) = &(z,y).

2. Kax W3BeCTHO W3 IIKOIBHOTO KypCa, CKATApHOEe MPOM3BeeHNe BEKTOPOB B R® paBHO MPOW3BENEHWIO JTHH
COOTBETCTBYIOIIUX UM HalPaBJIEHHBIX OTPE3KOB U KOCUHYCA, YIJIa MEXKAY ITUMU OTPE3KaMH

(2,9) = || T - cos(T. 7).

3. B KOHEYHOMEPHBIX JIMHEAHBIX MPOCTPAHCTBAX, OTAUYHBIX OT C" u R™, MOKHO BBECTH CKAJISIPHOE IPOU3BE-
JIeHUe, CONOCTABUB KAXK 10! yIOPsJOYEHHO nape BeKTOpoB &,y ("upuposa"KOTOphIX HE UIPAET POJIU) YHUCII0, 0003HA-
gaemoe (z,y). Coboma "HaszHaueHUs" ITOrO YKMC/Ia OrPAHUYCH], CIEAYIONIUME AKCUOMAMUY CKAAAPHOZO NPOUSEEIEHUSA,
KOTOpBbIe ObLIN TIpoBepens! BhIe qiast C”.

1.{z,z) >0; (z,z)=0<=z=0.

2.a € C=(az,y) =afz,y); 3.{(z+y),2) = (2,2) + (y,2).

Y6equBIIUCH B BBIMOJHEHUN STUX AKCHOM, MOYKHO HCIIOJIB30BATH BCE PE3YJILTATHI IOCTPOEHHON Teopun. [Ipumep
CKAJISIPHOTO TIPOW3BEIEHNSI B IPOCTPAHCTBE MMOJIMHOMOB Oymer paccmorped B m.11.3.

4. KoMIuiekCcHOe JIMHEHOe NMPOCTPAHCTBO CO CKAJISIPHBIM [IPOU3BEJEHUEM HA3bIBACTCS YHUMEPHbLM IPOCTPAH-
CTBOM, BEIIECTBEHHOE — €8KAUJOBLIM.
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JlokarkeM elrie /1Ba BarXKHBIX CBOMCTBA CKAJISIPHOTO IIPOU3BEECHNSI.

Ecmz € C",y € C™ u A — (m X n)-MaTpuna, T0, 3aNKUCHIBAsT CKAJISPHOE TIPOU3BEIEHNE B TEPMUHAX YMHOKEHUST
MaTpHIL, MOy INM

(z, A%y) = (A*y)"z = y*" A"z = y* Az = (Ax,y).

‘4. (z, A*y) = (Az,y). ‘

st 100BbIX IBYX BEKTOPOB &,y € C"

(5.2, 0) < (5,2) (5, 0)- |

9T0 HEPaBEHCTBO HA3BIBAIOT Hepasencmeom Kowu-Bynakosckozo-Illsapuya ' (KBII). TokaxkeMm ero.

Ecmm y =0, 10 [(z,0)]? = 0 = (z,z) - (6,6).
Ecmu y # 6, To obo3naunm juist kpatkocth (y,y) = B > 0, (x,y) = v 1 pacuuuieM CKaJIsipHBIA KBAJIPAT BEKTOPA,
UCTIONTB3Y ST AKCHOMBI:

(B — vy, Bz — vy) = Bz, z) — B¥(z,y) — VB(Y, x) + vV (y,y) =
= %z, z) — By — 187 + 7B = B(B{z,x) —77) =
= B((y’ y) ) <.'L', iL‘) - |<$a y)|2) .
B cuity akcuoMmbl 1 3TO BhIpazkeHue HEOTPULATEbHO. JleJisi ero Ha noA0AHCUMEAbHOE YUCIIO 3, MOIy4aeM J0Ka-

3bIBaEMO€ HEPABEHCTBO

B R? nepasencrso KBIII cranosutcsi TpuBnaibubiM . JlefiCTBUTEIHHO,ECIIM T U [ — HEHYJIeBbIe BEKTOPbI, TO

() < (@3) - (n9) < [P [T o) < |27 |7 < cos?(Z.7) < 1

7.2. Hopma BekTOpa

UssectHo, uto B R®  (z,2) = |?|2 I \?| = (x,x)'/?, T.e. MIMHA HANPABIEHHONO OTPE3KA PABHA KOPHIO
KBa..J_IpaTHOMy us3 CKaﬂHpHOFO KBaﬂpaTa COOTBeTCTByIOH_[eI‘O BeKTOpa. HOCKO.TH)Ky CKaﬂHpHBII./‘I KBaﬂpaT HeOTpI/IuaTeﬂeH
u 1715 BeKTopoB 13 C", MOXKHO BBECTH HOPMY 6eKmopa — OOOBIIeHNe TIOHATHA JINHBI HAITPABICHHOTO OTPE3Ka.

