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Tnasa 7. CTEIIEHHOM PSIT. AHAJINTUYECKUE ®YHKIIUN

7.1. CreneHHoii psig

Onpegenenne. Cmenennvim pPA0om HA3BIBAIOT CEMEHACTBO YUCIOBBIX PAIOB BUIA

agtarz+...+a2"+...= E anz™, (7.1.1)
o0
rae (a”)o — 33JIlaHHAs TIOCJIEIOBATEILHOCTh KOMILIEKCHBIX YHCET , & 2 — KOMIJIEKCHAas mepeMeHHas. Pukcupys
3HaYEHHE JTOU NMepeMEeHHOMN, MBI U3BJI€UYEM U3 CEMECTBA Pa3JIMYHbIE YNCIIOBBIE PSAIBI.
Yucna ag, k =0,1,... HA3BIBAIOT KOIPPHUUUEHMAMY CTETIEHHOTO PsIIA.

Bameuanwue. [Ipu z = 0 u n = 0 B (7.1.1) BO3HUKAET HEONPeEIEHHOCTD: g - 0°. [ToaToMy Jyutie 66110 GbI MUCATH

o0 +oo +oo
ao + Y a,z". OgHako muuIyT KOpOde — Y . ap,2", MOHUMAs 9TO KaK dg + ., G,2"
n=1 n=0 n=1

IIpumep. IlycTs nan cremeHHOM psf

2 Z2 P +oo P

1+-4+—+...+—+...=1 E —.

+ 1 + 2 +...+ n + +n:1 -
ITonoxkus 2 = —1, moTyYuM YUCIIOBO# P,
+oo
1 1 (-1
_ R = A iics!
1-1+ 573 +...= 3:2 - (cxomsmmiicst!).

ITonoxus 2z = 1, mOayYUM 9UCIOBOM Psif

1 1 1
14+1+= 5 + = 3 +...=2+ Z - (pacxomsimiicst!).

n=2

W3 3Toro mpumepa BUIHO, 9TO TPU OJHUX 3HAYEHUSIX MMEPEMEHHOM CTEMEHHON Psifi MOXKET MPEBPAINATHCS B
CXOISIUICS YUCTOBOM psifi, & Tpu APYTUX — B pacxomsimmuiicsi. [IoaTromy mpencraBisieTr WHTEPEC MHOMXKECTBO TOYEK
KOMIIJIEKCHO# INIOCKOCTH, B KOTOPBIX CTEIIEHHOU DAL CXOOUTCS.

Ormernm cHagasa, 9ro npu z = (0 cxomaurcs 000N CTENEHHON DPsifl, TAK KaK €ro CyMMa, eCTh IPOCTO ag. Ecym
z # 0,70 npumMenuM K crenenHomy psay (7.1.1) npusHak a1 Anambepa, T.e. TONPOGyeM BBIYUCIUATD MIPEIEIT

. An41 n+1
D(z) zhm‘;|— |2| - lim ‘ +
42
Mpur cosnaTensHo 0603Ha4MIM STOT Tipeaea D(z), 94Tobbl NOAYEpKHYTh, 9TO (B OTJIUYUE OT CJIydasi YUCIOBOTO
Psa) OH 3ABUCUT OT TOYKHU Z, B KOTOPOi BBIYUC/ISIETCS.
an+t1
an

Eciu lim‘ ‘: 0, 0 D(z) = 0 mpu Bcex z € C, T.e. crenennoii psiz cxomurcs (aBCOMOTHO) Ha, BCEH TLIOCKOCTH.

. la .
Ecin hm‘ —ntl ‘: +00, T0 D(z) = +00 npu Bcex z # 0, T.e. CTENEHHON PsiJ, CXOAUTCS TOJLKO B HYJIE.

a > 0, To crenenHoi psy cxomurest (abcomorHo) npu D(z) = a - |2| < 1, T.e. BHyTpH Kpyra C

Eciu hm‘ "*1 ‘

[EHTPOM B HAYAJE KOOPIVUHAT U paguycoM R = é. Bse sroro kpyra D(z) = a-|z| > 1, T.e. cTeneHHO# psif paCXOIATCSI.
Ha rpanune kpyra D(z) = 1, u npusnak x’Anambepa He 1a€T OTBETA Ha, BOIPOC O CXOJUMOCTHU CTEIIEHHOTO PSIJIA.

Samedanusi. 1. DTy Ke yTBEPKIAEHUsI MOXKHO ObLIO ObI MOJYy4HTh, [OJIb3YsICh BMeCTO npusdHaka JI’Asnambepa
npusHakom Kormu.

a
ntl |y lan|'/™ we umeror mpemenos, o npussaku I’Anambepa n Komm e
n

2. Ecim nocnenoBarenbHOCTH ‘

paboraror. OgHAKO MOKHO IIOKA3aTh, 9T0 U B ITOM CIy4ae y CTEIEHHOIO P CYIIECTBYET Kpye CTOOUMOCMU C IEHTPOM
B HavaJjle KOOPJUHAT.

