Tnasa 1. CACTEMBI JINHEMHBIX AJITEBPAUYECKUNX YPABHEHUI

1.1. MeToa nmOJIHOTO MCKJIIOYEHUS

Cucrema m jguHedHbIX ajrebpanyecKux ypaBHEHU C 7 IEPEMEHHBIMU UMEET B/

1121 + a12%2 + - + @1p%n = by
1121 + a12%2 + - - + @1p%n = by (1.1.1)

1121 + a12%2 + - - - + @1 Ty = by

3aech 6yKBOIt a ¢ AByMs MHIEKCAME 0003HAYEHBI 33, JaHHbIE YUCIA — KoIPPuyuenmv, cucmemot, (IEPBBII HHIEKC
— HOMED ypPABHEHHUsI, BTOPOH — HOMED MepeMeHHO# ), GyKaoii b ¢ OIHUM MHIEKCOM - TAKKE 33/IAHHBIE IUCIA — C60600HbLe
waeno, ypasaeHuil. Byksoit & ¢ omauM mHIekcom 0603HA4YEHBbI nepeMeHHbe. Pemenuem cucremsr (1.1.1) maswiBaercs
YTIOPsiIOYEHHBIH HA0OD U3 N 9uCen T1, . . . , T, HOACTAHOBKA KOTOPBIX BMECTO IEPEMEHHBIX (F1 BMECTO X1, . . . , T, BMECTO
Zp,) TIPEBPAIIAET BCE YPABHEHUs CUCTEMbBI B BEPHBIE YUCJIOBBIE PABEHCTBA.

Cucremy (1.1.1) MOXKHO 3anucaTh KOPOYE, €CJIM BBECTU yI00HBIE 0003HAUEHUS.

Onpegenenne. IIpsiMOyroabHYIO YUCIOBYIO TAOJIMIYy U3 11 CTPOK U 7. CTOJOLOB OyJeM Ha3bIBATH MAMPUuyed
pasgmepa m X n uaa (m X n) -mampuyed.

ITpumepsr.

123 — MaTpuIa pasMmepa 2 X 3;
45 6 puna p P ;

1 2
3 4| - marpuma pa3mepa 3 X 2.
5 6

MaTrpuna pa3Mepa m X m Ha3bIBACTC K6a0pamHot, a IUCIO M — ee NoPAIKoM. DJIEMEHTHI KBA,IPATHON MATPHULILI,
y KOTOPBIX COBMAJAIOT HOMEP CTPOKM W HOMEP CTOJIONA, HA3BIBAIOTCA 0UA20HAAbHbLMUY; OCTAIBHBIE — 6HEOUAZOHANDHDI-
MU.

Marpuuy pasmepa n X 1 6yjgem Ha3bIBATH MATPULEH-CTOIOIOM (MM TPOCTO CTOJAOUOM), & YUCIO 7, — BBICOTOM
CTOJIONA.

Marpuny pasmepa 1 X m OyJieMm HA3bIBATH MATPUNEH-CTPOKOH (MJIM TPOCTO CTPOKO#), 8 9UCIIO 1M — IMMUAPUHON
CTPOKH.

Ksanparuyio marpuny 1-ro nopsiaka (0JHOIEMEHTHYIO) Mbl Oy€M OTOXKAECTBJISATH C €€ HIEMEHTOM — YUCJIOM.

ITpumepsr.

B] — crosiber; BBICOTHI 2; [1 2 3] — CTPOKa, IIUPUHBI 3;

1 2
[3 4] — KBaJpPAaTHAs MATPULA MOPIIKA 2.

Ucnonn3yst BBeAeHHbIE TepMUHBL, 3agaaum cucremy (1.1.1) marpuneii ee k03 dunuenTos
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WNuorma marpuity K03¢pOUIMEHTOB U CTOI0E1 CBOOOIHBIX YJIEHOB OOBLEAWHSIIOT B PACUWIUPEHHYIO MAMPULY CHU-
CTEMBI
aii ce. Q1n b1



ITpumep. Cucrema

To+3T3— T4 = 5
T1+ 2T+ 24 = 0
31+ T2 —x3+224 = -1
nMeer MaTpuily K03dOduureHToB
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Mo>kHO O0BEIUHUTD MX B PACHIMPEHHYIO MATPHILY CHCTEMBI

01 3 -1
1 2 0 1
31 -1 2

o

B otHomenwnn cucremst (1.1.1) BO3HUKAIOT ABa BOIPOCA:

1) CymiecTByIOT i1 peleHus: y 9TON CUCTEMBIL;

2) eciu pelieHust CyIECTBYIOT, TO CKOJIbKO UX M KAK UX HANTH.