Onpegenenne. Hopmoii BeKTOpa HA3BIBAETCS YUCIO0, KOTOPOe 0003Havaercs ||z|| u Haxoaurcs mo npasuity

2] = {z,)'/>.

Ucnonsays monsitne HOpMbI, MOXKHO 3anucarh HepaeHcTBo KBIII B Bume

|1z, 9)] < Izl - [yl

Paccmotpum cBOICTBA HOPMBIL.

N3 akcrom CKaJIAPDHOTO TPOU3BEACHUA CIeayeT, YTO

[Lllzl 20 |lell =04z =8|

Ormernm, 94TO paboTaTh yaoOHee He ¢ HOPMOI, & C ee KBaJAPATOM.

laz|* = (az, az) = aa(z,z) = |of?||z]]*.

|2 llaal| = |a] - [|a]l-
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Omnpezenenne. Bekrop, HOpMa KOTOPOro PAaBHA €AWHMUIE, HAZBIBACTCS HOPMUPOGAHHbIM.

JI1000# HenYy.Ae80l BEKTOP MOXKHO HOPMUPOBATDH, PA3IE/UB €r0 HA ero COOCTBEHHYI) HOPMY:

B cuity akcroM CKauIsipHOrO NpOU3BEEHUS

1

llll = 1.
[l

=
[l

lz +yll> = (& +y,z+y) = (,2) + (z,y) + (y,2) + (¥, y)

Yureum reneps, 9TO MOJYJIb CyMMBI ABYX YUCEJI HE IIPEBBIMAET CyMMy MOAyJeil ciaraembrx. [Ipu arom y 3aBegomo
HEOTPUILATEIbHBIX YMCEJI 3HAK MOYJIS OIyCTUM.

llz +ylI* < [l2]1* + 2/(z, )| + [ly]I>.
Yuureisas, aro [(z,y)| < [|z[| - [|y[|, noaywum
2 2 2 _ 2
3 lz+yll” < lllI” + 2l - lyll + lyllI” = ([l + llyl])” -

Nrak,

[l + yll < ll=]l + ]l |

,ZLJIH ciry4vad ]R3 9TO HEPABEHCTBO U3BECTHO: IJINHA CTOPOHBI TPEYTOJIBHUKA HE OouibIIe CyMMBbI JJIUH OCTAJIBHBIX
€ro CTOPOH. IIo 3roii npuvrHe JOKAa3aHHOE /IS MTPOU3BOJJIBHOIO YHUTAPHOI'O IMPOCTPAHCTBA HEPABEHCTBO HA3BIBAKOT
HEPABEHCTMBOM MPEY20ADLHUKA.

3amveuanusi 1. BBegennasi HaMu HOPMA BEKTOPA HA3BIBAETCS OOBIYHO e68KAUI080U HOPMOT N HOPMOU, NOPO-
AHCOEHHOT CRANADPHDIM NPOU3GEIEHUEM.

B C" MoxHO 337aTh IPyTHUe HEOTPULATEIbHBIE (DYHKIIMOHAIIBI, OOIAJAIOIINE CBONCTBAMY €BKJIMIOBOM HOPMBI.
Bce onu Takxke nazbiBatoTcs HopMamu. Kpome eBkinmnosoit, 0603HauaemMoii ||z||2, gaie Bcero ucnonb3yrores Caemyio-
e JIBe HOPMBI

lzlle =[] + ...+ f2lns |2l = max(|z:|).

IIpoBepbTe BBLIOJIHEHNE CBOWCTB, JOKA3AHHBIX JJIsI €BKJINI0BONA HOPMHBI.

2. Kak u ckansipHOe HpOM3BeAeHHEe HOPMa MOXKeT OBITh BBEJIEHA B IPOU3BOJIBLHOM JIMHEHHOM MPOCTPAHCTBE:
Ka2KJIOMy BEKTODY CTaBUTCsI B COOTBETCTBHE HEOTPHUIATEIBHOE BEIIIECTBEHHOE YUCIO — HOPMa, 3TOro BeKTopa. "Coboa
HA3HAYEHNs1 "HOPMBI OTPAHNIMUBAETCS JIUIIb 005S3aTEIbHOCTHIO BBIIOIHEHNS TPEX CBONCTB, KOTODPBIE IS €BKJINI0BOM
HopMbl B C" ObLIM MOKA3aHBI, & TENEPh BBICTYNAIOT B POJM AKCHOM HOPMBI. 1lociie MpPOBEPKM BBITOIHEHUS aKCHOM
MOTYT UCIOJIb30BATHCS BCE BHIBOALI IOCTPOEHHOI TEOPUU.

