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Tsnasa 3. IOJIMHOMBI (MHOT OYJ/IEHHI)

3.1. OnpegesieEne U cTaHJApPTHOE IIPEICTaBJIEHUE

Ounpegenenne. ITomuuomom crenenm n (n = 0,1,...) nasemaerca ynkuus f: C — C, neiicrByomas 1o
IIPABUILY
f)=ao+a1z+...+a,2", (3.1.1)

rae ag, a1, - - - , Gy — 33JaHHbIE Yuciaa (Ko3dbduuuenTsl nommuoMa) u a, # 0.
K mommuoMam OTHOCAT Takzke (DyHKIWIO, PABHYIO HYJHO BO Beex Toukax C. Cremenb 3TOro moamHOMa, HE Onpe-
JIeJIeHA.

IIpumepsnr.
fz)=0 (HyJIb-TIOJIMHOM, CTENEHb He OPEJIENIEHA);
f(z)=5 (monMHOM HyJIEBOI CTENeH™);
f(z)=1-52 (monuHOM MEPBO# CTeneHn);
f(z) =2z —527 (monuHOM CenpMOil cTeneHn).

OTMeTuM, 9TO TOJUHOMBI M UX OTHOLIEHUS (TAaK HA3LIBAEMBIE PALUOHAAbHbIE OPOOU, PACCMATPUBAEMBIE B TJI. 4)
— 9TO €AWHCTBEHHBbIE (DYHKIWHU, BBIYUC/ISEMBIE KOMIBIOTEPOM HEIIOCPEICTBEHHO, NOO KOMIBIOTED BBIIOJHSET TOJIBKO
CJIO’KEHUE, BBIYUTAHUE, YMHOXKEHUE U fejieHne qncesi. [109ToMy MONMMHOMBL U PAIMOHAIBHBIE APOOH SIBJISIIOTCS] CETOIHSI
uCTUHHBIMU "3j1eMeHTapHbIMU QYyHKImIMU", ¥ CJIe/lyeT OCBOUTH TEXHUKY PAOOTHI C HUMHU.

B 3aBucuMocTH OT 337a9¥M OJWH W TOT K€ TIOJIMHOM IEJIeCO00Pa3HO 3aMUCHIBATH B Pa3HbIX (opmax. Popmy
(3.1.1) MbI GyeM HA3LIBATH CMAHOGPMHBLM BPEICTNABAEHUEM NOAUHOMA.

PaccMoTpuM emme OZHO MpeACTaBJIEHUE: MOKAXKEM, 9TO BO3MOXKHO PA3JIOXKUTDL MIOJMHOM HE IO CTENEHsIM Iepe-
MEHHO# 2 (KaK B CTAHAAPTHOM NPEJCTABJICHNH), & [0 CTEIEHIM IBYYIEHa (2 — D)

f(z)=bo+bi(z—p)+...+an(z—p)", (3.1.2)

rjie p — IpoOU3BOJIBbHOE YUCIIO.
HeiicTBuTeIbHO, 3AMEHUM B CTAHIAPTHOM IIPEICTABJIEHNS [TOJIMHOMA 2 HA W + P

flw+p)=a+a(w+p)+...+a,(w+p)".
PackpsIB cKOOKY ¥ mpuBest TIOJOOHbBIE UJIEHbI, TIOJIY UM
fw+p)=bo+biw+...+ by 10" +azw”,

roe by, k=0,...,n — 1 — HeKOTOpBIE YuCIa (3aBUCAIME, KOHEYHO, OT p). B wacrnocTu, mosoxus w = 0, nosy4um
bo = f(p)- Bamenus w Ha z — p, npugem k (3.1.2).

3.2. Cxema TI'opuepa

HpI/I CTaHﬂapTHOM HpeﬂCTa,BJIeHI/II/I IIOJIMHOMA, €ro 3Ha4Ye€Hus C.He,[[yeT BBIYMCJISITH 110 TAK HA3BIBAEMOU creme
Topuepa’

2
fR)=as+taz+az®+...+apz"=(...... (anz+an—1)-z+ap—2)+...+a1)-z+ag.
~—
n—1
Takoit crtocob BBIYUCIEHHST MMEeT JBa MPEUMYIIECTBA.
IlepBoe — o4eBUAHOE: MUHUMUBUPYETCsT KOJUIECTBO apudMeTuIecKux oneparuii. JleficTBUTEIbHO, 1)1 BBIYUC-
JICHUS] 3HAYCHHUS MIOJMHOMA CTEIeHH 7T IO cxeMe LOopHepa TpeOyeTcs m CIOXKEHWi M 1 yMHOXKeHuit. IIpyu BBIMUCICHUN