Ecnu moroBopuThCsi CIMTATh HAYAJI0 KOOpPAMHAT "Kpyrom" HyJI€BOro pammyca, a KOMILUIEKCHYIO ILIOCKOCTH —
"kpyrom" GECKOHEYHOrO paanyca, TO MbI BHAUM, UTO CIIPABEIJINBA

Teopema. ¥ BCSKOro CTENEHHOrO Psifia, €CTh KPYr CXOAUMOCTH (C LEHTPOM B Hadaje KoopauHar). Buyrpu sroro
KpPyTa CTEMeHHOHN psifi cxoauTcs (abCOMIOTHO), & BHE €r0 — PACXOIUTCS.
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Panguyc kpyra cXOauMOCTH CTEMIEHHOTO Psifia MPUHSITO HABBIBATE PaIUYCOM CLOOUMOCTIUY PAJG.

+o0o _n

ITpuwmepsr. 1. llpuvenum x pagy » . %r npusHak ;1’ Asmambepa
n=0 """

n+1 1
n

. 1 _
o =|z|-lim—— =0

n+1

Pan cxomurest abCOMIOTHO HA BCEH KOMILIEKCHON MJIOCKOCTH.

+oo
2. K pany > (2 + (—1)") - 2™ npusHak 1 Amambepa HEMTPUMEHUM, TaK KaK Mpees
n=0

D(z) = lim

(2+(_1)n+1) ,zn+1 _| |li 2+(_1)n+1
@07 | e

HE CyIIECTBYET HU TIPU KAKOM 3HAMCHUH TIEPEeMEeHHOM z (kpome Hyus). Vcnonw3ys npusnak Komm
K(z) = 1im|(2 + (—1)") -z"|1/n = |z|-lim |2 + (_1)n|1/n = |z,

MOJIy9aeM, 9TO ITOT Psifl CXOAUTCs BHYTPH KPYTa €IUHUYHOrO pazmyca. OTIenbHO ciefyer u3yduTh MOBEICHUE Psa
Ha IpaHulle Kpyra, rae npusHak Komm He paGoraer. Herpyauo Bugers, uro mpu |z| = 1 lim|(2 + (—1)")z"| HE
CYWIECTBYET, U, CJIEAOBATE/ILHO, BO BCEX TOYKAX IPAHULBI KPYTa, P pacxoaurcs (Ipu3Hak pacxogumocru!).

+o0o n
3. IIpumenws Kk psgy Y, % npusHak 1’ Anambepa, momyunm

n=1

Zn—}-l

n
D(z) =1i ‘7 = |2| - lim —— =|2].
(2) = lim (n+1)2" 12 R 12

Psin cxomurest abcomorHo npu |z| < 1 u pacxozutes mpu |z| > 1. Kax nokasaHo Bblme, Ha OKpyKHOCTH 2| = 1
€CTb TOYKHU, B KOTOPBIX Psii CXOAUTCS (HAIpHUMep, z = —1), U TOUKH, B KOTOPBIX Psifi PACXOAUTCs (HampuMep, z = 1).

+o0o n
4. TlpuMenus K pany ». %y npmsHax i AmamGepa, mOTy<HM
n=1T
only2 ' n2
= |2| - lim ——= = |2|.

(n+1)?

Psp cxomurest abcomoTHO npu |2| < 1 u pacxomurest npu |z| > 1. Bo Beex Toukax rpaHUubl KPYra CXOAUMOCTH
+o0
psaz cxogurest abeomoTHo (Y % — psanx Hupuxgue ¢ p=2 > 1).
n=1"N
+o0o
5. [Ipumenus k psimy Y, n™ - 2" npussak Komu, noaydum
n=0

K(2) = lim|n"2""/" = |2| - limn = 400 (2 # 0).
OTOT PsiJi CXOAUTCS TOJBKO B HYJIE.

Sameuanus. 1. Kak BugHO u3 npuMepos 2-4 Ha IPAHUIE KPYTra, CXOJUMOCTU CTEIEHHBIE PsIIbl MOT'YT BECTHU cebsi
II0-Pa3HOMY.

