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Tnasa 15. KPATHBIE UHTET'PAJIBI PUMAHA
15.1. Onpegenenne aBoHHOrO MHTErpaja

IIycrs A = [a,b] X [¢,d] — npsimoyronsruk, u f: A — R - Kyco4Ho HenpepbiBHast hyHKims. Bynem BpemeHHO
0603Ha‘{aTb KOOpﬂI/IHaTI)I TOYKU Ha IJIOCKOCTU X U y
ITocrpoum na cermentax [a,b] u [c, d] cerxu

{a=20,...,2x =b} u {c=yo,...,yn =b}.
OTH CeTKM MOPOXKAAIOT pasdbuenue P npsiMoyroibHuKa A, cocTosimee u3 k - 1 3JIeMEHTAPHBIX MPSMOYTOJbHUKOB
Ai]‘ = [.’Ez',l,.’L'i] X [yjfl,yj], (Z = ]., .. .,k‘; ] = ]., .. .,n).

O6o3nauum S;; WIOWAAL deMeHTapHOro npsiMoyroabuuka Aq;  (Si; = (25 — zi—1) - (Y5 — yj—1))-
ITo anasioruu ¢ ogHOMEpPHBIM uHTErpasioMm Pumana sBBeseM cymmbl JLapOy, coorBercrByromue pa3buenuio P:

k n k n
L(f7p)zzzmijsija U(f;P)=ZZMijSz’j-
i=1 j=1 i=1 j=1
3mecy mi; = iAnf {f(z,y)}, M;; = sup{f(z,y)} — COOTBETCTBEHHO HMIKHssI ¥ BEPXHss I'DAHN MHOXKECTBA,
i

3HaueHuil QyHKIMU f HA HIEMEHTAPHOM HpHMO;fFOJII)HI/IKe Ayj.

CsoiicTBa cymm lapOy /st IBOWHOIO MHTErPAJIa, COBIAAAIOT C YK€ U3BECTHBIMU CBOMCTBAMM ITUX CYMM IJIst
OJIHOMEPHOTO MHTerpasa. B 4acTHOCTH, eciau ceTKy HA 0OEMX OCSIX COCTOST M3 ABYX TOYEK Kaxkiasi, To "pa3buenue"
COCTOUT M3 OJHOIO HPSIMOYTOJBHUKA, ¥ 9TOMY pa3buenuio coorsercTByior: m(b — a)(d — ¢) — HauMeHbIIAs U3 HUKHUX
u M(b— a)(d — ¢) — naubonbiunas u3 Bepxuux cymm dapby. Kpome Toro, arobas amxkuss cymma Japby He Gosblie
210001 BEPXHEIA.

Teopema. Ecim f: A — R — Kycouno HempepbIBHasi (DYHKIWMsI, TO CYIIECTBYET POBHO OIHO YHUCJIO, KOTOPOE He
MeHbIIe JiI000i HuKHel cymMbl [TapOy u He GOJIbIle JII000M BepXHeii. DTO YUCI0, PA3IENISIONEee MHOXKECTBO HUKHUX U
MHO>KECTBO BepxHUX cymMm Jlapby, Haszemaor deotinvim unmezparom Pumana ot Gyrkiumu f 1o npsmoyronbauky A.

Ob6o3navaroT 1BOIHON uHTEerpas Pumana tak:

iff wm i/f(x,y) d dy.

ITpuBoxsi 3Ty Teopemy 6e3 JOKA3ATEIHLCTBA, €IIe Pa3 MOAYePKHEM, YTO JIBONHON nnTerpaia Pumana — eduncmeen-
HOoe IUCJI0, yAOBJIETBOPSIONIEE HEPABEHCTBY

P < [[ £<vi.p) (15.1.1)
A

npu JiioboM pazbueHnu P npsMOyrosibHUKA A, U 3Ta €IUHCTBEHHOCTh 00ECHEUYMBALTCS KYCOYHON HENPEPBIBHOCTHIO
dyukuuu f. Ilpu npousBosibHOR f MOXKeT ObITH MHOTO YUCEJI, YAOBJIETBOPSOIUX HepaseHcTry (15.1.1).