. nn+1 .
xe 1o dopmyne (3.1.1) morpebyercs n cinoxenuii u LQ—) yMHOXKeHu# (mposepbre!).
Bropoe — coBcem He 04YeBUIHOE: IPU BBIYUCIEHUU 110 cxeMe [OpHepa CymecTBeHHO yMEHbBIIAETCsI BIYUCIUTE b~
Hasi orpemHocTb. Hanpumep, Berauciisis ¢ nomornbio MAPLE 3nauenune nosmaoma,

f(z) =225 — 3962° — 3962* — 3962° — 3962% — 3962 — 197

mpu z = 199 ¢ wecmvio 8ePHBIMU 3HAYAUWUMY YUPPAMU, TIOTYIAEM:
no dopmyne (3.1.1) — f(199) = —159481000,
no cxeme loprepa — f(199) = 201 (To4Hoe 3HaueHue!).

!Bunbam Txxopmx TOPHEP (1786-1837) — anrnmiickmit MaTeMaTHK.
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3.3. Kopun nonmaoma. Pasjioxxenne nmoamaoma
Ha MHOXXWUTEJIN [IePpBOi cTeneHun

Omnpenenenne. Yucino ¢ € C maspBaercsa xophem nommuoma, f, ecmu f(¢) = 0.

ITpumepsr. 1. [loauHOM HyJIEBO# CTEIIEHM HE MMEET KOPHEIi:

f(z) =ao #0.
2. [TosivHOM 1IEPBO# CTENEHN MMeeT OJUH KOPEHb

f(z)=a0+a1z=0=>z1=—Z—0.
1

OrMeTuM, 4TO TOJUHOM HEepBOi CTeleHy NpeJCTaBUM B BLIE
fR)=a+az=a; - (z— 2)-

3. TlosmEOM BTOpDOI CTENEeHN UMeeT JBa KOPHs (OHM MOTYT M COBIIQJIATh):

f2)=ao+a1z+az’> =0 =

(3nech cumBon A oboznadaer moboe w3 pemenuit ypasHerus z2 = A).
Ucnonb3yst popmyssr Buera, j1lerko mpoBepuTh, 9TO MTOJMHOM BTOPOM CTEIIEHU MPEJICTABUM B BHUIE

2

f(z) =ao+aiz+az” =az-(z—21) - (2 — 22).

Ora (popmyJia BEpHA U 1IpU 21 = 23.

MO)KHO MOKa3aThb, 4TO BCSIKMIT IOJIMHOM CTEIIeHU 7, UMEeT POBHO N KOpHefI U MOXKET 6bITb npeacTtaB/IeH B BUIE
2
f(Z)=as+aiz+az®+...+anz" =an-(z2—21)-...- (2 — zn), (3.3.1)

L€ 21,...,%n — KOPHU NONMHOMA (HE 0DsI3aTesIbHO IOIAPHO PAa3M4HbIE). DTO yTBEPIKJEHNE HA3BIBAIOT O0CHOBHOU
meopemoti anrz2edpoL.
EcrecTBeHHO 00beIUHATH ONUHAKOBBIE COMHOXKUTEN B (3.3.1)

f(2)=an-(z—20)% ... (2 = zn)Fm. (3.3.2)

311€Ch 21, - - « y Zyp — NONAPHO PA3AUNHBLE KOPHU [TOJIMHOMA, & HATYPAJIbHBIE 9nucia Ky, . . . , ky;, HA3BIBAIOTCS KPAMHO-
CMAMU COOTBETCTBYIOIUX KopHeh. Kopenb kparaocTu 1 06bIYHO HA3BIBAIOT NPocmbim. O4UeBUIHO, 9TO k1. . .+Ky = N

Bripaxkenue (3.3.2) Ha3bIBAIOT PA3A0AHCEHUEM NOAUHOMA HA MHOHCUMENU NEPEOTE CTNENEHY WU MYALTIUNAUKG-
MUBHBIM NPEICTNABAEHUEM NOAUHOMA.

Hpumep. Ecu f(2) =3 (2 —2) - (2 +5)®- (2 — @)%, T0 21 = 2 — IPOCTO#i KOpeHb, 22 = —5 — KOPEHb KPATHOCTH
3, 23 = ¢ — KOPEeHb KPATHOCTH 2.