7.3. Marpumna I'pama

IMycts A — npoussonbhas (m X n)-marpuna. Paccmorpum kBaapartHyo (m X n)-marpuny G4 = A*A. Tlo
OIIPeIeTICHUI0 MTPOM3BEICHUS MATPHII

n n

* _

(gA)km = E QprQrm = E QrmGrk-
r=1 r=1

Eciin 0603Ha4uTh, KaK IpuHsTo, k-it cronGer marpunpl A al*) € C™ | 10 3/1eMeHTbI MATPHIBI MOXKHO 3aIUCATH
B TEPMWHAX CKAJISIPHOTO MPOU3BEIECHVST

(gA)km = (a(m)7a(k))_

Taxum obpasom, marpuna G4 CONEPKUT BCE MOMAPHBIE CKAJISPHBLIE IIPOM3BEICHUS] BEKTOPOB — CTOJIOIOB MAT-
b
punbr A.
Dra MaTpuna HazeBaercs mampuyed I'pama® ynopsigouennoro nabopa sekropos all), ... a(™.

2Hopren Ipam (1850-1916) — naTckmit MaTeMATHK.



42

Paccmorpum cBoiictBa MaTpuis: 'pama.
1. Marpuna I'pama anst ar060ro HaGOpa BEKTOPOB — CAMOCOIPSIXKEHHAST:

Gy =(ATA)" = A"A™ = A*A =G 4.
2. Jluneiinasi 3aBuCUMOCTb HAOOPa BEKTOPOB PABHOCUJIbHA BBIPOXKIEHHOCTH €ro Marpuubl I'paMa.

Jokazarensctro. Iycts mabop sexropor all, ... al™ jmmeitno 3aBucum. Torma mMeeT HEHYJIEBOE DeIeHIE
OTHOPOJHOE MATPUYHOE ypaBHeHue Ax = 6,,. YMHOXUB 9TO ypaBHeHue cieBa Ha A*, monyunm A*Ax = A*6,, wm
G ax = 0,;,, — OMHOPOIHOE ypaBHEHUE C HEHyJeBbIM pemtenueM. CrenoBarenbHo, G4 — BHIPOKICHHAS.

IIycts Tenmeps pano, uro det(Ga) = 0. Torma omuopomuoe ypasuenue Gax = 6, Oymer WMeTb HEHYJIEBOE
pemenue. O603HAUUM €ro T U yMHOXKUM PaBeHCTBO G AT = 0, Ha T cKajapHO (CnpaBa):

(GAZ,T) = 0« (A"AZ,7) = 0 <= (AT, AT) =0 <= AT = 0.

Mb! 101y 4m1M OHOPOAHYIO CUCTEMY C HEHYJIEBBIM PELIEHUEM, YTO U AOKA3BIBACT JIMHEHY0 3aBUCUMOCTD CTONI0-
noB Marpunsl A. (3aMersre, 4TO OGBUIO UCHOIB30BAHO JOKa3aHHOE B 11.7.1 paBencreo (A*AZ,Z) = (AZ, AT)).

7.4. OpTOTrOHAJIBHOCTH BEKTOPOB

Omnpejesienne. BeKTOPHI 2,y YHUTAPHOTO MPOCTPAHCTBA HA3BIBAIOTCS 0PMO20HaAbHbIMUY, ecin (z,y) = 0. MHO-
KeCTBO BEKTOPOB HA3BIBACTCA OPTOTOHAJIBHBIM €C/IN BCE€ €TI0 BEKTOPHI IMOTaPHO OPTOTOHAJIBHBI.

3ameuanme. B R® opToroHasbHBIM HEHYAEEbIM BEKTOPAM COOTBETCTBYIOT IEPIICHIUKY/ISPHBIC HAIIPABJICHHLIE
OTPE3KH.

PaCCMOTpI/IM HEKOTOpPHbIE CBOICTBA OPTOTOHAJIBHBIX BEKTOPOB.

1. HyuieBoii BeKTOp OpTOroHAJIEH M060My BeKTOpy: (z,6) = 0.
2. Marpuna I'pama opToronaspHOr0 HAOOPa BEKTOPOB AMArOHAJIBHA, TAK KAK

(94)km = (@™,a®)) = b1 - laP P = G4 = diag[llaV|?, ..., [a]7].

3, Ecau oproronasbHbi HAOOP BEKTOPOB JIMHEHHO 3aBUCUM, TO OH COAEPKUT HyJIeBOi BeKTop. [lelicTBUTENbHO,
OTIpeJIeINTENb TUATOHAIBHON MaTpuibl I'pamMa paBeH IPOU3BEIECHUIO ee NUAarOHAIbHBIX JIEMEHTOB - KBAIPATOB HOPM
BekTOpOB Hamlero Habopa. Ho no csoiictBy 2 marpuisl I'pama 3TOT onpenesuTess Jist JUHEHHO 3aBHCUMOrO HaOOpa
BEKTOPOB paBeH Hys0. CienoBaTenbHO, KBAAPAT HOPMBI XOTsi ObI OJHOIO M3 BEKTOPOB HAOOpA PABEH HYJIO, YTO U
TPebOBAIOCH JOKA3ATh.