IIycts Teneph () — 9acTh MIOCKOCTH, OTPAHUYEHHAS 3aMKHYTON KyCOYHO TIankoil kpusBoit, u f: ) — R —
KyCOUHO HempepbiBHas GpyHKIims. [TocTponm kaxoti-nubyds mpsaMoyronbauk A, comepxkammuii (), U ompenesuM Ha HEM
byHKIHO

F(w,y)z{ f(m’y()]: oo gzgéi\g : (15.1.2)

HBoitnoit uarerpan Pumana or f o obmacru 2 onpedesum tax:

e

"®uzuueckoe" 0OOCHOBAHKE FTOrO ONPEIEIEHHUs [IOHATHO; HECJOXKHO YBUAETH TAK2KE, YTO 3TO OIPEICJICHUE He
3aBUCUAT OT BbIOOPA A, 0O T€ IJIEMEHTAPHBIE TPSIMOYTOJBHUKY, HA, KOTOPbIX F' = 0, Hai0T HyJIeBOM BKJIAJ B CyMMBbI

Iap0y.

Bameuanne. Ecin f(z,y) =1, a A = [a,b] X [¢,d], T0, 04eBUAHO,

// f=0b-a)-(d—c)=S(A) (mromans mpsMOyroabHUKa) A.
A
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Ecinu  — gacTh ni0ckoCTH, OrpaHUYEHHAsT KYCOYHO TJIaIKOM KpuBOi, a f = const = 1, TO 4uciio
/ / f= / / 1 dz dy
Q Q

€CTECTBEHHO CYUTATDH 710 onpedeseruto wiomansio duryps Q. Mot 6ygem obo3nagars 31y mwiomaas S(Q).

Paccmorpum nBe mHTEpHpeTaniu IBOMHOTO WHTErPAJIA.

1. DyleKTpuHecKuil 3apsi] Pacpe/esIeH 10 TTIACTUHE ¢ TOBEPXHOCTHOI MIIOTHOCTBIO p (Ky/JTOHOB Ha KBaPATHbII
merp). Torma nommstit 3apsiy macruast Q = [ p.
o)

2. Paccmorpum mpmHap ¢ nonepednbiM cedenuneM ) u obpazymoueit, napasuiensroit ocu Oz. Ilycrs Teso M —

YaCTh TOTO NUJIMHAPA, OrPAHMYEHHAS CHA3Y ILJIOCKOCTBIO z = 0, & CBEpXY — rpapMKOM HEOTPULATEIBHON HENIPEPLIBHOM
byskmun f: Q@ — R (puc.15.1). Torna V(M) = [[ f — o6bem Tena M.
Q

z = f(z,y)

g T ——

Puc.15.1

Paccmorpennto Tperneit mHTEPIPETAIMN ABOMHOIO MHTErPAJIA, TOCBSIIIEH CJIEAYIOIIUI IyHKT.

15.2. Ilomaap MOBEPXHOCTH

Mycts G = () — rnaakast HOBEPXHOCT. MBI XOTUM IPUAATH CMBIC] HOHSATHUIO NA0UGIL NOGEPTHOCTIU.

s nHagasa OyJeM cauTarh, 94To ) — NpsSMOyroibHUK. Bo3dbMeMm kakoe-Hubyab ero pasbuenue P u paccMoTpuMm
9JIEMEHTAPHBIN IPSMOYTONBHAK 9TOr0 pasdmenust A;; = [u; — wi—1] X [v; — v;j—1]. Ecim 6sr Ha A;; marpumna dxobu r’
ObLIa IOCTOSHHOM, TO Cy>eHue r Ha, A;; uMeso Ol BUJ

U — U;j—

r(u,v) =r(ui-1,05-1) + 1" [v - v;_j
rae v’ = [a™),a?] - (3 x 2)-marpuna.

O6pasom npsivoyrosnsanka A;; npu takom orobpaxkenun Gbi1 Ob1 napauiesorpamm (puc. 15.2), nocrpoenusbiit

Ha HaIIPaBJICHHBIX OTPE3KaX

a(—ls . (ui — Uz',l) u ﬁ . (’Uj — ’Ujfl).
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Puc.15.2

W3 kypca JuHeiHOl anre6phl H3BECTHO, YTO ILIOMAL 3TOr0 IAPAJIEJIOrPAMMA PABHA,
1) (2
‘det ([a( ) al ),w])‘ - Sijs

rae S;j - maomanb A;j, w — HOPMUPOBAHHBIA BEKTODP, OPTOIOHAJILHBII aV ua?,
ITockonbky onpenenTer MATPUIIBI HE MEHSIETCS TIPYU €€ TPAHCIIOHUPOBAHUH,

|det ([a(l)Ja(z)jw])| = (det ([a(l),a@),w]T . [a(l),a@),w]))l/z _

1/2

= (det(B))"?,

rne B = (r')T -7

Nrak, ecnu 61 r' ObL1a HOCTOSHHON HA A;j, TO IIIOA/LL KYCKa I0BepXHOCTH 7(A;;) PABHSIACH Obl

(det ()T -1))"* - 5.

