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Titasa 6. COBCTBEHHBIE YNCJIA I COBCTBEHHBIE BEKTOPHI
KBAJIPATHOI MATPUITHI

6.1. OcHoBHBIE TOHSITUSI

IMycrs A — marpuna pasmepa (m X n). YMuoxenue sekropa uz C"* na sry marpuny ciesa gaer sekrop usz C™.
Takum 06pa30M, MOXKHO CKa3aTh, 4T0 (M X m)-marpuna A mopoxgaer oroOpakeHue JjimHeiHoro npocrpancrea C* B
JmHeiHoe npocrpancTBo C™:

Tz — Azx.

OrMeryM J1Ba BaXKHBIX CBOMCTBA ITOTO OTOOPAYKEHUSI.

1. O6pa3 cymMMbI ABYX BEKTOPOB €CTb CyMMa uUX 00pa3oB.

A (x(l) + x(z)) = Az + Az,

2. IIpu yMHOXKEHUU BEKTOPA, HA, YUCIIO €r0 00pa3 yMHOXKAETCS Ha TO Ke YUCII0

A(az) = a(Az).

CaoiicrBa 1 1 2 MOXKHO OOBEIUHATE.

JLnst mo6brx Bektopos 1), (2 u s mobbix dncern aq, as

A (alw(l) + agm(2)) = oqu(l) + agA:c(l).

Orobpazkenusi, 06/1a1a10MIKe ITUM CBOHCTBOM, Ha3bIBAIOTCHA AUHETHbIMU (CDABHUTE CO CBOWCTBOM 3 ONpEIE/u-
Tesist MaTpulpl, 1.3.2). Utak, Marpuna nopoxaaer aunetitoe omobpasicenue C* 8 C™ (aunetinod onepamop, neiictBy-
fommit u3 C* B8 C™).

3amerum, uro eciu A (m X n)-mMarpuina ¢ sewecmeennvimy dtementamu u € R to Az € R™ | T.e. Beme-
CTBEHHAsI MATPUIIA TIOPOXKIAET JIMHEHHBINA OrnepaTop, aeicryromuiit u3 R? B R™.

Ecnu A — kBajspaTHasi MaTPUIA, TO OHA TIOPOKIAET OTOOPAYKEHUE JIMHEHHOTO IPOCTPAHCTBA B cebs1. PaccMoTpum
[puMep Takoro orobpaxkenus. Ilycts n = 2,

Torna

Buzno (puc.6.1), 9To yMHOXKEHUE BEKTOPa Y HA Marpuily A He TONBKO "pacTsaruBaer’ COOTBETCTBYIOMMIA 3TOMY
—

BEKTODPY HAIPAaBJIEHHBIA OTPE30K ?, HO u "moBopauuBaer'ero, B TO BpeMsi KAK HAIPABJIECHHBIE OTPE3KU 7 u Az
KOJIJTAHEAPHBI.
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Puc.6.1

Onpezenenue. [Iycrs A — kBagparuas (nXn) -marpuna. Eciu qj1ist HEKOTOPOro 9uciia A 1 HEKOTOPOrO HEHYALE020
BekTOpa = € C" BBITOIHSIETCST PABEHCTBO
Az = Az, (6.1.1)

TO A HA3BIBAETCS COBCMNEEHHbIM HUCAOM (AT COOCMEEHHbIM 3HA%EHUEM) MATPULLL A, & T — cOBCMEEHHbIM BEKMOPOM
9TOM MATPULBI, COOMEBEMCMEYIOUUM COOCTNBEHHOMY HUCAY .

Sameuanus. 1. B ciaydae, korga pedb uaer 0 COOCTBEHHBIX YMCIAX HECKOJBKUX Marpull, Hampumep A u B,
1e71ec000PA3HO UCHONB30BaTh 0003HadeHust A(A) u A(B).

2. YcnoBue x # 6 1js COOCTBEHHOTO BEKTOPA, CYIIECTBEHHO, TaK Kak Af = A0 npu at06om A, u 3TOT Caydail He
NIPEJCTaBIAET UHTEPECa.