Cirenyromee CBOMCTBO HACTOJIBKO BAXKHO, YTO €My MPUJAETCS PAHI TEOPEMBI.
Teopema. JIroboe oproroHajibaoe MHOXKecTBO BeKTOpoB B C", He comepKaliee HyJIEBOrO BEKTOPa, MOXKET ObITh
JIOTIOJIHEHO 10 OPTOTOHAJIBHOrO 0a3uca.

Jokazarenscrso. Iyers aV, ..., a®) — oproronansnbiii 1 He comepKamuil HyJIEBOrO BEKTOPa HAGOP BEKTOPOB.
Ecmu k = n, To 3Tor HabOp yx)e siBisiercsi 6asucom. Eciu xke k < m, TO mOCTpOMM €11e OJuH HEHYJIEBOU BEKTOD,
OPTOTrOHAJIbHBIN y2K€ MMEeIOIEMyCsi Habopy.

3anuceiBast yCJIOBUSI OPTOrOHAJBHOCTH UCKOMOTO BEKTOPA BCEM BEKTOPAM HAOOPa, MOIyYUM CUCTEMY U3 K ypaB-
HEHUull C n IepeMeHHbIMU

(z,aMy =0,...,(z,a®) =0,

HMEIOILYI0, KAK M3BECTHO, HeHyJeBoe pemenne. O603uauns ero a1 momyuaeM OpTOroHAIBHBIN 0 HOCTPOCHHIO U
HE COepKAIUM HyJIeBOr0 BeKTOpa Habop u3 k + 1 BEKTOPOB.
[ToBTOpSis, €ciu HYKHO, ITY OMEPAINIO, TOJIYIUM OPTOroHAILHbIN basuc C.

Bameuanwve. Paznoxkenne Bekropa b B C* mo Gasucy alV), ..., a(™) cBogurest, Kak M3BECTHO, K PEITEHIMIO CHCTEMbI
JIMHEHHBIX YPABHEHMH C KBAJAPATHON HEBBIPOXKIEHHON MaTpuiieil Ko3¢hOuImeHTon

z1aM + . 420 = b= Az =b. (7.4.1)

VYMHOXUB B CIy4ae opmozonasvhozo 6a3uca obe dactu MarpudHOro ypasuenus (7.4.1) ma A* cnesa, nmomydum
PABHOCWJIBHYIO CUCTEMY C AUATOHAJIbHOM Marpureit I'pama.

Gazx = A*D.
Pemrenrie 3T0# cuCTEMBI UMEET BU

k *
@) gy
S PCIEETFOITE
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1 TpeGyeT BLITIOTHEHNSA CYIMECTBEHHO MeHbINero (/5 2n?) konmdecTsa apudMeTHIecKUX ONMpearuii, 9eM B 00ImeM cIydae

(= n?/3).

7.5. YHUTAapHasi MaTpuia

Omnpenenerne. OpTOrOHANBHBIN HAOOP HOPMUPOBAHHBIX BEKTOPOB HA3LIBAETCS OPTNOHOPMUPOEEHHBLM.
Omnpenenenne. KBanparnasi Marpuma, cTosdubl KOTOPOH 0OPa3yT OPTOHOPMHPOBAHHBIN HAOOP, HA3BIBAETCS
ynumaprot. Bewecmeennas yHuTapHasi MaTPUIA HA3BIBAETCS 0PMO20HAALHOU.

Pacemorpum cBoiicTBa yHuTapHO# Marpuinbl (B 9ToM myHKTe Oyzem 0603Hadars ee U).

1. Gy = U*U = I. 910 CBOUCTBO PABHOCUJIBHO OIPEIEIIEHUIO.

2. U3 (1) cnenyer, uro U* = U™ — nj1s1 yHuTapHO#t MaTpuiibl CONPsiXKEHHAs COBNAAET ¢ 0OPATHOM 1, Cie0Ba-
TEJIbHO, TO2KE€ YHUTAPHA.

3. Yumuoxkenue BekTopoB u3 C" Ha YHUTAPHYIO MATPUILY HE MEHSIET WX CKAJISIPHBIX MPOU3BEICHUN U, CJIeI0Ba~
TEJILHO, HOPM:

(U"E:Uy) = <U*U£L',y> = <I.’L’,y) = (-Z',y)

4. Ecn V' — yHuTapHasi MaTpUIa TOTO XKe Topsijika, 4To U, TO UX Mpou3BeJeHre — YHUTAPHAS MaTpULA:
ovV*Uv)=v*U*U)V =V*V =1.

5. Monymnu Bcex COOCTBEHHBIX YHCeJI YHUTAPHON MATPUIBI PABHBI €IUHUIIE U, CJIEI0BATEIHHO, MOLYJb €€ OIIpe-
menuTesis (MPOU3BEIEHUsT BCEX COOCTBEHHBIX YUCEI MATPUILI) PABEH €IUHULIE:

Uz = Az = ||Uz|| = [Mllzl| = [lz]| = [Allle]l = [A] = 1.