IIpexkne yem oTBedaTh HA ITU BOMPOCHI PACCMOTPHUM [ABA YACTHBIX CIIydas.
1. Yucno ypaBHEHUI CHCTEMBI DABHO YUCITY TIEPEMEHHBIX, & KB IPATHAS MATPULA KOIDGMUIHEHTOB (ee Ha3BIBAIOT

edunuHol) nMeeT Buj
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3anumem 3ty cucremy B "mkonbHO#" hbopme
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0 (1.1.2)
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OueBuIHO, YTO CUCTEMA UMEET PEIleHNe, OHO eJIMHCTBEHHO, U, 00jiee TOro, yxke (pakTudecKu HalIeHO:

.’1:1=b1, .’L'2=b2,

, T = by

2. Yucno ypaBHeHuit cucTeMbl (M) MEHbIIE YHUCIa IMepeMeHHBIX (n) u (m X n)-Marpuia Ko3h;UIueHTOB nMeeT

B,
1 0 ... O at,m+1 AT
0 1 0 az m+1 ...Aon (1 1 3)
0 0 1 ammi1 Gmn
BaHI/IHIeM 3Ty CI/ICTeMy B BUJe

Ty = b @ mi1Tmel — -~ QinTp

T2 = by — 2 m4+1Tm41 — --- — A2pnTn (1 1 4)

Tm = by -— Um,m+1Tm+1 — -« -+ — AmnTn

3amaB NPou3eoabHO 3HAUEHUS NEPEMEHHBIX Lyyii,-- -,
TIOJTyYNUM, OYE€BUIHO, PEIIEeHNe CUCTEMBI.

Ty, U BBIYUCIUB T1, ..., Tm, 10 Gopmymam (1.1.4), mbr

ITycTs Teneps npousBosbHas cucrema Buza (1.1.1) 3amana cBoeii paciuupenHoi marpuueii. [Tonbrraemcs: npuse-
cTu Marpuily ee KoadduinueaToB K omgHomy u3 Bunos (1.1.2) wmm (1.1.3) ¢ mOMOIIBIO TAK HA3BIBAEMBIX IAEMEHMADHHIT
npeoOpa30BaHMii, KOTOPBIE HE M3MEHSIOT MHOXKECTBO PEIICHUIA CHCTEMBI.



ITon s;memeHTApHBIME TPEOOPA30BAHUSIMI CUCTEMbI JIMHEHHBIX aJreOpanvdecKux ypaBHEHWH TTOHMMAIOT:

1) u3MeHeHue NOPsAIKA ypaBHEHUI B cucreMe (IEPECTAHOBKA CTPOK €€ PACIIMPEHHON MaTPUIbI);

2) W3MeHeHue MOPSIKA PACIIONOXKEHUsl IEPEMEHHBIX B yPaBHEHUsX (TIEPECTAHOBKA CTOJIOLOB B MATPUIE KO-
dbunmenTos);

3) ymHOXKeHUe 0benx Jacreil ypaBHeHus: (CTPOKU PACIIMPEHHON MATPUIbI) HA OTJIUIHOE OT HyJIsl IUCIIO;

4) npubaBJieHUe K OJHOMY U3 YPABHEHU CUCTEMbI APYTOr0, yMHOKEHHOIO NPEABAPUTEILHO HA HEKOTOPOE YHCJIO
(npubGapjieHre K OJHOMN CTPOKE PACUIMPEHHONW MATPULIbI CUCTEMbI JPYTO €€ CTPOKM, YMHOMXKEHHON Ha YUCIIO).

3ameuanusi. 1. He TpynHo ybennThCst B TOM, 9TO TIEPEUNCIEHHBIE 3I€MEHTapHbIE MPEOOpPA30BAHUSI CUCTEMBI
JEHCTBUTEIBHO HE N3MEHAIT MHOXKECTBO €€ PEIIeHni.