2. MoXHO pacCMaTpUBATH CTEIEHHBIE DsJbI, HEHTP KPYyra CXOAMMOCTH KOTOPBIX DACIIOJIOXKEH HEe B HyJe, a B
HEKOTOPO TOYKE P KOMILIEKCHOMN ILIOCKOCTU. DTU PsiJIbl UMEIOT BUJ

+oo
a0+a1(z—p)+...+an(z—p)"—|—...:Zan(z—p)".
n=0

7.2. Aranutudeckue pyHKIn

Ecsin paamyc Kpyra CXOIUMOCTH CTEIEHHOTO PS4 OTJIMYEH OT HyJisl, TO BHYTPH 3TOrO Kpyra (a Moxer ObITh, 1
B HEKOTOPBIX TOYKAX €ro rPaHMIbl) 3a1aHa DyHKIuUs

+o0
f(z):a0+a12+---+anzn+...:Zanz”,
n=0
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Onpenenenne. Anasumuveckoli pynryuet Ha3biBaeTCss (PYHKIUS, IBJSIOMASICS CYyMMOM CTENEHHOTO Psijia.

Samedanue. B nasbHelinem, eciii He OrOBOPEHO MPOTUBHOE, MBI PACCMATPUBAEM TOJILKO AHAJUTUYIECKUE (DYHK-
[U¥, OTpeAesisseMble CTEEHHBIMU PSIAMU, Y KOTOPBIX IEHTDP KPYra CXOAUMOCTH PACIOJIOXKEH B HAYAJE KOOPIUHAT.

Anamuruyeckas GyHKIMS €CTh eCTeCTBEHHOe O0OOINEHNE MMOJIMHOMA, U HACEAYET Psifi €ro MOJIE3HBIX CBOMCTB.
Tak, HAIpPUMED, MOAHCHO NOKA3AMD, MO OHA HEIPEPHIBHA BHYTPU KPYTa CXOIUMOCTH.

B cBot0 0uepep, IIOJIMHOM OKA3BIBAETCS YaCTHBIM CIIy9aeM aHAJIUTUIECKON GyHKmu (Bce K03 dDUIMeHTs onpe-
JIEJISIFOLIErO ero psi/id, HAYMHAsL C HEKOTOPOrO, PABHBL HYJIIO).

Mooicno noxazams maxdice, %Mo CyMMa, U IIPOU3BEIEHUE IBYX AHAJIUTUYCCKUX (DYHKUUA CyTh AHAJIUTUYECKUE
dbyukumn (B MEHbIIEM U3 UX KPYTOB CXOAMMOCTH), IIPUYEM CJIOXKEHUE U YMHOXKEHUE AHAJIUTUICCKAX (DYHKIMH BBIIOJ-
HSIFOTCST TAK 2K€, KAK COOTBETCTBYIOIINE OMEPAIMNA HAJT TOJTAHOMAMH.

Henenne anamuTrdeckux QYHKIMA paccMoTpuM Ha npumepe. Ilycrs

f@R)=1—z+22—. .+ (=D""+... (2| <),
g2)=14+z2+22+... +2"+... (]z|<1).
Sanuimem (HyHKIUIO-9aCTHOE B BUJE CTEIIEHHOrO Psifia, KOIM@OUIUEHThI KOTOPOTO NOJIEXKAT OMPEICICHUIO.

1—z422— 4+ (=1)"2"+...
142z+224+...+2"+...

=agtaiz+az>+...+anz"+...

(f/9)(2) =

IIpuBemem o6e vacTH paBeHCTBA K OOIIEMY 3HAMEHATEII0 M HpHUpaBHsieM KO03(MMUIMEHTHI MPU OJUHAKOBBIX
CTETeHsIX TTEPEMEHHON B YNCIUTEINSIX:

ap =1
ag+a; =—1

ap+ay+ax=1
ag+ay +ax+az3=-—1...
Orcrona,

ag=1,a1=-2,a=2,a3=-2,...,ap,=2-(-1)",...
Nraxk,
(fl9)(z) =1—=22+222 —. .. +2(=D)"2" +... (2] <1).

AHAJIOrMYHO NPOM3BOAUTCS JieJieHNe JII0ObIX aHanuTrdeckux GyHkumit (npu yciaosun, uro ¢g(0) # 01).
3amedganue. ITpu sTom, ecmn R — MeHbIINI U3 PAINYCOB CXOJUMOCTH PSIZOB, onpenensomux Gyakuun f u g, a

r — HAUMEHBIINH U3 MOAyJel Hysell MYHKIUKN ¢, TO PAIUYC CXOOAUMOCTU Psi/Ja-4aCTHOIO €CTh MeHbliee n3 qucesn R u
.

7.3. DKcCIIOHeHTa

3HaKOMCTBO C aHAJIUTUYCCKUMU d)yHKHI/IﬂMI/I Ha4YHEM C IKCNOHEHMDL

2 22 P t© n
emp(z):1+1+§+...+H+...:ZH.
n=0

Kak 6bu10 ycranosneno B npumepe 1 (11.7.1) sra dpyHKIms onpeneseHa Ha BCeil KOMILIEKCHOH myiockoctu. Pac-
CMOTPUM HEKOTODBIE €€ CBOICTBA.

1) exp(0) = 1 (momy4aercs moICTAHOBKOI),

2) exp(z) - exp(y) = exp(z +y).