(15.2.1)

EcrecTBeHHO MPEATIONOKATH, ITO UCTUHHAS IUIOMAAD 0;; KyCKa MOBEPXHOCTH 7(A;;) JOIKHA yIOBIETBOPSATH

HEPABEHCTBY

inf { (det ()7 -#))"*} - 535 < 055 < sup {(det ()" -+"))"*} - 53

ij Ayj

CyMMupyst TaKre HEpaBEHCTBA 110 BCEM § U J, TIOJIY UM

L ((det ()" 7)), P) < < U ((det ()7 )", ).

ITockoaBKY JIUIIB OJHO YXCIO — ABOMHON MHTErPAJI — YI0BJIETBOPSET STOMY HEPABEHCTBY IIPH JIFOOOM pa3OueHmun

P, MbI 3aK/II093€M, 9TO

o= [[ (et (@r )",

(15.2.2)

Sameuanue. Popmyna (15.2.2) onpedeasem mnomans 2aadxoli nosepxaocru. ECTeCTBEHHO PACIPOCTPAHUTD 3TO
oTpejiesieHne Ha CIydail KyCOYHO TIIaKOH TOBEPXHOCTH, a TAK)Ke Ha CIydail, korga () — mpou3BobHas 061acTh B R2,

OrpaHrWYeHHAs] KyCOYHO IVIAAKON 3aMKHYTOU KPUBOM.

IMpuwmepnt. 1. Kak ussecrno, rpaduk Henpepsiao auddepennupyemoit pyuakmuu f: Q — R — riaakas mosepx-

HocThb (cM. mpuMep B 11.11.3). B sTom cayuae

1 0
r = 0 1 (TI)T !l = 1+ (Duf)2 Duf ’ va

Duf Duf " [ Duf - Duf 14 (Df)?
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u ¢opmyia (15.2.2) npunumaer Buz,
2 2\1/2
a://(1+(Duf) + (D))" du dv.
Q

2. ITycrs HenpepbiBHO muddepenuupyemast GyHkus ¢ : ) — G B3aMMHO OJHO3HAYHO OTOOpaXKaeT 00JIACTH
Q C R? ma obmacte G C R2. Torma obaacth G MOXKHO PACCMATPUBATH KAaK TVIAJKYIO MOBEPXHOCTD, 33aBAEMYIO
orobpaxenwnem (puc.15.3)

p1(u, v)
r: QR r(u,v) = |ea(u,0)| ;)T = ()T -
0

Puc.15.3

Hockombky ¢’ — xsaaparnas marpuna, (det ((¢')7 - <,0'))1/2 = |det(¢')|, u bopmyna (15.2.2) B 3TOM Ciyuae
nepenumeTrcda TaK:

S(G) = / / \det(0"))- (15.2.3)
Q

B uacrHOM ciyuae, korna G = Q, mbr umeem @' = I, n S(G) = [['1, r.e. mb1 BHOBb npumm k hopmyae (15.1.3).
Q

15.3. CBegenne aBoiiHOTO MHTErpaja K IMOBTOPHOMY

B sroM myHKTE MBI IpOBEIEM NPasdonodobroe paccysicdenue (He CIEIyeT MPUHUMATH €r0 38, TOKA3ATEIbCTBO),
OCHOBAHHOE Ha, MHTEPIIPETAIMU JIBOWHOIO MHTErPAJIa, KAK JIEKTPUIECKOrO 3aPsijia, PACIPEAEIEHHOIO MO NPSMOYIOJIb-
HuKy A = [a,b] X [¢, d] ¢ TOBEPXHOCTHO! MIOTHOCTBIO f.

Bosbmem Ha cermente [a,b] npousBosnbHy TOUKy ¢ abcupccoit © u "cobepem" B Heil 3apsin M3 BCEX TOYEK
OPSIMOYTOJIbHUKA, MMEoNMX 3Ty abcuuccy (puc.15.4).