6.2. ITotHas MpobiieMa COGCTBEHHBIX 3HAYEHUH

ITonHo# TpoGsIeMOii COOCTBEHHBIX 3HAYEHMI HA3BIBAIOT 334349y O HAXOXKIEHUN BCEX COOCTBEHHBIX YMCET U COD-
CTBEHHBIX BEKTOPOB KBAIPATHON MATpHIbI. DTa 331243 HAPsY C 3aJ4a4eil O PEeleHnr CUCTEMbI JIMHEHHBIX YPABHEHUH
COCTABJISIET OCHOBHOE COZEP>KAHUE JIMHEHHOMN anrebpsbl.

ITpeoGpasyem ypasuenue (6.2.1), onpegessiomnee COGCTBEHHbBIE YUCIA U COOTBETCTBYIOIIUE UM CODCTBEHHbBIE BEK-
TOPBI.

Ax =)z <—= Az - =0 (A- Az =46. (6.2.1)

(6.2.1) — cucrema u3z n ypasuenuii (nesunetinox) ¢ (n + 1) nepemeHHbIMU: T1, .. ., Ty 1 eme Al

3ameTrnM, OJHAKO, YTO NpU (PUKCHPOBAHHOM A 3Ta CUCTEMA CTAHOBUTCS JIMHEHHOW W OJHOPOIHOMN, W, CIeno-
BaTEJILHO, CYIIECTBOBAHNE y HEE HEHYJIEBBIX PEIICHUI PABHOCHJIBHO BBIPOXKIEHHOCTH MATPUIbI ee KO3 dUIeHToB.
Urak, cOGCTBEHHBIE YUCIA MATPULIBI A — 3TO B TOYHOCTU BCE KOPHU yPABHEHUSI

det(A — \I) = 0. (6.2.2)

HNccnenyem s1o ypasuenue. Kak n3BeCTHO, OIpPeIeINTEb MATPUIEI BEIYHCISIETCS] 9€PE3 €€ JIEMEHTHI € IOMOIIBI0
onepanuii yMHOXKeHUsT U cjioxKenusi. C Apyroif CTOPOHBI, 3jieMeHThl MATpUlbl A — A — 3TO TOJIMHOMBI OTHOCUTEIHHO
A. CrenoBarensHo, det(A — AI) — Toxxe noMHOM OTHOCUTEIBHO A. OH HA3BIBACTCSH TAPAKMEPUCTNUKECKUM TONUHOMOM
mampuys A, 1 MbL Oyem 06o3Ha4aTh €ro P4(\).

Ilpumepsr. 1. n =1, A=]Ja1], Pa(A) =det(jair —A]) = a1 — A.

2. =2, A:[““ “12], PA()\)zdet([au_)‘ 12 D:

a21 Q422 a21 azz — A

= det(A) — Sp(A) - X + X\
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(3mecy Sp(A) — caed mampuyb, — CyMMa, €e TUATOHAJBHBIX 3JIEMEHTOB).

a1 a2 613 a1 — A a2 ai3
3.n= 3, A= a1 Q22 Q3| , PA()\) = det az1 ag2 — A a23 =
as1 as2 0G33 as1 azz asz — A

= det(A) — (A11 + Ao + Azz) - A+ Sp(A) - A? — A3
(3mecy Agk, k =1,2,3 — anrebpanveckue AONONHEHNS AUATOHAIBHBIX JIEMEHTOB MATPHIBI).

Mo2kHO MOKa3aTh, 9TO J/s1 KBAAPATHON Marpuupl A NOpsiaka 7 XapaKTePUCTUYECKUH NOJIMHOM MMEET CTENEHb
n, npudem crapumii koadduiment ero pasen (—1)", ceoboaubrii uien pasen det(A), a koadduiment npu A"~ pasen

(=1)"=" - Sp(A).

IIpuenem 6e3 mMOKA3aTEIHCTBA HEKOTOPHIE CBOMCTBA, KOPHEH MOJMHOMA.
1. Besakuit monuaOoM crenenu n > 1 MOxKeT OBbITh PA3JIOXKEH HA, MHOXKUTEJIH:

Po+PIA+ o+ DA =Dy (A= AD)F (A= A)Fm)

31€ech YuCia A1, . . . Ay, — NONAPHO PA3AUNHBLE KOPDHU [IOJUHOMA, 8 HATYPAJIbHbIE Yucna K1, . . ., ky — UX Kpammo-
cmu. Ilpu srom kg + ... + Kk, = 1, T.€. HOJIHOE KOJIMYIECTBO KOPHEH MOJMHOMA, (C yU€TOM MX KPATHOCTH) PABHO CTENEHU
MIOJTMHOMA.