JeiicTBUTENHHO, TEPEMHOXKAST PSIIbI

1 T 1479 .Y
e:vp(m)—1+1+2!+3!+..., exp(y)_1+1+2!+3!+...,
TIOJTy IUM
T+ 22+ 22y +y®  2®+32%y + 33y + 47
exp(r) - exp(y) =1+ Y A Y LA
1! 2! 3!
T+ T +y)? z +y)?
=1+ y+( v +( y) +...=exp(z +y).

1! 2! 3!



37

3) exp(z) - exp(—z) = exp (2 + (—2)) = exp(0) = 1.

U3 sToro mosicdecmea cneyeT, BO-IEPBBIX, 9TO SKCIOHEHTA He OOPAINAETCS B HyJIb, a, BO-BTOPBIX, ITO
1

exp(z)’

exp(—z) =

+001
= Zmze.EmmmEN,To

n=

4) exp(1)

[=}

exp(m) =exp(l+1+...+1) = (ea:p(l))m =e™.
m CJIara€MbIxX

5) Ha BelecTBeHHO OCH IKCIIOHEHTA, TIOJIOKUTEILHA, U Bo3pacTaet. JeiictBuTtensHo, ecin ¢ € R, x > 0, To

z  z? " 1

ea:p(x):1+F+§+...+F+...>O; exp(—x) = > 0.

y>r=y—z>0=exply—z) >1,

exp(y) = exp(y —z + z) = exp(y — z) - exp(z) = exp(y) > exp().
6) Ha mauwmoii ocu (y € R)

400 —+oo . b +oo .
ewp(iy) _ Z (zy)n _ ('Ly)Zk i Z2ky2k:-i-1 _
| ! !
—= n P (2k) = (2k + 1)!
+oo 2k +o0 2k+1

=20 e+ XY Gy (7.1

He umest BO3MOXKHOCTH B PAMKAX HAIIEr0 Kypca J0Ka3aTh 3TO, COOOIIUM, YTO Psbl, CTOSIIUE B
BEIIECTBEHHON U MHUMOI JacTax ¢dbopmyast (7.3.1) onpenensitor "Bcem usBectHbie" byHKIMY
KOCUHYC U CHUHYC

+oo 2m +o0 2m+1

cos(y) = ()" sinl) = 3 (D" G (7.3.2)

m=0 m=0

IToropsiem: 3tu dhopmysibl — He onpeaenenusi. OHu MOryT OBITH JOKA3AHBI.

Teneps MbI MOXkeM 3anucars (7.3.1) B Buge
exp(iy) = cos(y) + i - sin(y) (7.3.3)

(3Ta dopmyna yxe Gbuia "geknapuposanas m.2.3).
Samvensiss y Ha (—y) U yYUTHIBasi Y€THOCTb KOCHHYCA W HEYETHOCTH CHHYCa (KOTOPBIE, KCTATH, CJICAYIOT U3
dopmya (7.3.2)), nomydum
exp(—iy) = cos(y) — i - sin(y). (7.3.4).
®opwmysr (7.3.3) u (7.3.4) naswBaorca dbopumymamu Ditnepa. !
Dopmysibl Jitepa MOKHO TIEPENUCATH TaK:

exp(iy) + exp(—iy)
2 )

_ copliy) —eap(-iy) g (7.3.5)

sin(y) 57 ;

cos(y) =

Onpegnenenne. Ananurnaeckue (QyHKIUU KOCUHYC U CUHYC 3a0a0MCA HaA KOMNAeKCHOU naockocmu dpopMyiamu
iinepa (7.3.5)
exp(iz) + exp(—iz) ) exp(iz) — exp(—iz)
cos(z) = , sin(z) = - ; z€C
2 23
1JTeonapn SUJIEP (1707-1783) — maTeMaTHK, (PU3UK, MEXAHUK U ACTPOHOM, 4jieH [lerepOyprckoit AH, ITapuxkckoit AH, ogus u3 cozma-
Tejiell BADUAIMOHHOIO WCYHCIEHNsI, AHAJUTAYIECKON TeopHuu duces, fuddepeHnnalbHol reOMeTPUE, aBTOP MHOTOYUC/IEHHBIX OTKDBITHH B
MaTEeMAaTU4Y€CKOM aHaJIU3€ U OPYTUX O6J'IaCT5{X MAaTE€MATHUKH.
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3amveuanue. He ciemyer oxXunars, 9To y 3TUX 1066 HYyHKIMI (MMEHa Te 3Ke, HO 00JIacTh OnpeiesieHus apyrasi!)
COXPAHATCA BCE€, U3BECTHBIC U3 IIKOJIbI, CBOWCTBA.