LY

Becs 3apsin s3Toro
oTpe3ka cobupaercs

B Touke (z,0)

5]

b T

Puc.15.4
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IIponenas Takywo Omepanuio JJisi BCEX TOYEK CETMEHTa [a,b], MBI cobepeM 3apsi[ NPSMOYTOIbHUKA HA ITOM
cermenTe. "@usntueckn oUeBUAHO", UTO JMHENHHAs MJIOTHOCTD 3apsina O6yaeT paBHaA

d
=/f(w,y)d

(moppraTErpanbHas byHKIMs ecTh (MYHKIMs TOJIBKO IIEPEMEHHOM Y, TaK KaK £ GUKCUPOBaH. DTa (DyHKIUS — CyKeHue
f Ha 0Tpe30K, n306parKeHHbIH KUPHOH JuHUeH HA puc.15.4).
TMonubiit 3apsiy cermenTa, (ObIBIIKIT paHee MOJHBIM 3aPsI0M TPSMOYTOJIbHUAKA) HAXOAUTCS 0 YK€ U3BECTHOMY
NIPABUILY:
b

Q= [ ) ds

a

Haime paccyxnenne npusesio K dpopmysie

//f:/b /df(:c,y) dy | dzx. (15.3.1)
A a \c

MokHO mOKa3aTh, 9TO 3Ta (POopMyia CIPaBEINBA JJIsI BCSIKOM KYCOYHO HempephiBHON dyHKImN. PaBHONIpaBue
KOODJMHAT MO3BOJISET 3anucarb popmyity, anajoraunyio (15.3.1):

/[ 1= /d /b f(y) do | dy. (15.3.2)
A c a

Nurerpasnsl, crosiume B npaBbix dacrsax dhopmyi (15.3.1) u (15.3.2), Ha3bIBAIOT NOGMOPHHIMU.

IIpumep. Ilycre A =[0,2] x [0,1], f(z,y) = sin(z + 2y). Beraucnum nBoitHON nHTErpas AByMst criocobaMu —

no dopmynam (15.3.1) n (15.3.2).
2 /1
)//f:/ /sin(x+2y)dy dz.
A 0 \o

Boruucnsiem "sBuyrpennunit" unrerpan (r dpukcuposan):

1
1 =t
/sin(x +2y) dy = — 3 os(z + 2y) =5 (cos(x) — cos(z +2)).
0 y=0
Borauciasiem "Baemnuit" uHTErpas:
2
1 1 . 2
3 / (cos(z) — cos(z + 2)) dx = 3 (sin(z) — sin(z + 2))| =
0
0
1 in(4
= 5 - (sin(2) — sin(4) + sin(2)) = sin(2) - “”2( ),

2

)//f:/1 /sz’n(x+2y)dw dy.
A 0

0

Beruncnsiem "sryTpennmit” unrerpan (y dukcuposan):

=2
= cos(2y) — cos(2 + 2y).

z=0

sin(z + 2y) dz = —cos(z + 2y)

o\w

Broraucisiem "Baemuuit" wHTErpas:

- (sin(2y) — sin(2 + 2y)) -

N | =

1
/ (cos(2y) — cos(2 + 2y)) dy =
0
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sin(4)

=L (sin(2) = sin(a) + sin(2) = sin(2) - .

2

3ameyanmue. HpI/I CBe€IECHUN ,ZLBOfIHOFO UHTErpaJia K MIOBTOPHOMY TE€XHUYECKAA CJIOKHOCTDH BBIYUCJICHUSA ITOJIyYa-
IOMUXCA OAHOMEPHBIX MHTEIPAJIOB MOXKET CYINEeCTBEHHO 3aBUCETH OT BI)I6paHHOFO IOPAOKA MHTEIPUPOBAHUA.

15.4. BerunciieHne OBOWHOro MHTErpaJja ot (pyHKIuH,
3agaHHOl Ha "kKpuBosmHeiliHONW Tpanmemunu".

"Kpusomuneiinoit Tpanenueit” Mbr HazbBaem obmacTs () C R? | orpanmdentyio npavbiva £ = a, £ = b(b > a) u
rpadurkaMu KyCOuHO rmaakux GyHKImi @, 1), 331aHHbIX HA [a, b] 1 yI0BIeTBOPSIOMUX HEPABEHCTBY ¢ < 1) (puc.15.5).
f: Q@ = R — kycouno nenpepsisras dynkuus. Tpebyercs soraucaurs uurerpan [[ f.