2. ITopsioK pacIoio;KeHUsI TEPEeMEHHBIX B YPABHEHNU BayKeH M €r0 U3MEHEHUsI JTOJIKHBI 3aIIOMUHATHCS.

Tenepb MbI MOXKEM C(HOPMYJIMPOBATH AJITOPUTM TNOAHOZ0 UCKAOUEHUSA, C TTOMOIIBI0 KOTOPOIO HAXOMSITCS BCE
PeIleHn st MTPOM3BOJIBHON CUCTEMBI JIMHENHBIX AJIr€OPAnIecKX yPaBHEHUI C PACIIUNPEHHON MaTpuUIei
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AJropnt™M MOJTHOTO UCKJIIOYEHUSI.

1-if mmar.

1) Haxonum B Marpuie K03()HUIMEeHTOB cucremMbl eedyuwsuti (Hanbobmii o Moy 10) dmeMent. Eciu nan6ois-
X TI0 MOAYJIIO 3JIEMEHTOB HECKOJIHKO, TO B KAYECTBE BEIYIIETO MOXKET OBITH B3ST JIIO0O0H U3 HUX.

Sameuanne. Mb1 npenonaraeM, eCTECTBEHHO, YTO HE BCE 3JIEMEHTHI MATPHILI KOIDMOUIMEHTOB PABHBI HYJIIO!

2) Ilepecrasiisist (€C/iu HY>KHO) CTPOKU PACIIMPEHHON MATPUILI U CTOMOIBI MATPUIBI KOIDDUIMEHTOB, IOMeIIa-
€M BeJIyIIWii 3JIEeMEHT B IEPBYIO CTPOKY U B mepBbIil crosben. IlepecTtaHoBKY CTOMOIOB IPU 9TOM 3aIIOMUHAEM!

3) Jenvm mepBy0 CTPOKY PACIIMPEHHON MaTPUIBI HA BeLyluil sjeMent, Ilpu 3TOM Ha MeCTe 3JIEMEeHTa, agol)
IOSIBJISIETCS €ITNHUIIA.

Ecnn maTpuna cocTouT u3 omHO# cTpoku, padoTa ajgropurMa 3akaHunsaercs. Hade nepexonum K m.4.

4) Tlpubasisisi KO BTOPO#, TPETbEil U T.J. CTPOKAM DACHIMPEHHOW MATPHUIBL €€ MEPBYI0 CTPOKY, YMHOXKEHHYIO

COOTBETCTBEHHO Ha, —agcl'), —agi) ¥ T.J., TpeoOpa3yeM 3Ty MATPUILY K BUIY

a0 | ]
0 o) o | B
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Ecnn B pacimpeHHO# MaTpulle TOSIBUIACH HYJI€Basi CTPOKA, 3Ty CTPOKY MOMKHO OTOPOCHTH, YMEHBIINB TeM
CaMBbIM YUCJIO YPaBHeHMI B cucTeme. JleficTBUTEIRHO, HyIeBasi CTPOKA COOTBETCTBYET YPABHEHUIO

O-z1+...40-2, =0,

KOTOPOE yJOBJIETBOPAETCS TOXKIECTBEHHO.
Ecsn B paciumpenHoil Marpune nosiBuaach CTPOKA BUIA

0...0]b,
rue b&l) 75 0, cooTBETCTBYIOIIAS YPABHEHUIO
0-z14...4+0-z, = =bY #£0,

KOTOPOE HE yJIOBJIETBOPSIETCs] HU MPU KAKUX 3HAYEHUSX BXOMSIMX B HENO IIEPEMEHHbBIX, TO NPEOOPA30BAHHAS CUCTEMA,
HECOBMECTHA, W, CJIEJOBATEIHLHO, HECOBMECTHA PABHOCUIJIbHAS €l ucxojHas cucrema. Pabora anropurma 3aKOHYEHA.

Ecsin nocie nepsoro mara pabora ajJropurMma He 3aKOHYWIACH (He OOHAPyKEHA HECOBMECTHOCTH CHUCTEMbI U
YHCJIO CTPOK B MPe00Pa30BAHHOM PACIIUPEHHON MaTpulle GOJIbIIE OAHO), TO MIEPEXOAUM KO BTOPOMY MIArY.