Hanpumep, "ocHOBHOE TPUTOHOMETPHYECKOE TOXKIECTBO" COXpaHSIeTCst

cos? (2) + sin®(z) =

_ (exp(iz) + exp(—iz) > [exp(iz) — exp(—iz)\’
( ) +( )

Il
—

2 24

a HepaseHCTBA |cos(2)| < 1, |[sin(z) <1 — mer. Hanpuwmep,

o L 1 1 1
cos(i) = exp(i - i) +2€.'L'p( i-1) _ exp( )2+ exp(1) _ e+2 /e o1l

7) Ecm z=xz+ 14y (z,y €R), 10
exp(z) = exp(z + iy) = exp(z) - exp(iy) = exp(x) - (cos(y) + i - sin(y)).

Ota cbopMyﬂa CBOOUT BBIYUCJICHUE KOMIIJIEKCHOI 9KCTOHEHTHI K BBIYUCIEHUIO BEHIECCTBEHHBIX 3KCIIOHEHTHI, KO-
CUHYCa U CHHYCA.

8) U3 (7) cienyer, 4T0 KOMIJIEKCHAS SKCIIOHEHTA, — IIEPUOAMYECKAs (DYHKIUS C IEPUOLOM 2774
exp(z + 2mi) = exp(z + i(y + 2m)) =

= exp(z) - (cos(y + 2m) + i - sin(y + 2m)) =
= exp(z) - (cos(y) + i - sin(y)) = exp(z + iy) = exp(z).

9) U3 ceoiicTBa 7 CiegyeT Takxke, 9T0

lexp(z)| = ea:p(Re(z)), arg(emp(z)) = Im(z).

7.4. O6parHasa byHKIUSI
IOycrs f: X =Y, z€X, y=f(z) €Y (puc.7.1)

Y X
f: XY

/’/_\

.y\_/’//mvo

Ly X

Puc.7.1

B coorBercTBUM ¢ NPUHATHIM TOHUMAHUEM CJI0BA DyHKLUs (OnepaTop, OTOOPaKeHNe) U3 KaXKI0H TOUKU MHOXKe-
cTrBa X, Ha, KOTOPOM OMpPeNesieHa, [, BRIXOAUT Po6Ho 00na CTpesika. B MuHOXKecTBe Y, Tre jexxar 3uadenusi GyHkiun f
(oHU HE 063ATETHHO UCUYEPTHIBAIOT 9TO MHOYKECTBO) CUTYAIIUsl UHAS: B HEKOTOPBIX €r0 TOYKAX MOYKET HE OKA3ATbCS HU
001020 OKOHYAHWST CTPEJIKY, B APYTHX TOUYKAX MOXKET OKAHUMBATHCS KAk Y200HO MHO20 CTPEJIOK U, HAKOHEI], B KAKHX-TO
TOYKAX MOKET OKAHUYMBATBCS PO6HO NO 00H0Y cTpesike. JIorOBOPUMCS CIMTATH B STOM IIYHKTE, YTO Y — MHOHCECTNEO

snavenuli GyHKuuM f, T.e. B KAXK/IOM €ro TOUKe OKAHIMBACTCS XomsA Gbi 00ne CTpenka. B TakoMm ciydae ropopsr, 4To
f orobpaxaer X #a (a e 6) Y n numyr YV = f(X).

Ipumepsr. 1. f: C— C, w = f(z) = 2%. B Touke w = () OKAHINUBACTCS TOIHKO OJHA CTPE/KA: €IMHCTBEHHBIM
npooBpa30M HyJIsl SBJISETCS HOMb. BO BCEX OCTAJIBHBIX TOYKAX ILIOCKOCTU OKAHYIMBAETCS IO ABE CTPENKH (y KAXKIOM

u3 HEX aBa mpoobpasa 21 = |w|'/? - exp (z . %) U2y = —21).
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2. f: C— {0}, w = f(2) = 0. MuOkecTBO 3HaUeHn 310# GyHKIUM (DYHKIMA-KOHCTAHTBI) COCTOUT BCETO
U3 OZIHOM TOYKH, B KOTOPOH OKAHYMBAIOTCS CTPEJIKY, BHIXOJSINNE U3 BCEX TOYEK KOMIUIEKCHOM IIOCKOCTH — OBJIaCTH
onpenenenus f.

3.sin : R — [-1,1], y = sin(z). B cuny nepuoguyanoct "mkonbHOro" cuHyca B KaXKION TOYKE CErMeH-
ta [—1,1] okaH4nBaercsi OECKOHEYHO MHOIO CTPEJIOK. Tak, HanpuMep, HOJHBIA HPoOOpa3 HyJsst COCTOUT M3 TOYEK
z, =km, k€.