2. Cymma Bcex KoOpHE# momuHOMa (C y4eroM WX KPAaTHOCTH) PABHA — (

o ().

DT CBOWCTBA 1103BOJSIOT COPMYJIMPOBATH Psiji COAEPIKATEIBHBIX YTBEPXKIAEHUN O COOCTBEHHBIX YMCIAX MaT-
puubL:

1. Kaxas KBapaTHas MATPUIA MOPSIKA 1 uMeeT (C y4eTOM BO3MOXKHON KPATHOCTH) POBHO 7. COOCTBEHHBIX
quceJi.

Sameuanue. 1o CIOBOM 4uC.AG TOHUMAIOTCS, KAK BCETIA, KOMNAEKCHBIE YUCAq. [JarKe y BEIIECTBEHHON MATPUIIBI
MOXKET He OBbITh BEIEeCTBEHHBIX COOCTBEHHBIX yuces. Hampumep:

Al D =M +1.

Pn—1

) ), a TpOM3BeJleHNE DPABHO
n

-1 -A

B= [_01 (1]] . Pa(\) = det(B — AI) = det ([

2. CyMMa Bcex (C y4eToM MX KPATHOCTH) COOCTBEHHBIX YMCEJl MATPUILI PABHA ee ciery. [IponsBeenue ke Beex
COOCTBEHHBIX YHCeJI MATPUILI PABHO €€ OIIPEIETUTEIIO.

(i (3

> Ar(A) = Sp(4), T Ar(A) = det(A).

r=1 r=1

Caencreue. BBIpOXKIEHHOCTH MATPUIHI PABHOCUIHLHA, HAJIMYUIO ¥ HEE HYJIEBOTO COOCTBEHHOTO YUCIIA.

OcTtaHoBMMCS Tenepb Ha BOMPOCE O KOJUYECTBE COOCTBEHHBIX BEKTOPOB MaTpuIlbl. IIperkie Bcero oTMeTum, 9To
YMHOXKUB COOCTBEHHBIN BEKTOD HA OMAUYHOE OM HYAA TUCIIO, TOIYIUM COOCTBEHHBIH BEKTOD:

x#ﬂ/\Am:)\m/\aaéO = ax#@/\A(am) = a(Az) = a(Az) = Aazx).

HO3TOMy uMeeT CMBICJI TOBOPUTH HE O KOJIMYECTBE CO6CTB€HHI)IX BEKTOPOB MaTPUIIbI Boo6me, a JINIIIb O KOJIU4Ye-
CTBE ee AUHEliHO He3a8UCUMDBLT CODCTBEHHBIX BEKTOPOB.
Nwmeer mMecTo craemayromast BaXKHen mast

Teopema. Co6CTBEHHBIE BEKTOPHI MATPUIIHI, COOTBETCTBYIONINE €€ NONAPHO PA3AUWHbLM COOCTBEHHBIM YUCIIAM,
JIMHEIHO HE3aBUCUMBI.
Hoxkazarenscrso. [lycts k < n, Ay,...,\; — monapHo pasnudHbie COOGCTBEHHBIE YuCaa, (N X n)-Marpunsl A, a

x(l), e .'E(k) — COOTBETCTBYIOIINE UM CO6CTBeHHI)Ie BEKTODBI.
CocraBuM ypaBHEHUE
aprV 4+ ..+ apa® =0 (6.2.3)

U MOKazKeM, YTO OHO HMeeT TOJIbKO HyJIeBOE PelleHue.
Yuuoxkum (6.2.3) ciesa na marpuiy A. ITo onpenenennio COGCTBEHHBIX BEKTOPOB IOy UM

ar iz + agdoz® + .+ ap e = 6. (6.2.4)
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C apyroii cToponbl, ymHOXKas 00e yactu (6.2.3) na A1, umeem
al)\lx(l) + a2)\1$(2) +...+ ak)\lx(k) =4.
Brorauranue nosmysennoro pasencrsa u3 (6.2.4) naer
(Ao = M)z® + 4+ ar( = A)z® = 6. (6.2.5)