6. CobCTBEHHBIE BEKTOPHI, COOTBETCTBYOIINAE PABIUYHBIM COOCTBEHHBIM YUCJIAM YHUTAPHON MATPUIILI, OPTOrO-
HaJIbHBI:

Ecmu Uz = Az; Uy = py, to (no ceoiicrey 3) (z,y) = (Uz,Uy) = (Az, py) = Aoz, y), re. (1 — Xg){z,y) =0.

Ho, mo cBoitctey (5) |pu| =1, Te. & = % Mo ycmosuio A # u. Utak, Al = % #1u (1 - Ap){z,y) =0=
<1‘, y) =0.

ITpumepsrt. 1. Paccmorpum maTpuily 2-ro mopsigka

U [cos@) —sin(o)
o~ Jsinle)  cos(y)

O4eBUIHBI PABEHCTBA, ||u<(,,1)|| = ||u<(,,2)|| =1, (ui}’,uﬁf’) =0.

CurefoBaTEIBHO, 9TA MATPUIA, YHUTAPHA.
2. Iycts = — nenynesoit Bextop B R?, a y = U,z. IIpoBepbre, 9T0 HAIPABJIEHHBLH OTPE30K 7 TIOJTy9AeTCs U3 z

LOBOPOTOM Ha YTOJ ¢ IPOTHB 4acoBOil crpenku. Ilosromy marpuny U, HaseBaior mampuyet nosopoma (puc.7.1).

v

Puc.7.1

3. Ilokaxkure, 9T0
A (Uyp) = exp(ip), A2 (Uy) = exp(—iyp)

4. Haiimmre coberBennble BekTophl MaTpuipt Uy, B C? n mpoBepbTe WX OpTOroHAMBHOCT. O6paTuTe BHUMAaHME
Ha TO, 4to npu ¢ # 0\ ¢ # 7 marpuna U, He mmeer cOGCTBEHHBIX 4mcen u BekTopos B R?. Jlaiite aTomy dakTy
reOMEeTPUYECKYI0 TPAKTOBKY.
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7.6. Ilnmomaae napasutenorpaMma u 06'beM napaJsuiesenuiiesa
CaoiicTBO (2) yHUTAPHBIX MATPHI] UMeeT B R® BarKHYI0 T€OMETPHIECKYI0 HHTEPIPETAIMIO: el T, Y, 2 — TPH

JIMHEWHO HE3aBUCUMBIX BEKTOPA (COOTBETCTBYIOLIME MM HANPABJEHHbIE OTPE3KU &, Y , Z HEKOMILIAHAPHBI), U X =

Uz,Y =Uy, Z=Uz, rae U — opTOroHaJIbHAsI MATPHUILA, TO JJIUHBI OTPE3KOB X ,

, ¥ YIVIBI MEXXJYy HUMH T€ XKe,
9TO y TPOUKH 2, ?,

Jlokaxkem, 4T0 CHpPaBEJIMBO U OOPATHOE YTBEPKIAEHUE: €CJIU JIJIMHBI OTPE3KOB U YIJIbl MEXK/y HUMU OJUHAKOBbI

JJIsA HeKOMH.HaHa,pHI)IX TpOeK
7,7, 7u X,7, 2, 10
[XJYJ Z] =U- [J‘.ay7z]7
rge U — OpToroHasIbHAST MATPULIA.
JeficTBuTeIbHO, N3 YCJIOBHS CJI€LyeT PABEHCTBO CKAJISIPHBIX IIPOM3BEJEHUI COOTBETCTBYIOMINX 1P BEKTOPOB

<X,X>=<$,:L’); <Y=Y)=<y,y); <Z,Z>=<Z,Z>;

(X,)Y)=(z,y); (X,Z)=(z,2); (¥,Z)={y,2), re
X,V Z]* - [X,Y, Z] = [z,y,2]* - [z,9, 2] (7.6.1)

O6osnaunm U = [X,Y, Z] - [z,y, 2] (marpuna [z,y, z] obparuma, Tak Kak TPOHKa z, 7, 7 HEeKOMILIAHADHA
U, CJIeJI0BATEbHO, BEKTOPBI T, Y, Z JUHeiHO He3aBucuMbl). JJoMHOxuB pasencTso (7.6.1) cnpasa Ha [z,y, 2] 7!, a ciesa
HA, ([w,y,z]*)_l, nomyanm U*U = 1.

3ameuanre. AHAIOTMYHOE yTBEPXKAEHIE BEPHO /IS HEKOJUTHHEAPHBIX Tap HAIIPABJICHHBEIX OTPe3KoB B R2.