4. sin: [-7/2,7/2] = [-1,1], y = sin(x). DTa GYyHKUUS OTANIHA OT PACCMOTPEHHON B MPUMEpE 3, TIOCKOIBbKY
y HUX pa3Hble obiacTu ompenenerusi. PyHKuMO U3 mpuMepa 4 NMPUHSTO HA3BIBATH CyKeHueM "MIKosbHOrO" cuHyca
Ha cermeHT [—7/2,7/2]. Temepb B KaXK[0if TOYKe MHOXKECTBA 3HAYEHWI OKAHUMBAETCS POBHO OJHA CTPesKa. [oBopsT,
9TO MONMHBIA mpoodpa3 Touku y € [—1, 1] cocrour u3 omHolt Touku € [—7/2,7/2].

ITocraBum Temeps Bompoc 06 n3meHennn "Hampasienus geiictBust” orobpaxkenus: f. IIpu sTom Kaxkabrit o6pa3
JIOJIKEH TTOMEHSIThCSI MECTAMHU CO CBOMM TIOJHBIM MpoobpazoM. O4UeBHIHO, YTO 3TO BO3MOXKHO TOJBKO B CHUTYAalWH,
KOIJa, OJIHbIH mpobpa3 kaxkaoii Touku y = f(x) € Y cocrour poBHO u3 0nHOM Touku & € X, T.e. KOLJa B KaXKIOMH
TOYKE MHOXKeCTBa Y OKaHYMBAETCs POBHO OJHA CTPeJiKa. Eciiu 9TO ycjaoBue BBIIOJIHEHO, TO CJIEAYeT JIMIIb U3MEHUTh
HaIpaBJIeHNe KAXK A0 crpesiku. Torma oOpas3bl cTaHyT nmpoodbpaszamu, a mpoodpassl — 0Opa3aMu, MHOKECTBO 3HAYEHUN
— 00/1aCThIO OMpeeneHnsi, a obJIaCTh OMpeNesieHNsI — MHOXKECTBOM 3HadeHmil. TeM cambIM OyeT TOCTpOeHa HOBast
byHKIMS, KOTOPYIO HA3LIBAIOT 06pammoti K byrkimu f u obo3nagaor f~1 (puc.7.1).

I/I3 YeThIpEX PACCMOTPEHHBIX BBIINE IPUMEPOB JIUINL B 9Y€TBEPTOM BBINIOJTHEHbI YyCJIOBUSA OJId IMOCTPOCHUA 06paT—
Hoft bynkimu. D1y byHKIWMIO cleayer HasBath sin~ 1 : [—1,1] = [-7/2,7/2] (ee wacTo oboznagator arcsin). Toano
TaK e cyxenme Kocunyca Ha [0, 7] mmeer obparHyto byrkmmo cos ! : [—1,1] — [0, 7], obozHaTaeMyto 9acTo arccos.

s napsl GyHKIMA
[t XoY=FfX), n ff':Y>X=fY)

nMeeT MeCTO TOXKIECTBO
(fffof)m) ==, z€X:

"Eciu u3 mpoun3BOSIbHON TOYKM = € X mepeiiTh MO eIMHCTBEHHOW, HAYWHAIOIIEHCST B HEil CTpeIKe, B TOUKY
y € Y, a u3 "Hee moitu mo eduHcmeenHol, OKAHIMBAIOIIEHCsS B HEll CTpejike B 0OPATHOM HANPABJIEHUM, TO PUIEM
OISITh B TOUKY 2.

Amnanorugno,

-1 _
(fof)y=y, yeY:
-1
OrmMeTnM, HAKOHEII, YTO ( f _1) = f, M eCTECTBEHHO HA3BIBATL f U f~1 63aumHo 06pammviMU DYHKITIAMI.

7.5. JIorapudm. Crenernas byHKIUA

Beneacrsue CBOEH IepHOAMYHOCTH SKCIOHEHTA He uMeeT o0parHOl dynkuuu. B 3T0M myHKTE MBI paccMoOTpUM
Cy?KEHHe YKCIOHEHTBI Ha MOJIOCY
—m < Im(z) <,

KOTOpOe OyaeM Mo-IpexkHeMy 0003HadaTh exp. [Iokazkem, 4ro
exp(z1) = exp(z2) => 21 = 2.
1) U3 pasencrBa exp(z1 + iy1) = exp(z2 + iy2), ciepyer, 9to
exp(x1) = |exp(zs + iy1)| = |exp(wz + iy2)| = exp(x2).

Ho ma BemecTBeHHOM OCH SKCIOHEHTA BO3PACTAET U U3 paBeHCTBA exp(r1) = exp(x2) cremyer, 9ro T = Za.
2) U3 pasenctsa exp(z1) = exp(z2) craemyer, 9To

y2 = arg (exp(z2)) = arg (exp(z1)) + 2kw = y1 + 2km, k € Z.

Ho y1,y2 €] — 7, 7] n, cienoBaTensbHo, Y1 = Yo, T-€. ¥ KAKIOr0 00pas3a eCTh eIUHCTBEHHBIN poobpas!
Urak, cyxenue sxcrnonenTsl Ha monocy —7 < Im(z) < 7 obparumo. O6paTHas HyHKIUS HABBIBAETCS A024PUPM
u oboznaugaercs In uinu loge.