KonuuecTso ciaraemprx B jieBoit 9actu (6.2.5) yMEHbIIMJIOCH TIO CPaBHEHUIO ¢ (6.2.3) Ha eaumHMIly. Y MHOMXKAs
(6.2.5) cneBa na Marpuiy A, 3aTeM HA Ay ¥ BBIYMATAs U3 NEPBOrO NMPOU3BEIEHUs BTOPOE, YMEHBIIMM KOJUYECTBO
CJIaraeMbIX B JIEBOHM 4acTH elne Ha, enauHuily. II0BTOPsis 3TOT nmpueM, MpuUIeM K PaBEHCTBY

ar (e = A1) - Ok = A2) - oo M = Ap_1))z®) =6,

13 KOTOPOTO, YUUTHIBASI, YTO COGCTBEHHBIE HHC/IA TOMAPHO pasmduel u z(F) #£ 0, momyunm, uro ay = 0.

Tak Kak MOPsIOK COOCTBEHHBIX BEKTOPOB B ypaBHEeHUN (6.2.3) MPOU3BOJIEH, MBI TTOKA3AJIH, HA CAMOM Jiejie, YTO
paBHBI HYJIIO BCe yucia o, (r = 1,...,k), u juHeliHas HE3aBUCUMOCTH COOCTBEHHBIX BEKTOPOB, COOTBETCTBYIOIIUX
[IONIAPHO PA3JIMIHBIM COOCTBEHHBIM YUCJIAM, JOKA3aHA.

Ora TeopemMa MMeeT BarXKHOEe

Caencreue. Eciu Bce n cOBCTBEHHBIX ymcest (1 X 1)-MaTpulbl A MOMApHO PA3JUYHBI, TO COOTBETCTBYOIIAE UM
cobcTBeHHBIE BEKTOPBI 00pasyoT 6a3uc B C*. Ero npuHaTo Ha3bIBATL COOCMEEHHbIM 0a3UCOM MATPULILI A.

Bormpoc o cymecrBoBanuu cobCcTBEHHOrO 6a3MCa B CIyYae HAJUYIUS KPATHBIX KOPHEH XapaKTEePUCTUIECKOrO 0~
JINHOMa (Kpa,THI)IX CO6CTB€HHI)IX quceJ1 Ma,TpI/IIH)I) OKa3bIBAECTCA 60J1ee CJIOZKHBIM.

0 2 0 2
XapaKkTepuCTUIECKHE TTOJTUHOMBI Y 3TUX MATPUIL COBIMAIAIOT

Ipuwmep. [ycrs A = [2 O] , B= [2 1] .

PA()\):det(Fa)‘ 22/\D=(2—>\)2 PB()\):detqza)‘ 2i/\D:@—,\)?.

Urak, 06e MATPUIBI UMEIOT COOCTBEHHBIE YNCIIA JBOWHON KpaTHocTu. Ho y MaTpuier A ecth cOOCTBEHHBIN 6a3wc
(manpumep, cranmaprusii — ) u e?) ). A Bor y Marpunsr B ecTh (¢ TOYHOCTHIO 0 YHCIOBONO MHOYKITEJIS) TOMBKO
OoIMH COOCTBEHHBIN BEKTOP. [leficTBUTENBHO, pelasi CUCTeMY

(B—21)=04=>[8 (1)]-[”31]:[8], nosy M :v:'y[(l)], (y # 0).

T2

Omuako eme I'puropuit Cxosopoza ! cxazam: "Caasa Co3gaTenio, COTBOPHUBIIEMY BCe HEHYKHOE TPYIHBIM, 3, BCe
TpyaHOe — HeHykHBIM" . Hanbosee 9acTo BCTPEYaOmuiics: B IPUIIOKEHISIX KIACC CAMOCONPANCEHHHLL MATPULL H30ABJIEH
OT OTMEYEHHBIX CJIO2KHOCTEH. Y CaMOCOIPSI2KEHHBIX MAaTpPWll, KaK Oyaer moka3aHo B m.8.1, Bcerga ectb COOCTBEHHBIN
6azuc.

Teneps MbI MOXKeM 3aKOHYHUTH PACCMOTPEHME MIPUMEPA, C KOTOPOr0 HAMMHAETCS ITA IJIABA.