2-i1 mar. Paccmorpum mogmaTtpuily mpeobpa3oBaHHOM MATPHUIEl KOIMDMUIMEHTOB

1 1
o) o)

(1) (1)
Qg «..0sn
OrMeruM, 9TO KOJIMYECTBO CTPOK B Helt 0003HAYEHO OYKBOI §, & HE M, TAK KaK MOCJIE IEPBOrO MIara, KOJIMYECTBO
CTPOK MOIJIO YMEHBUIATHCS 33 CYeT 0TOpachiBaHus HyieBbiX (s < m!)
1) Haxomum B 3T0# moaMmarpuie BeayIuil 1€ MEHT.
2) TlepecraBnss (eCu Hy?KHO) CTPOKHU PACIIMPEHHON MATPHUIBI U CTOAOIBI MATPHUIBL KO3GbMUINEHTOB, noMema-
€M BeIyUIyil 3JIeMEHT BO BTOPYIO CTPOKY M BO BTOpPOIii crosibern. IlepecraHOBKu CTOJIONOB [IpU 3TOM 3aIIOMUHAEM!
. . 1
3) Henum BTOpPYIO CTPOKY PACIIMPEHHON MaTPUIpBI HA Bexylmumil sjmeMent, Ilpu 3ToM Ha MecTe 3JIeMEeHTa agz)
MOSIBJISIETCS €IUHUIIA.
4) Tpubasmisis KO BCEM CTPOKAM DACIIMPEHHON MATPHIBI, KPOME BTODPOM, €6 BTOPYIO CTPOKY, YMHOKEHHYIO

COOTBETCTBEHHO HAa, —a%), —aglz) ¥ T.J1., Ipeobpa3yem 3Ty MATPUILy K BULY

(1 0 ag?...aﬁ) b§2) 1
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Ecsiu mocsie BToporo mara 06Hapy »KeHa HECOBMECTHOCTb CUCTEMbI WK ([IOCJIE YAAJEHUs BO3MOXKHO IO BUBIIX~
Csl HYJIEBBIX CTPOK) DACHIMPEHHAS] MATPHUIA CONEPKUT ABE CTPOKH, TO PabOTa ANTOPUTMA 3aKAHIMBAETCs. VHade —
nepexoauM K 3-my mary. U ..

IycTs Teneps Boinonnen (k — 1)-it mar, He 06GHAPYKEeHA, HECOBMECTHOCTh CUCTEMBI U B MATPHIIE OCTAJIOCH § > k
crpok. Ilepexogum K k-my 1mary.

k-it mar. Paccmorpum nmoaMaTpuily mpeodpa3oBaHHON MaTpHIbl KO3(bMUIEHTOB

(k) (k)
Qppp -+ Qg

(1)
agy - -

(k)
s -Gy,

1) Haxoqum B 3T0#i moaMarpuie BeAyIIuii JIeMeHT.

2) Ilepecrasisis (€Ciu HY>KHO) CTPOKU PACIIMPEHHON MATPUILI U CTOMOIBI MATPUIBI KOI(DDUIMEHTOB, IOMEIIa-
€M BeIyuuii 37eMeHT B k-10 CTPOKY u B k-ii crosbew, IlepecranoBku CTOAOLOB IpU 9TOM 3a0MUHAEM!

. . (k—1)

3) Hemum k-10 CTPOKY paCHIMpeHHO MATpUIBI Ha Bemyuwmii saement, IIpu 5TOM Ha MecTe 3IeMeHTa

MTOSIBJISIETCST €IVMHUIIA.

4) TIpubasiisisi KO BCEM CTPOKAM DPACIIUPEHHON MATPUILI, KPOMe k-ii, ee k-10 CTPOKY, YMHOXKEHHYIO COOTBET-

creento na —alf™V —aF1) k1) —a® ™V 0
1k sy TOp_q > —Ofqq -ees O .., Ipeo0pa3yeM 3Ty MaTPHUILy K BUILY
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Ecsu mocne k-ro mara o6HapyKeHa HECOBMECTHOCTH CUCTEMbI WM (IOCJIE yIAJeHUs] BO3MOXKHO MOSIBUBIIMXCS
HYJIEBBIX CTPOK) PACIIUPEHHASI MATPUILA COAEPIKUT k CTPOK, TO paboTa ajropurMa 3akandusaercs. VHade — mepexoaum
K k + 1-my mary. I T.x1.




O4eBUIHO, UTO TIOCJIE BBITIONHEHNS HE Hojiee, 9eM m m1aros (M — YuCI0 ypaBHEeHW cucTeMbl) paboTa aJropurma
TIOJTHOT'O UCKJIIOUEHUS 3aKAHYUBAETCS OJHUM U3 TPeX HUCXOAOB!