Bameuanue. PaccmaTpuBaemblii Hamu jorapudM HA3bIBAETCS HAMYPAALHbLM UITU Henepoevim®. B mokommbioTep-
HYIO 310Xy IITUPOKO PUMEHSIICH TIPU Bhiaucienusx decamuunnidi (6puzzos’ ) norapudm — logio. B Teopun nndopmarmn

2 Txxon HETIEP (1550-1617) — moTnanackuit matemaruk. B pabore "Onucamue Tabmur norapudmos”(1614) Hemep usnoxun cpoiicTsa
J10rapuMOB, IPABWJIA IOJIL30BAHUS TAOIMIAMH U IPHUMEDPHl X IPUMEHEHH.

3Tenpu BPUIT (1561-1631) — anrmmitckuit maTemMaTuk. COCTaBHUI ¥ m37aJT TabauIbl JTorapudMoB ¢ 14 mecarwarbivu 3HaKaMu. Omy6mm-
KOBAJI HECKOJIBKO ACTPOHOMHYECKHX M reorpadudeckux pabor, B KOTOpHIX mponaranauposas uneu U. Kemmepa. Jecsaruansie jgorapudmst
6BLTH HeOOXOOUMBIM IIOCOOMEM B BBIYHCJEHHUAX [0 IOABJICHHS KAJbKYIATOpOB. Ceifyac OHM 3a0BITHI.
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. . In(z
ynoben deouwnwiti morapudm, onpenensieMbrii PaBeHCTBOM logs () = ﬁ Penerutopsl 10 cux 10Op JI0OSAT IPOTUBO-
€CTECTBEHHbIE UTPhI B HUKOMY, KpOMe HUX CaMUX, He HyKHble "morapudmbl £ 10 ocHOBauMO " (Hanpumep, log V3 (z)1

Jlorapudwm onpeneseH Ha MHOXKECTBE 3HAYEHNI IKCIIOHEHTHI, T.€. Ha, BCEIl KOMILJIEKCHOM IUIOCKOCTHA KPOME HYJIs

3uavenus jgorapudma 3anonuswT nonocy —m < Im(z) < w. MMeroT MecTo ToxXK1ecTsa
exp(In(z)) =z (z #0); In(exp(z) =2z (-7 < Im(z) < m).

N3 croiicTBa 9 IKCIIOHEHTHI NMeeM
Re(In(z)) = In(]z]); Im(In(z)) = arg(z) = In(z) = In(|z]) + i - arg(z).

Ota GopMyaIa CBOAUT BBHIYUCIEHNE KOMILJIEKCHOTO JIOTapU(dMa K BBIYUCIEHUIO BEIIECTBEHHOI'O JIorapudma.

Mo>xHO TOKa3aTh, 9TO JIOrapudM — aHATUTHYECKAs (DYHKIU B JIIOOOM KPyre, HE COAEPIKAIIEM HAYAJIA, KOODIU-
uar. CTeneHHo psiji, CyMMOI KOTOPOTO SIBJISIETCsT JIorapudM, Oy1eT moIydeH mo3xKe.

Paccmorpum teneps cmenenwnyro Gyukuuio. Eciu n € N, 1o Beipaxkenue 2", z € C — 310 COKpalleHHas 3auch

HpOI/IBBe,[LeHI/IH:
2= z-z-...-z
—
7N COMHOXKHUTEJIen
_ 1
n € N — 310 pauuonasbuas 1pobb >

Boipaxenue 27", z € C, z # 0,
wm 2'? Kax BBIMUCIUTL TPOU3BeJieHNe, B KOTOPOM T COMHOXKUTeNei Wi i

A xak moHMMAaThL BBIDAXKEHUA Z7T

COMHOXKUTEEN?
Ipu z,z € C nonaraot no onpedesenuto

2" = exp(z - In(z)).

Ora ¢yskmus npu dukcuposannom ¢ € C ompenenena Ha BCeil KOMILUIEKCHON IIOCKOCTH 33 HUCKJIIOUEHUEM
Ha4aJIa KOOpAuHAT. JIjIsT BelecTBeHHBIX 2 U & OHA ompezesena npu z > 0 u Bcex £ € R Bamernm, uTo npu yeavix
[TOKA3ATEeJISIX CTEIEHN IOy 9aeM M3BECTHBIN paHee Pe3yJIbTart.