[Ipumep. Ilosopor Ha yrom ¢ Bokpyr ocu OX3 B R, 04eBHOHO, COXpaHAET AJIMHLI OTPE3KOB M YIJIBI MEXKIY
mnvn. Hanpasrennsie orpesku € (D) €2 2 G) — opma — mepexoasT npu 5T0M MOBOPOTE COOTBETCTBEHHO B OTPE3KH

g = [cos(p), sin(p), 0], ¢®) = [=sin(p),cos(¢),0]", g = ¥ =1[0,0,1]".

ITosromy marpuma
cos(p) —sin(p) 0
V, = [9M,9®,99] = | sin(p)  cos(e) 0
0 01

oproroHasbHa (mpoBepbre 310!). Ee HazpBaroT Marpuneil nosopora B miockoctu X10X, (uam MaTpuueil miockoro
BPAIIEHNs]).

ITosyuum Tenepb HOPMyJIbI [1JIs1 BBIYUC/IEHUS IIJIOMIAIU [1aPAJIIesiorpaMMa 1 06beMa rapaJiiesenune/ia.

1. IIycre mapasuenorpamM B R? IIOCTPOEH HA HAIIPABJEHHBIX OTPE3KAX Zu 7 Ilokaxkem, 9TO €ro miaomaIb
pasna |det ([z,y])]|

Paccmorpum cHadasia mapasiienorpaMM, n300paXKeHHbIH Ha puc.7.2 (0JHa CTOPOHA JIEXKUT Ha, OCH abCIHCC).
OueBumHO, 4TO

Yo | ,

\&E

1 Z1
Puc.7.2

et Ol 7 B S (| R

IIycTb Temepb HEKOJIIMHEADHBIE OTPE3KU 2, ?paCHOJIO)KeHbI IPOU3BOJIbHO. Jjisi BBIYUC/IEHUST TJIOMIAANA TIO-
CTPOEHHOIO Ha HUX NAPAJUIEJIOrPaMMa PACCMOTPHM KOHIPYIHTHBIH ApaJIelorpaMM CO CTOPOHOI X, Jiexkalueil Ha
ocu aberuce (puc.7.3).
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Puc.7.3

Mpb1 moKa3asii CyIEeCTBOBAHUE TAKOU OpTOTOHAIBbHOM MaTpuilsl U, uro x = UX,y = UY. Ilostomy

S = |det([z,y])| = |det(U - [X,Y])| =

= det(U) - [det([X, Y])| = |det(IX, Y])|

(7.6.2)

ITposepwre BHIYUCTEHMEM, uTO dopMmya (7.6.2) BepHA U B CIydae KOJUIMHEAPHBIX OTPE3KOB, KO TLIOIIAIH

PaBHA HYJIO.

2. [ycrs mapamerenunes B R? mocTpoeH Ha HATPABIEHHBIX OTPE3KAX ?, 7 u 7. [Tokaxkem, 4TO ero obbem

pasen |det ([z,y, 2])|

Paccmorpum cHavana napasuienenunes, n300paKeHHbli Ha puc.7.4 (OHA rPAHD JIEKUT B KOOPIUHATHON ILIOC-

KOCTH):
z = [m17$270]T7 y= [y17y270]T7 Z = [z17z27z3]T

[
/ /
7=M

4
Puc.7.4

O06bem napaJuieenune/1a PABeH MPOU3BEIEHUI0 BHICOTHI HA, TJIOMAIb OCHOBAHS:

V= |z3|.

Y2 0 0 2z

Ty I Y1 oA
det ([ml 1]) ‘ =|det | |22 y2 2o = |det ([z,y, 2])| -
2

IIycTb Temepb HEKOMILTAHAPHBIE OTPE3KU ?, ?, 7 PACIOJIOXKEHBI TPOU3BOIBLHO. [Ijis1 BhraucieHus 00bemMa
TIOCTPOEHHOTO HA HUX MAPAJIIEIENUIIEI PACCMOTPUM KOHI'DYIHTHBIHN MapaJIIesIenuIe ] ¢ FPAHbIO, JIEXKAIIEl B KOOPIH-

HATHOM IJIOCKOCTH.
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Msm1 nokazasu CyIecTBOBaHMe Takoi oproronaabaoit Marpunst U, uro £ = UX,y = UY, z = UZ. [Tosromy
V = |det([z,y,2])| = |det(U - [X,Y, Z])| =

= det(U) - |det([X,Y, Z])| = |det([X,Y, Z])|. (7.6.3)

ITposepbre BhuucaenueM, aro opmysna (7.6.3) BepHa U B Ciiydae KOMILIAHAPHBIX OTPE3KOB, KOIIa 00beM DaBeH
HYJIIO.