1) obHapyXUBAETCSI HECOBMECTHOCThH CHCTEMBI;

2) paclMpeHHasi MATPULA CUCTEMbI UMEET BUJL
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(r — 4ucno mwaros),

T.€. HAUAEHO eIMHCTBEHHOE PEIIeHNe CUCTEMBI;
3) paclIMpeHHasi MATPULQA CUCTEMbI UMEET BUJL

1 0...0 a{y, - af) | b
0 1.0 aflyy o af) | o
0 0...1 a0, ...all | B

T.€. CHUCTEMa MMeeT GECKOHEYHO MHOTO PElIeHuii, KOTOpble HaxoasaTcs 1o (opmynam (1.1.4).

TepMUHOJOTHYECKOE 3aMeUaHne: AJITOPUTM TIOJTHOTO UCKJTIOUEHUsT HA3bIBAIOT TaK ke ajaropurmom Laycca - 2Kop-
naxa.t

CepnesHoe npenynpekaerre. Mbl IpeanosaraeM, 9T0 3JIeMEHTHI PACIINPEHHON MATPHUIBI CHCTEMBI 33,TAHBI MO0%-
MO, & BCe apudMETUYECKHE ONEPAINY BBIIOIHAIOTCA 6e3 0KpyeaeHua usu yceuernus. TOIbKO B 3TOM PEIKO BCTPEYAIO-
IIEeMCsI CJIydae BePHBI JOKA3aHHbBIE BhIIIE YTBEPXK/IeHUs. BiusiHre OrpenHocTeil NCX0IHbIX JAHHBIX U ITOTPEIIHOCTeH,
BHOCHMMBIX IIPH BBIYUCJIEHUSIX, Oy1eT paccMOTpeHo B riiase 13.

1.2. OgHOpOOHBIE CUCTEMBI JIMHEWHBIX YpPaBHEHUM

Onpegnenenne. Cucrema JIMHEHHBIX YPABHEHUN HA3BIBAETCS OAHOPOIHOMN, €C/ii BCE €6 CBODOHBIE YJIEHbl PABHBI
HYJIIO.

Teopema. Eciu 4ncno ypaBHeHMit B OIHOPOIHOM CHCTEME MEHbINe, YeM UUCJIO0 MEPEMEHHBIX, TO CUCTEMAa NMeeT
6EeCKOHEYHO MHOTO PeIeHui.

HokazarenscTBo. 1. Beskast ogHOpoaHast cucTeMa MMeeT HYJIeBOE pellleHHe . JTO YTBEep:KIEHWEe ITPOBEPSIeTCsT
moictaHoBkoit. CieoBaTeNnbHO, OMHOPOAHAS CUCTEMA He MOYKeT ObITh HECOBMECTHOM.

2. B ucxoaHO# cucTeMe KOJMYIECTBO CTPOK MATPHUILI KOI(DDUINEHTOB MeHbIe KOIN4YecTBa ee cTosbios. Ilpu
pabore anropurma [aycca-2Kopaasa Komu4aecTBo CTOAOH0B HE MEHSIETCs], 8 KOJIMYECTBO CTPOK He PAcTeT (yMEHbIIUTb-
Csl OHO MOKET 33 CYeT OTOPACHIBAHMs HYJIEBBIX CTPOK PacliMpeHHOi marpuipl). Ciie0BaTeIbHO, PE3yJIbTUPYIOMAs
MaTpuuad KO3M@PUIMEHTOB KBAAPATHON ObITh HE MOXKET, T.€. PEIIEHUE HE MOXKET ObITh €IMHCTBEHHBIM.

1Kapn ®punpux TAYCC (1777-1855) — HeMerKuil MaTeMaTHK, aCTPOHOM, (PU3UK U TeOEe3HUCT, BHECIINH CYINECTBEHHBIA BKJaJ IPAKTH-
4YecKH BO BCe 00J1aCTH MaTEeMAaTHKH, 04eTHHIA wieH IlerepOyprckoit AH.

Kammiae Mapu Damor 2KOPIAH (1838-1922) — dpannysckuit maremarnuk, wieH MHcrrTyTra @pasnum, 9ieH-KOppecnoHieHT Ilerep-
Oyprckoit AH.