7.6. MarpuyHasi 3KCIIOHEHTa
IIycrts A — kBanparHas (n X n)-marpuna. PaccCMOTpUM MATPUYHBIA CTENEHHON Psif

A A2 A3 Am I ak
(7.6.1)

I+ﬁ+i+§+...+m+...= F
k=0

TToxaskeM, 9TO ITOT P CXOTUTCS aOCOMIOTHO TIpH JII000# MaTpuIie A, T.e. CXOIATCS aGCOMIOTHO BCe N2 YHUCIOBBIX

PAIOB
= (4%,
z}jﬁﬂ G,m=1,...,n). (7.6.2)
k=0 ’
O603uauum M = max(|ajm|). Torpma mpu Becex j,m =1,...,n
J’m

n n
|(A)jm| = [3 ajearm| < D lajel - [arm| < nM>.

r=1 r=1

(A% ] = [32(42), - arm| < 1+ (M2) - M = n2 M2,
r=1

1 BooGme |(A¥) ;| < n*=tM*. osromy

< (A4h, ni? KL
jm
E T§1+M+ o1 +...+TS
k=0
M)? M)%
(nlM) +(n ) < exp(nM).
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I/I3 OTPAHUYECHHOCTU YaCTHBIX CYMM NTOJIOKUTEJIBHOT'O pPsAla CleayeT, KaK U3BECTHO, ero CXOAUMOCTh. TaKI/IM
obpazom, Bee psizpr (7.6.2) cxomsarcsi abCOMOTHO.

Omnpenenenne. Cymma psna (7.6.1), T.e. MaTpuIa, JIEMEHTBI KOTOPOH — CyMMBI YMCJIOBBIX psaaoB (7.6.2), Ha3b-
BaETCA IKCnonenmoti mampuyb, A m o6o3uaxaercs exp(A).

pumep. IIycrs A = [_Ox :8] . Torna

4 3 5
1=+ %7 z— %+ &5 -
eop(4) = 3 5 2 4 -
S A3 RUVIRES S5 &

—sin(xz) cos(x)

OrMeruM HEKOTOPBIE CBONCTBA, MATPUYHONU IKCIOHEHTHI.

1) exp(Az) - exp(Ay) = exp(A(z +y)) (z,y € C, A - xBagparnas MaTpuna).
JleficTBUTENILHO, MePeMHOXKAS PIbI

A2 2 A3 3 A2 2 A3 3
exp(A:c):I-i-Ax-l-—x-i-—x-l-..., exp(y) =1+ Ay + A +...,
2! 3! 2! 3!
HOJTy 9UM
A%, A 2 2 3
ewp(Ax)-eacp(Ay)=I+A(w+y)—|—?(w + 2zy + 3> )+?(x +32%y +3zy* +y°)+...=
A2 2 A3 3
=1+ A(x+y)+ (m;y) + (x;y) + ... =exp(A(z +y)).

Caencreue. exp(A) - exp(—A) = exp(A + (—A)) = exp(0) = I. Tlosromy marpuna exp(A) obparuma u
(ea:p(A))_1 = exp(—A).

Cepbesnoe npeaynpexaenue. st AByX OPOU3BOJIBHBIX KBAJAPATHBIX MATPHI[ OJIHOIO MOPSIKA PABEHCTBO

exp(A) - exp(B) = exp(A + B), Boobme roeopsi, Mecrta He mMmeeT. TonbkOo ecim marpunbl A u B KOMMyTHPYIOT
(AB = BA), 1o

exp(A) - exp(B) = exp(B) - exp(A) = exp(A + B).

2) Ecim A = diag[ay, . . . ,ap], TO JETKO IPOBEPUTH, YTO
exp(A) = diaglezp(ai),. .., exp(ay)].

3) IMokaxewm, aro eciu marpuipl A u B nono6usr (A = S~1BS), to marpuust exp(A) u exp(B) noao6HbI ¢ Toi
Ke MaTpHIel, ocymecTssiomei nogobue, T.e. exp(A) = S~ - exp(B) - S.
HeiicTBUTEIHHO,

A?>=(S7'BS)? =S 'BSS'BS = S 'B?S.
Amnanoruano, mpu Beex k € N AF = §~1B*S. Tlosromy
+°° lBkS 400 Bk

ooA B
exp(A Zk—zzi st. = -S=8""1-exp(B)-S.
k=0 k=0 k=0
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ITpumep. HemocpeacTBEHHBIM BBIMUCIEHHEM MOXKHO HMOJIYYUTh, YTO

[—Ox g]z[—lz ;i]l[z(;c —(ia:][—lz _11] [—lz _1@]1:%[—11 _11]
(] ) S B i it B By
_ [cos(m) sm(:c)]_

—sin(z) cos(x)

IToatomy

3amedanue. AHAJIOTUYIHO MOYKHO OMPENEIUTD APYTUE aHaAAUMueckue QyHKINN, 3aJaHHbIE HA, MHOYKECTBE KBA/I-
parabix MaTpull. HekoTopbie 3 HUX Peain30BaHbI B CPEJAX KOHEYHOIO MOJIb30BATEIS.