3. BoruuciamM, HAKOHEI, IJIOMAIb mapajuleaorpaMma B R® qyid cirydas, KOTJa OH HE JIEKHT B KOODAMHATHON
mrockocTy. IIycTs 3TOT mapasiiesorpaMM IOCTPOEH Ha HEKOJUIMHEAPHBIX OTPE3KAX & | 7

ITocTpoum Tperuit oTpe3ok E?, IepIeH UK YJIAPHBIN Zu ? KoopaunaaTrb! BEKTOpa W yAOBIETBOPSIIOT YCIOBUSIM
OPTOTOHAJIBHOCTHU

1wy + Tows + xzwsz =0
Yyrwy + Yows +yswz =0 °

O[fiHO M3 HEHYJIEBBIX PEIIEHUi 3TOM CUCTEMBI

w = [Ag3 A1z Asp]?, e

(20, anm ([ 9 e ([ 01).
2 e([mzyz’ 3 Nzs ws) )72 T\ as ws

HeiicTBUTeIHHO,
1 1 U1
(Z,w) = 21823 + 22A13 +23A12 =det | |2 x2 y2| | =0.
r3 T3 Y3
Amnasornyno,
y1 1 YN
(y,w) =det | |y2 z2 y2 =0.
Ys T3 Y3

Kpowme Toro, w # 6 B cujty JuHEWHOM HE3aBUCUMOCTH BEKTOPOB T U Y.
Hopmupyem BexkTOp w:
A
w 1 2

2= = 5 | A13
lwll (A2, + A2, + A2)"% | Ap,

OueBuyHO, 4TO OOBEM MApAJUIEJIENUIE A ¢ eduHu¥HOl BBICOTON, IIOCTPOEHHOIO HA HAIPABJIEHHBIX OTPE3KAX
?, ?, ?, YUCIEHHO PAaBEeH IIOLIQAYU €r0 OCHOBAHUSA — I1apaJjilejiorpaMMa, IIOCTPOSHHOI'0 Ha HAIIPABJIEHHBIX OTPE3KaX

Tuy: .
S=V= |d€t ([aﬁyyaz])l =T |d€t ([Z',y,ﬂ)])' =

[|w]]
1 z1 Y1 Aag
= c|det | |22 yo Ajz =
1/2
(A%, + A% + AL,) z3 Y3 Ap

A2, + A2, + A2
- i - (ahah sl 764)
12 23 13

Yb6enurech, 4YTO B CIIydae, KOTIa Zu 7 JIeXKaT B KOOPAMHATHOM 1tockocTu, hopmyna (7.6.4) npespaiuercs B
(7.6.2).

TepMunosioruyeckoe 3amedanve. B mkonbHOM "BekTOpHON anrebpe, T.e. B ajrebpe HANPABJIEHHBIX OTPE3KOB,

OTPE30K, COOTBETCTRYIOIMI BEKTOPY W = [Agg, A1z, A15]T HA3BIBAIOT 6exmMOpHbLM NPOUsEEdeNUEM OTPESKOB X 1 Y .
OTMeruM CBOMCTBA BEKTOPHOTO IIPOU3BEICHIIST:

1L.W L7, dLY.

2. Jlnmua W paBHA IUIOWALN APAJLIETIOTPAMMA, IOCTPOSHHOrO Ha & 1 Y .

3. HampasiieHHbIe OTpE3KH 7, 7, ] 00pa3yT npaByro TPOiIKYy. B 3TOM MOXHO yOeauThCs, IMOJIOXKUB & =
e y=e®. Torma w = e®.

Yucino |det ([x,y, 2])| HA3bIBAIOT cMEWAHHBIM (BEKMOPHO-CKAAAPHBIM) NPOU3BEJeHUEM HATIPABIIEHHBIX OTPE3KOB

) ’
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Tak Kax |det ([e(l),e(2),e(3)])| = 1, cMeIIaHHOE NPOU3BENEHHE IMOJIOKUTEIBHO, €CJIM COMHOXKUTETH 00pa3yIoT
TIPABYIO TPOUKY, M OTPULIATETILHO, €CIN JIEBYIO.

B namem kypce TepMmunbl "BeKTOpHOE Npou3BeneHue u "cMmemanHoe npou3seneHne ' He uCIoab3y 0TCs.

7.7. Asnropurm I'pama-IIIMmuara. () R-pa3sjiokeHne MaTpUIbI

B 3akimiouenne 3Toif riaBbl MBI paccMmorpuM anaroputM I'pama-ITIvmara®, KOTOPEIH MO3BOISET, UMes AUHETHO
nesagucumvili Habop u3 k Bekropos B C*  (k < n), IOCTPOUTH 0PMOHOPMUPOSaHHbIT HAOOD U3 k BEKTOPOB.
Nrak, mycrs a(l), R, a'®) — numeitno HezaBHCHMBIE BeKTOpPEL. ITomoxkum

B = aM. @ Z @ _ 450,

Yucio aip Beibepem tak, aroder (b2, b(1) = 0, r.e. urober b u b)) Geum oproroHaIbHBL:
P by = (@@ bWy — (0D b)) = 0 =

(a® ™M)

— Q12 = 7(1)(1)’1)(1)) .
Ecin yske IIOCTPOEHbI IIONapHO oproroHassHsie Bektopsl b1, ... (™ u m < k, To momoxum
P+ Zglmt) g a0 g ) (7.7.1)