Q

Y

< y=1() \

a 7 z
Puc.15.5
0O603Ha9UM
c=min{p(z)}, d=max{y(z)}.
[a,b] [a,b]
Torpa npsimoyronbauk A = [a,b] X [c,d] Oyner comepxarb (). Onpemenum Ha A dysrumo F no dhopmyse

(15.1.2), u cBemeM IBOMHOIN MHTErpa K TIOBTOPHOMY

//f://Fz/" /dm) )
Q A a c

Boruncium "sayTpennuit”" unterpan (r dpukcuposan — puc.15.5)

d p(x) Y(x) d
/F(w,y) dy = /F(w,y) dy + / F(z,y) dy + / F(z,y) dy. (15.4.1)
c 0 o(z) (z)

Ecmu ¢ <y < o(x) wm ¢ (z) < y < d, To Touka (r,y) ne npunamuexut Q u no nocmpoenuro F(x,y) = 0. Ecin
p(z) <y < Y(z), ro Touka (z,y) npuramnexur Q u F(z,y) = f(z,y).

Taxum 06pa30M, NOABIHTErpaIbHAs (DYHKIUS B IIEPBOM M TpeTheM uHTerpaaax us (15.4.1) pasHa HyJII0 TOXK1e-
CTBEHHO U

d P(z) P(z)
/F(x,y) dy = /F(w,y) dy = /f(w,y) dy.
c o(z) o(z)

MbI nosty9niiv PABUIJIO CBEJEHUs JABOWHOIO WHTErpasa K NOBTOPHOMY JUisi Cay4asi (PyHKIWM, 33JaHHON HA
"kpuBoMHeHHOW Tpanemyn':

b [ ¥(z)

//:/ /f(w,y) dy | dz.
A a  \p(z)
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Amanormano, ecm "kpusomuueiinas Tpamermsa" ) C R2, orpamwdena npsmbivm y = a, y = b (b > a) u
rpaduKaMu KyCOUHO IIAIKUX DYHKIMI , 1), 3aJaHHBIX HA [a, b] U yI0BIETBODSIOIMX HepaBeHCTBY ¢ < ¢ (puc. 15.6)

b [ ()
J[=] [ 1@ ds| a.
Q a  \p(y)
Y
b z=1(y)
z = p(y)
Q
a
67
Puc.15.6
Ipumep. Ilycre Q — wacre miockocru, orpanudeHHas Jjuausmu y = 0,y = =z, = 1 (puc.15.7),
fz,y) = exp (= (2” +y?)) -y
Y
y=z
Q
1 T
Puc.15.7

Torna

//f / /emp (z® +9y%) -y dy | dz.

Breraucnsiem "BHyTpenuuit" wmHTErpas:

xz T

1 y=a
/ewp (~(@* +9) -y dy = exp(~2?) - /yewp(—y2) dy = —3 -eop(—a") -eop(—y")|
0 0

- (ezp(—2°) — exp(—227)) .

DN | =

Borunciasiem "sremuuii" umHTErpas:

/f—— /e:cp( 2?) - exp(~2a?)) dz =

/m\
3,
/—\
\_/

§|H
Cb
3,

—

N

NG

—
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3aech ucnonb3osana Gpopmyna (cM. mpumep 1 m. 13.7)

z z/|a|

/ea:p(—a2t2) dt = ﬁ . 0/ exp(—u?) du = % -erf (%) .

0

IMonpobyiiTe BHIYUCIUTL STOT ABOWHOM MHTErpaJi, UCIOIL3Ys BMecTO (opmysbl (15.3.1) dopmyay (15.3.2). Bor
ybenuTech, 9TO pa3Hble CHOCOOLI CBEIEHUS NBOMHOTO WHTETPaJia K MOBTOPHOMY MOTYT OKa3aThCsl CYIIECTBEHHO Pas-
HBLIMHU TI0 TeXHUYIECKON CIOKHOCTH WX PEasM3aIAN.

15.5. IIpocreiimue cBoiicTBa ABOHOTO MHTETpaa

Kak v B ciiy9ae OZHOMEDPHOrO MHTErpaJia, OrPAHUYUMCS HNEPEUYUCIEHUEM: T0KA3ATEIbCTBA, CIOKHBI, & TO, YTO
BBIJIAETCST OOBIMHO 33 TOKA3aTelbCTBA, — B JIyUIlIEM CIydae MpaBIonof00HbIe pACCY K ICHUS.