A:[g :2], PA()\):det<[5g)\ _ZEAD:\?—A—Z

Cobcrennbie uncima MaTpuibl A: Ay = 2, A = —1. Haxoaum cooTBercTByIomue mM COOGCTBEHHBIE BEKTOPHI,
pemas OJHOPOIHbIE CUCTEMBbI JJUHEHHBIX yPABHEHUI

(A-\)z™ =0, r=1,2.

1. |3 76, w»_|0 ® — |2
r=1; [3 —6] T —[0]<:>:1: =M1 4]>

rJe 1 — IPOU3BOJIBbHOE, OTIMIHOE OT HyJis 9ucio. (OrmernM, 910 mpw 41 = 1 MBI NOy9IaeM y2Ke yIOMUHABIIVIACS B
n.6.1 cobCTBEHHBIA BEKTOD).

6 —6 0 ; 1
r=2; [3 _3]-x(2):[0]<:>23(2)=’72[1]; Y2 # 0.

Tpuropuit Cassua Cxosopoga (1722-1794) — ykpaunckuit bustocod, 10T, Mearor, BeJ >KU3Hb CTPAHCTBYIONEro HUmero. Ero counne-
HHS PACIPOCTPAHAINCH B CIHCKAX.
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Bexkropsr (1) u z(2) obpasyior coberBennblii 6aznc MaTpuib A.

Nrax, mocTpoeH ajropuT™ pelieHusi IOIHOM IpobsieMbl COOCTBEHHBIX 3HAYEHUil [JIsi KBAJPATHOW MAaTPHUILI C
IpOCTHIMU ([IONAPHO PA3JIMYHBIMU) COOCTBEHHBIMU YUCIAMHU:
1. Borancanrs k03¢bdUImMeHTh XapaKTePUCTHYECKOTO MTOJIMHOMA

Pa(\) = det(A — AI)

2. HaiiTi KOpHU 3TOrO MOJUHOMA, Aj, . . ., A, — COOCTBEHHBIE YUC/IA MATPUIBI A.
3. JIjist KasK0ro COBCTBEHHOrO uneia A, (r = 1,...,7n) HaliTH cooTBeTCTByOMMIi cObCTBenHbIT BekTop (") —
HEHYJIEBOE DellleHre OJHOPOTHOU JIMHEHHON CHCTEeMBbL

(A= XDz =6.

Cepbe3Hoe NpeaynpexKIeHne. JTOT, KA3aI0Ch Obl, €CTECTBEHHbINH aJropurMm 00JIaaeT OJHUM yOUICTBEHHBIM
HEIZOCTATKOM: HE CYIIeCTBYET YUCIICHHO yCTOI‘/‘I“II/IBbIX METOAOB €ro peaJin3alluu. HOSTOMy Ha MPAKTUKE HCIOJb3YIOT
JPyTue MEeTObI PEIIeHusl MOJTHON MPOo0IeMbl COOCTBEHHBIX 3HAYEHUIA.

OTMeTnM elie HEKOTOPhIE CBOMCTBA COOCTBEHHBIX BEKTOPOB U COOCTBEHHBIX YMCEJT MATPUIIBI.

1. Ecnn MaTpuIly yMHOKHUTH HA OTIMYHOE OT HYJIST YUCJIO, TO €e COOCTBEHHBIE BEKTOPHI HEe M3MEHSITCS, a Co0-
CTBEHHBIE YUCJIa YMHOXKATCS HA 3TO K€ YUCJIO.

JokazareabCcTBO.
Az = Mz <= (aA)z = a(Az) = a(A\z) = (a))z.
2. Ecaz marpuna A obparuma, T0 cobcrBenHble BeKTOpbI MaTpur, A 1 A~! coBmasaor, a ux cOBCTBEHHBIE IHCIA
B3aUMHO OOpATHLI.

HoxazarenscrBo. U3 obparumocru A cienyer, uro det(A) # 0 u, TakuM 00pa3om, BCe COOCTBEHHBIE YMCIIA
OTINYHBI OT HyJIs1. Jlasee

1
Ar=dr <= A Ar=A""\2) = \NA )<= r=)\4A"'2) &= A7z = IR

3. CobcTBeHHDBIC BEKTOPHBI CONPAXKEHHBIX KBAaJIPATHBIX MATPUI] — CONPAZKEHHBIE KOMIIJIEKCHBIC YUCTIA.

JlokazaTeabCTBO.