Vmuozkas (7.7.1) ckanspro ma b)), 1 < r < m, nomxyamm
(b p(y = (a(m+1) p(r)y — ar,m+1<b(T); by =0
(ocTanBHBIE ClTaTaeMBble MCYE3HYT BCJIGJCTBUE MOMAPHON OPTOrOHAJBHOCTH YK€ TIOCTPOCHHBIX BEKTOPOB). OTComa

(a(m+1) p(r)y

OcCTaI0Cch MOKA3aTh, 9TO CPeIH MOCTPOEHHBIX opmozotaabhbir BexTopos b, ... b(k) mer myresoro. IIpeamosmo-
sxuM, zanporus, aro b £ 6, ... b(™) £ 6, wo b+ = §. IloncraBus B paBeHcTBO
0 =a™ —qay bV - — ™
soipazkenus: BekTopos bV, ..., b(™ uepes exroper a,. .., al™), moxyunm

0 =a'™ 4 30 + .+ ypal™,

roe vy, r =1,...,m — HEKOTOPBIE YUCJIA.

Mb! nosty4uusu paBHYIO HyJIIO JIMHEHHYI0 KOMOMHANIMIO JIMHEHHO HE3aBUCUMbBIX BEKTOPOB, OJIMH u3 K03dduimen-
TOB KOTOPOIt OT/den o HyJisi (k0dddunuent npu ™) papen equnuie). IT0 NPOTUBOPEUNE IOKABBIBALT, YTO CPEIH
[MOCTPOEHHBIX OPTOrOHAJIBHBIX BEKTOPOB HyJIeBbIX HeT. HOpMMPOBAB 3T BEKTOPHI, MBI 3aKOHYUM PAbOTy aJIropuTMa
I'pama-IImugra.

IMepenutem pasenctso (7.7.1) B Buge

Cl(m+1) = O[l,m+1b(1) + ...+ Clm,m+1b(m) + b(m+1); m = 1, ceey k—1. (772)

1 00bearHUM HAOOPBI BEKTOPOB B MATPULIbL:
A= [a(l),...,a(k)] : B= [b(l),...,b(k)] :

Paccmorpure (7.7.2) u ybemurecn, uro (m + 1)-ii cronben, marpunpt A MOXKeT ObITH OJKyYeH U3 Marpuubl B
YMHOKEHHEM CIpaBa Ha CTONOCI] [Q1,m+1s-- -5 ¥mm+1,1,0,...,0]T, u, cienosarensuo, Best Mmatpura A mosnydaercs
YMHOXKE€HHEM MATpulbl B cnpasa Ha BEPXHIOI TPEYTOMBHYIO MATPUILY C €IMHUIHON JUATOHAIBIO

1 a2 a3 a1k
o= 0 1 a3 ... ax : A= Ba. (7.7.3)
0 0 0 1

33pxapar IMTMUT (1876-1959) — Hemenxu# MaTeMaTHK.
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HopMupoBaHue OCTPOEHHBIX BEKTOPOB MOYKHO OCYIIECTBUTE C TOMOIITHIO YMHOMKEHHs CIipaBa Ha MaTpuiy D1,
rae D = diag [||bV)]], ..., ||bM]|]. Torma (7.7.3) mepeiizer B

A= B(D7'D)a = QR,

rnie Q=BD !, R=Da.

Ipencrasnenue (n X k)-Marpunbl A ¢ TUHERHO HE3ABUCUMBIMY CTOJIOIAME B BUIE TIpOU3BeAeHus (1 X k)-MaTpuiibl
() ¢ OPTOHOPMUPOBAHHBIMHU CTOJIOLAMHA U BEpXHEH Tpeyronbuoit (k X k)-MaTpuiel R ¢ €IUHAYHON JUArOHAJIBIO HA3BI-
Baercs Q) R-pasaoosicenuem MaTpuist A.

B wacrHocTH, eciiu A — KBaIpaTHAsT HEBLIPOXKIEHHAS] MATPUIA, TO () — YHUTAPHAS MATPUIA.

Cepbesnoe npeaynpexgenue. HeobXoqmmMo OTMETHTB, YTO AJITOPUTM, € MOMOIILI0 KOTOPOro ObLIA JIOKA3aHA,
BOBMOXKHOCTb MOJIyueHusi () R-pa3iioxkeHusi, YuCAEHHO HEeYCTONYMB U HE MOXKET ObITh UCIOIL30BAH JIJIsi BHIYUCJICHUI.
YucaeHHO yCTORYUBBIE aJIrOPUTMBI, BHINOIHSOMME () R-pa3iioskeHne peajn30BaHbl B CPEIaX KOHEYHOI'O TIOIb30BATES
¥ B BUIE CTAHIAPTHBLIX mporpamm Ha, Poprpamne.