Hauuuas ¢ 3TOro myHKTa MbI BO3BPAIAEMCsl K OOBIYHBIM O003HAUEHUSIM: T U i — TOUYKH MJIOCKOCTH (BEKTODHI B
R?), x1, To W Y1, Yo -UX KOOPAUHATHL.

1. Ecu f — dynxums-koncranra f = c € R, 1o [ f=¢-S(Q).
Q

2. Ecm Q = Q1 | Qa2, npuaem Q4 u Q2 HE umeoT 06mumx TOUEK, Kpome rpanndHbix ("HE HameraooT" Apyr HA
JIPyTAa), ¥ UMEIOT KyCOYHO [JIAJKHUE FPAHUIEI, & f KyCOYHO HEmpepwiBHA HA ), TO

il

(Eciu 3apsizkeHHYI0 IJIACTUHY PA3pPe3aTh HA YACTH, TO 3aPs]] BCEll IIACTUHBI DABEH CyMMe 3apsiJOB €€ 9acTeil).

3. s m00bIX KyCOYHO HENMPEPBIBHBIX HA () dyHKuumit fi, fo u ar00bIX ducen ag, Qo

//(a1f1+a2f2):al//f1+az//f2
Q Q Q

4. Ecm f1, fa : Q = R — kycouno HenpepsiBHBbIe (hyHKINHU, npudeM fi < fi, TO

Ifas 5

Q

(smmeitHOCTD MHTErPANA).

5. Cpednum snaveruem Gyukiuu f Ha () HA3BIBAIOT YUCIIO

o [+

Kak u B ciiy4ae OZHOMEPHOTO MHTErpaJia, CpelHee 3HAUEHNE (DYHKIUN He BCETA SBJISETCA OJHUM U3 ee 3Hade-
HUt, OMHAKO ecin f Henpepuiena Ha (), TO HalieTCca Takas TOUKA Tqp € (), 9TO

ﬁ-é/fﬂ(xw)-

OTO yTBepXKIEeHUE HA3BIBAECTCS meopemoli 0 cpeduem.

15.6. IIpeo6pa3oBaHue ABOMHOrO MHTErpaJa IoACTaHOBKOM

Bynem mo-mpeskHeMy WHTEpIpeTHpOBaTh JBONHOM MHTErpas Kak 3JeKTpuHecKkuii 3apa obmactu ) C R2, pac-
mpesiesIeHHbIN Ha Heil ¢ moBepxHOcTHOU moTHOCTHIO f. [logBepruem obnacts aedopmaimy, T.€. 3a4aUM HEPEPHIBHO
muddeperIpyeMyIo bYHKIHIO ¢, B3AUMHO OJHO3HAYHO oToOpaxkaomyo G C R? ma . 3apsan 061acTy IpH TaKoi ee
nedopmanyy, 0O9EeBUIHO, COXPAHUTCS, a8 €r0 PACIpEeeHne, T.e. HOBEPXHOCTHAS IJIOTHOCTh, n3MeHuTcs1. O603HaYMM
HOBYIO IIJIOTHOCTH PACHPEIESICHUsT 3aPsIa g.

Bosbmem B G ipsiMmoyronibHuK A = [ygo), yfo) + h] x [yéo), yéo) + k]. O6pazom 3TOro MpsIMOYrONBHUKA B () Ipu
orobpaxkenuu ¢ Oyner nekoropsiii "kpuBoyrombuuk" P (puc.15.8).
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\ L2 \Y2

0
Py ) ¢

Puc.15.8 n

[Ipsimoyronbauk A u "kpuBoyronbHuUK" P HecyT Ha cebe OJUH W TOT K€ 3apsifl, T.e.

g

Eciu npeamnonoxurh [jisi TPOCTOTHI PACCYXKIAEHMI, 9TO 00€ IMIOTHOCTH ( fu g) HEIIPEPBIBHBI, TO, II0 TEOpPEME O
CpegHeM, HAIyTCA TOYKHU Tep € Pu Yep € A, 115 KOTOPBIX

feaw)-SP) = [[ 1= [[ 9= o) - 58,
P A

0(0en) = (ep) - %

Orcrona

CrsiruBast npsivoyrosbank A k touke y(?), re. mepexons x npezgeny (h =0, k = 0), nonyuum