Bameuanne. Ecim f — nommuoM ¢ BemectBenabivMu k03¢ dummentamu, to f(Z) = f(z) (mposepbre 31o!). IlosTomy,
€CJIM Z — KOPEHb TAKOTO MOJIMHOMA, TO Z — TAKXKe €ro KOpeHb. TakuM 00pa3oM, BCe KOPHH MOJMHOMA, ¢ BEIIECTBEHHBIMU
K03 punpenTamMn b0 BEIeCTBEHHBI, U060 00pa3yioT KOMILIEKCHO COMPAYKEHHBbIE Maphl, TPUYeM KPATHOCTH KOpHeit
B TaKo# Tape, 04eBUIHO, COBIAIAOT.

Cepbe3Hoe mpeynpeKIeHne. 3a1a4a OThICKAHWUST KOPHEH MOJIMHOMA, YUCIEHHO HEeyCTONYMBA, T.€. MaJble U3Me-
HeHus: K03 HUIMEHTOB TIOJIMHOMA MOTYT BBI3LIBATH GOJIbINNE U3MEHEHUsI ero KopHeii. IIpuBeseM mpoCToil mpumep.

Iycts Tpebyercsa naiitu kopuu nomuaoMa f(z) = (z —1)™, u cBOGOMHBI YieH nMeeT abCOMIOTHYIO TIOTPEIIHOCTh
€, T.e. ¢pakTUUecKu BMecTO ypasHenusi (z — 1) = 0 pemaercs: ypasuenue (z — 1)™ = . Bce ero KOpHU paciookKeHb
Ha, OKPY?KHOCTH ¢ meHTpoM B Touke (0,1) u pammycom '/,

A6conmoTHAs NOrPENTHOCTh HANWJEHHBIX KOPHEH (OHA YK€ M OTHOCUTE/IbHAsI) PABHA &
[PEIIHOCTD OMPEEJICHUsT KOPHsI IPEBBIIIAET OTHOCUTEJIbHY O TIOrPENIHOCTH CBODOJHOTO YJIEHA, B £

1/n - CregoBaTenbroO, MO-

1/n=1 pa3. Hampumep,
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JIOTTYCTHB TOTPENTHOCTb B CBOOOIHOM HJIeHe MOJMHOMA, IEeCTO# CTeMeHN BCeTo B ceIbMoil 3Hagamei mudpe (€ = 1079),
noayunM "Kosddumuent yeunenus" morpermsocTr 105!

3.4. [leneHue moJIMHOMAa Ha IIOJIUHOM

N3 xypca snuHeiHO# aaredbpbl U3BECTHO, YTO MPOCTPAHCTBOM TOJIMHOMOB NOpAdKa 1 HA3BIBAETCS MHOXKECTBO,
COCTOSITIIEE U3 BCEX MOJIMHOMOB, CTEMEHh KOTOPBIX CTPOTO MEHBIIE, YeM 7, ¥ HYJIb-TIOJINHOMA.

IIycrs P — nonmuoM crenenu n, (Q — nonmuaom crenedu m (m < n). MoxHO HOKa3aTh, 9YTO CYIIECTBYIOT TAKKUE
nosmHOMBL S (crenenu n — m) u R (nopsiaxa m), 4ro

P=Q-S+R, (3.4.1)

npuYeM TOJUHOMBI S u R ompenensitorcsi emuHCTBEHHBIM 00pa3oM. 1o aHasiorum ¢ nejeHneM duces monHoM P Ha3b-
BAIOT NIE€JIUMBIM, TIOJUHOM () — JeJIuTesieM, TTIOJIMHOM S — YaCTHBIM U MOJWHOM R — ocTtaTkoMm.

CdopmynnpoBaHHOE yTBEPKIEHNE MBI IPOULIIOCTPUPYEM TIPUMEPOM, M3 KOTOPOTO OyIeT siceH Crocob moKa3a-
TenberBa. Tak, mycThb

P(z) = ps2® + paz* + p32® + p22® + prz+po  (ps #0)
Q) =@ +qz+q (g2#0)

I[Monunom S nosken umers cmenews 3, a nosuHoM R — nopadox 2. 3anuinemM 3Tu MOJIMHOMbBI B BUJIE
3 2
S(Z) = 832" + 822° + 812 + S (83 750), R(Z) ='I‘12+T0,

(7‘0, r1,80, 81, 82,83 NOAJIEKAT OHpe,ILeJIeHI/IIO) .
IMoacrasus P, @, S, R B (3.4.1), nonyuum

p52° + paz* + p32® + pa2® + prz+po =

(@222 + 1z + qo) - (s32° + 592° + 512 + 59) + 12+ 79.