Pa-(X\) = det(A* — XI) = det (A — AI)*) = det(A — XI) = Ps()).

TMostomy ecim Pa(A) =0, to Pa(A) =0 u Pa+(\) =0.

Sameuanue. B orsimame oT B3auMHO 0OPATHBIX MATPUIL] COOCTBEHHBIE BEKTOPBI 9PMUTOBO CONPSI>KEHHBIX MATPHII,
BOOOIIE TOBOPsi, HUKAK MEXIYy CO00i HE CBS3aHbI.

6.3. ITomo6HBIE MATPUITHI

Omnpenenenvie. ToBopsT, 4To KBaapaTHas Marpuna A momobHa KBaapaTHOM Marpulle B, eciu cymecTByeT takast
obpamumas MaTpua S, 9To
A=S"'BS.

QOueBunno, yTo ecimm A nmomobua B, To u B nonobua A, Tak Kak
A=S'BS«=B=545"'=(5S')'BS .

IMostomy roBopsit, uro MarTpunbl A u B momgobubr apyr apyry, O4ueBuaHO Tak»Ke, YTO BCsIKAas KBaJpPaTHAS
Marpuna nmomobua camoii cebe. Jasee, eciiu A momobua B u B nogobua C, To A monobua C'. JlelicTBUTENBHO,

A=57"BS; \B=5;'0S, <= A= 57157055 = (5:51)7'C(5:5).

Paccmorpum Tenepsb cBOMCTBA COOCTBEHHBIX YUCEN HOJOOHBIX MATPHIL.

Teopema. XapakTepuCcTUIeCKHE TOJTUHOMBI TOI00HBIX MATPHII COBIIAIAOT.

Joxazaremnctso. Eciu A = S™'BS, o

Pa()\) = det(A — X)) = det(S™'BS — M) =
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=det(S'BS — S 'IS) = det(S (B — \I)S) =
= det(S™') - det(B — M) - det(S) = det(B — M\I) = Pg()).

Cnencreue. CoOCTBEHHBIE YNC/IA TOJOOHBIX MATPHUI] MOMAPHO COBITAIAOT.
st manbHeiinero 0obiioe 3HAYEHNE UMEET CJIEIYOMAsT

Teopewma. Eciiz y marpuist ects COOCTBEHHBIHN 0a3uC, TO Cpeay MOI00HBIX €l eCTh AMArOHAIBHAS.

JokaszarenscTBo. Iycts Ai, ..., A — cobcrsennsie umcna mMarpunsl A, s ... s — coorBercTByIOmUE MM
JINHEHHO HE3aBUCUMBbIE COOCTBEHHBIE BEKTOPHI. 10raa

As =28 r=1,... n.

[Tepenuiem 3Ty cucreMy paBeHCTB B MATPUYIHON (hopme
AS = SA, (6.3.1)

rme S = [sU,..., 5], A =diag[\,..., \]-

(O6parure BHEMaHNe Ha MNOPSIOK COMHOXKUTEJEH B paBoii dactu (6.3.1)).

Tak xax Bekropsr s(1, ..., s(") obpasyror Gazuc, marpura S o6paruma. Jomuoxkus (6.3.1) ciesa ma S~ momy-
amm ST1AS = A.

BepHo m o6paTHOe yTBEp:KIEHHWE: eCiM CPeJN MATpPHIl, TOAOOHBIX Marpuie A, ecTb JUATOHAJbHAS, TO HA ee
JIMATOHAJIN CTOST COOCTBEHHBIE YKy MaTpullbl A, n'y A ecTb cOOCTBEHHBIN Oa3uc.

TeiicrBurensro, ST1AS = A = AS = SA, te. As() = \,.s("), r=1,...,n. Takum o6paszom, \, — cobcTBEH-
HbIE YUCJIa MaTpulbl A, a s(") — ee coberBenHbIE BeKTOPbI. OCTAIOCh 3aMETUTh, YTO B CUJLy OOPATUMOCTH MATPUIIBL S
ee CToNIOLBI — COOCTBEHHBIE BEKTOPBI MaTpulbl A — 0O6pasyior 6asuc.