_ . S(P)
9y =¢ <¢(Z/(O))) - lim Sy

h=k=0

s(p) = [[ 1det(s).
A

ITo reopeme o cpennem (¢ — HenpepbiBHO quddepeHuupyemMa) HAlAeTCs: Takas TOYKa ¢ € A, 94T

Ho no dhopmyne (15.2.2)

S(P) = |det(¢'(c))| - S(A).
pu crsrusanmu A k Touke y(9) mmeem

_s(P) ,
Jim, S5 = Idet (#@)1,

", CJIeIOBATEJIBHO, UCKOMaA CBA3b MEXKAY MJIOTHOCTAMU PACUPEACSICHUA 3apdala Ha G u ua ) umeer BU,

9(y) = f(8(y)) - |det (¢'(y)) |-

JeficTBUTEIBHO, MOXKHO MOKA33aTh, YTO UMEET MECTO

Teopema. Ecm f: Q C R2 — R — KycouHo HenpepbiBHAA (DYHKINSA, & ¢ — HeIpephBHO muddeperupyemoe
B3aMMHO OJHO3HaMHOe oToOpaxkenne G C R? ma (), To cnpasenmusa dopmya

J[ 1= [[todetan

CpasauTe 31y HOpMYIy ¢ IPABUIOM MOACTAHOBKY JJjIsi TPeoOpa30BaHust OJHOMEPHOrO UHTErpaia B m.14.8.
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3ameuanune. YCI0BUE B3aUMHON OTHO3HAYHOCTH OTOOPAIKEHUST MOXKET HAPYIIATHCS HA TPAHUIE 00JIACTH — Teo-
peMa paboTaeT u B 3TOM CIIydae.

ITpumep. Boraucium uuTErpas

// exp (—(m% +x§)) dzy dxo,
Q.

roe (), — Kpyr paauyca T C IEHTPOM B Hadaje KOODIWHAT, SIBJSIONINICT 00pa30oM MPSIMOYTOIHHUKA
G (0<p<r 0<p <27 (puc.15.9) npu orobpazkenunu

o [ bl

T P

Puc.15.9

910 0TOOpaXKEHNE HE B3AMMHO OJHO3HAYHO: IIPABAasi U JIEBAsI IPAHUIIBL IIPSIMOYTOJILHUKA "CKIenBaioTcs', a BCs
€r0 HU2KHsIsl TPAHUIIA IEPEXOJUT B OJHY TOYKY — HA4YAJI0 KOOpauHaT. Ho, COrnacHoO 3aMe4aHmio K TeOpeMe, IPaBUIIO
[IO/ICTAHOBKH PabOTaeT.

B . 11.1 6ew10 nokazauo, aro det(¢') = p. Tlosromy

// exp (—(2% + 23)) dxy dxoy = // exp(—p®) - p dp dp =
G

[d

27

= / exp(—p?) -pdp | dp =m- (1 —exp(—r?)).
0 0

15.7. TpoitHoit MHTETpPAN

Konucrpykius TpOHOr0O MHTErpasa aHAJIOIMYHA KOHCTPYKIMK JBOMHOIO, IO3TOMY MbI OTDAHUYHMMCS OIIpezeie-
HHUEM U [IePeYUC/IeHUEM €ro CBOUCTB.

[ycts A = [a,b] X [¢,d] x [g,r] — npsmMoyrombubIil napamutenemunen 8 R, u f: A — R - kycouno Hempe-
peiBHas Gysknms. IlocTponm kakue-HUOyAb pasbuenusi CErMeHTos [a, b, [¢, d], u [g,r]. Tlopoxnaemoe nvMu pastuenne
napaJuieenumnesa 06o3uadum P.

ITocrpoum cymmbr Japby

L(faP):ZZZmijkVijk: U(faP):ZZZMijkVijk;
ik i gk

rze
Mgk = Anf {f(mayaz)}a Mijk = sup {f(xayaz)};
ijk ijk
Ayjr — IeMeHTAPHbIHA napaJiienenunes pa3ouenus P, Vij, — ero oobeMm.
Nmeer mecTo
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Teopema. CytrecTByeT eUHCTBEHHOE YHCIO J, YIOBIETBOPSIONIEE HEPABEHCTBY
L(f,P) <J <U(f,P)

npu Jr00oM pasduenun P.
OTO YUCJIO HABBIBAT MPOtiHbiM UHMezpasom oT dyukiun f no napassenenuneny A. OOO3HAYAIOT TPOWHOIMA