PackpbiB cKOOKM U pUpaBHSIB KOIGDMUIMEHTHI DY OJMHAKOBBIX CTEIEHSIX [I€PEMEHHON B 00eMX 4acTsiX ypaBs-
HEHWSI, TIOJIyYUM JIMHEHHYIO CUCTEMY OTHOCHTEJIHHO MCKOMBIX KO3 MUIMEHTOB.

2° | qoss = D5
2| qss + s = D4
22| qos3 + @s2 + @81 = pP3
2? qos2 + @51 + @280 = p’
2! Qs1 + @so + 1-71p = m
20 @so + 0-r1 + 1.7 = po

Onpegnenurens Marpunbl k03GbOUIUEHTOB 9TOi CHCTEMBbI (HIKHEH TPEyTONBHOI) OTIMYeH OT HyJsi (OH paBeH
q3), CIIe0BATENLHO CUCTEMA MMEET eMHCTBeHHOe pemrenue. Kpome TOro, 3 mepBoro ypaBHEHUS S3 = g—g # 0), Te.
HOIMHOM-9aCTHOE IeHCTBUTEILHO uMeeT CreneHb 3. B TO ke BpeMsi MONMHOM-OCTATOK MMEET HOPSANOK 2, T.€. MOXKET
0KA3aThCs U Hyab-nosmmHOMOM ( P Moxker nesmrbest Ha () 6e3 ocmamsxa).

3.5. HempepbIBHOCTh MOJIMHOMA

Mycts f(2) = ag + a1z + ... + a,2™ — TPOU3BONBHBINA MOJIUHOM CTENEHU 7. 3a(UKCUPYEM HA KOMILIEKCHOM
IIJIOCKOCTH TOYKY P, & TOUKY 2 CHeJIaeM IepeMeHHON. PaccMorpuM pa3HOCTB

fz) = f(p) =
=(agtaz+...+ap2")—(ag+ap+...+ap") =
=a1(z —p)+ax(z? —p*) +... +a,(z" —p") =
=(-p) (a1 +a(z+p)+...+an(z" " +2" p+...+p" ).

OueHuM MOIYJIb ITOM PA3HOCTH, CYUTASI, YTO TOYKA 2 JIEXKUT BHYTPH KPyra C MEHTPOM B TOYKE P U PAIUYCOM
p, T.e. |z — p| < p. U3 puc. 3.1 Buano, uro |z| < ¢ = |p| + p. HosTomy

|f(2) = F®)| < |z = pl - (lar| + |az|(g + Ip]) + - .-

ot anl(@ T+ @ PPl 4 -+ glpM T + M)
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Puc. 3.1

Cozepzkumoe 6OJIBIION CKOOKM B IIPABO# 4aCTH HEPABEHCTBA, IIOJOXKUTEILHO U He 3aBUCUT OT 2. OOO3HAYMB ero
M, nonyaunm

[f(z) = f(P)I < M - |z —pl.

W3 nocsieqsero HepaBeHCTBA CIEAYeT, YTO 3HAYEHUE [IOJIMHOMA, B TOYKE Z MOXKHO CII€JIaTh KAK yrOJHO OJIM3KIM
K €ro 3Ha4EHUIO B TOYKE p 3a cyer npubimkenus z K p. Tounee:

ﬂﬂﬂ 2106020 NOAOAHCUMENDHO20 TUCTIA € MOIKHO YKa3aTh TaKO€ NOAOHCUIMEABHOE TUCTIO (5, 49TOo

|z —p| <d = |f(z) — f(p)| <e. (3.5.1)

OueBHHO, YTO JOCTATOYHO B3sTh § = min(p, ﬁ)
Onpegenenne. Oyuxiysi, 061aJa10Iass CBOUCTBOM (3.5.1), HA3BIBACTCA HeNPEPbLLEHOT B TOUKE P.

IMockosbKy B HAIIEM CIIyYae KOMILIEKCHOE YHCJIO P MPOM3BOJILHO, MBI JOKA3AJIM, YTO MOJIMHOM HENPEPHIBEH B
n:060# TOYKe CBOE 00J1acTy Ompe/iesieHusi (KOMILIEKCHOM MIIIOCKOCTH).