MHTErpaJl TaK:
J=///f nim Jz///f(a:,y,z)da:dydz.
A A

Ecmn G — mpowussonbHOe Tesio B R, orpanmdeHHOe KyCOYHO TJIAJKOM TIOBEPXHOCTHIO, W f — BeIeCTBeHHAs
KYCO4YHO HenpepbIBHast (BYHKIMS, 3aJaHHast Ha (G, TO MOJIAraioT 1o onpedeseruto

e

rae A — NpOW3BOJILHBIN MPSIMOYTOIBHBIN TapaJjuienenunel, conepxanmii G, a F' dynkuust coBnagawomas ¢ f va G u
paBHas nyJiro BHe G.
O6bemom Tena G C R®, orpaHrYeHHOr0 KyCOYHO [VIAAKOH II0BEPXHOCTDIO, HA3BIBAIOT UHC/IO

V(G)=/G//1.

Ecmu G — gacTh mumuHIpa, MOMepedHoe ceYeHne KOTOPOro — miockas durypa (2, a obpasyrras mapaJjiiebHa
ocu ammInkar, npudeM G OrpaHuYeHa CBepXy IrpadUKOM KyCOYHO TIaAKOH MyHKImY ¥, 8 CHU3Yy — rpaduKoM KyCOIHO
rakoii dyukmuu ¢ (¢ < 1), To (puc.15.10)

z=1(z,y)

—
~———

z=¢(z,y)

+z

— o ==

z
Puc.15.10
¥(z,y)
///:// / f(z,y,2) dz | dz dy.

A nuruBHOCTD TpoitHOrO MHTErpasa. Ecm G = G |J G2, npudem G u G2 He umeror O0IUX TOYEK, KPOME
rpannunbix ("He Haseraior" ApPYr HA APYra), U UMEIOT KyCOYHO [VIaJKKME IPAHULEL, 8 f KyCOYHO HempepbiBHA Ha, G, TO

o= )

(Ecyn 3apsizkeHHOE TeJI0 pa3pe3arTh Ha 9aCTd, TO 3apsi/l BCErO TeJ1a, PABEH CyMMe 3apsi/IOB €ro Jacreil. )
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JluneitHocTh TpoiiHOTO MHTErpasa. s 00X KyCcOYHO HenpephlBHBIX Ha G dyHKumit fi, fo u m00bIX Umcesn

[[founswsa=on f[f e [ 5
G ¢ ¢

Nurerpuposanue nepasencts. Eciu fi, fo : G — R — kycouno nenpepsoiBabie dyukimu, npudem fi < fi, 10

/G/ fls/G/ fo

Teopema o cpenuem. Eciu f nenpepwena na G, To Haiinercs: Takasi To49ka ¢ € G, 9ro

ﬁ/{}/ f = f.

[Ipasuiao moacranosku. Ecm G — Teno B R®, orpanmdennoe KyCOYHO TVIQIKOM MOBEPXHOCTBHIO, f — KYCOYHO
HEpPepbIBHAS BeleCTBeHHAs DyHKIMs, 3a0aHHast Ha G, a ¢ — HenpepbIBHO nud depeHiypyeMoe B3auMHO OJHO3HATHOER

orobpaskenue Tena H C R® ma G, o
[[]£=]][ o0 @@
G H

Sameuanus. 1. [IpaBmio moacTaHOBKE PAabOTAET U B CIy4Yae HAPYUIEHUs] HA TPAHUIE B3AUMHOM OJHO3HAIHOCTH
oTOOparkeHus @.

2. HerpysHo 3aMeTnTh, 9TO aHAJIOTMYHBIM 00PA30M MOYKHO OIpPEAESUTh WHTErPasbl JII000N KparHocTH - "yver-
Bepuoit", "marepuoit" u T.a. (HO, KOHEUHO, yKe 6E3 reOMETPUYECKON UX UHTEPIPETALWN ).

3. INockospKy mucaTh OOJIBIIOE KOJIUYIeCTBO "KproukoB! — 3HAKOB MHTErpajia — YTOMHUTEIBHO, 9aCTO MHTETPAJI
Yy 5

KPATHOCTH N 3anuchBaioT B Buge [ f, rae G — 3amanHas dacte R”.
G



