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Tnasa 6. YUCJIOBHIE PAJIbI
6.1. Onopenenenne. IIpumepsnr

PaccMoTpuM BE OC/IEI0BATEILHOCTH:
1)fn = 2n+ 3i/n;

21 =1;92=1; npu n > 2 g = gn_1 + gn—2-

B mepBoM cityuae 3HaUEHME TIOCIEIOBATEILHOCTH C JIIOOBIM HOMEPOM MOYKHO BBIUUCIWTH, HE BBIYHCIsIS €e 3Ha-
YeHUsI C MPEIIIeCTBYIONMI HoMepaMu. Bo BTOpoOM — muist BEIYMCIIEHNSI, HATIPUMED, (¢, IPUIETCS HANTH g3, Ja, J5:

93=g2+91=2,91=93+9g2=3, gs = g4 + g3 = 5 U, HAKOHEN, g = g5 + ga4 = 8.

Byem roBoputhb, 9T0 MOCIEI0BATEILHOCTD ( f5,) 33/1aHa A6HO0, & TIOCIEIOBATENBHOCTE (g, ) — Hessno. Unorma (K
COMKAJICHUIO, PEJIKO) YAAETCS MPEBPATATEL HESBHOE 33JaHKE MOCIIEI0BATEHLHOCTH B aBHOe. HanoMawM nBa npumepa u3
MIKOJBHOTO KyPCa:

up=a#0; npu n >0 u, =¢q-up—1 (g #0) — reomerpuyeckas NPOrPeccus.
W3BecTHO, 9TO Uy, = @ - ¢™ muist Bcex n = 0,1,2. ...
v=a#0; mpu n>0 v, =q+v,—1 (¢#0) — apudbmernyeckas nporpeccusi.

WsBecTtHO, 9TO v, = G+ ¢ - N gs Bcex n = 0,1,2....

ITycTh Temepb A6HO 3aaHa MOCIEIOBATENLHOCTD (a,,). Oupemenum HeA6Ho HOBYIO TOCIEIOBATENLHOCTD (A;,)

TaK:
A1 = ay,
Ay = A +as = a1 +as,
An = An_1+an = a1 tax+...+ap,

Takyio napy nocaedosamenvbnocmeli HA3bIBAIOT “UCA06bM PAdom. 1IpU 3TOM #6HO 300aHHAH TOCTIEIOBATE b-
HOCTB (G, ) HA3BIBAETCS NOCALI08ATNEALHOCTVL 4AEHOE PAOA, A& HEAGHO 340aHHAA TIOCIEN0BATENHLHOCTD (A,) — nocaedo-
8AMENBHOCTND YACTVHULT CYMmMm pada. Mbl Oyaem 0003HAYATE MOCIEI0BATEILHOCTH YJIEHOB Psia, MAJIbIMU JIATUHCKUMU
OyKBaMu, a MOCIEA0BATEIBHOCTH YACTHBIX CYyMM — COOTBETCTBYOMUMHA GONBIIAMY.

Onpegenenue. Eciu mociienoBaTebHOCTh 9aCTHBIX CYMM Psijia CXOMUTCS (MMeeT TIPEeJIe), TO TOBOPSAT, 9TO pPad
crodumcs, a 3roT npeznes (YUCI0) HA3BIBAIT CYMMOl pada.

+o0
Eciu lim A, = A, To numyr a1 +az + ...+ ap +... = Y, a, = A.
n=1

Ecau lim A,, He cymecTByer, TO TOBOPSIT, 9TO Pad Pacrodumcs.

+o0
3ameuanns. 1. CumBonst a3 +az + ...+ ap + ... 1 Y, G, 1O ONpEESEHNIO0 0003HAYAIOT CYMMY CXOASIIIErOCs
n=1
psna, r.e. dncao. OAHAKO [0 TPAAMUMU HTUMU CUMBOJIAMEU 0003HAYAIOT U CaM Dsif (JaXKe B CLydae ero PacxoJuMOCTH).
+oo 1
MoxHO BCTPETUTH, HapUMep, yTBepKaenHue: "pam ) 7 pacxomurcs".
n=1
2. Eciu m3MeHWTh 3HAYEHWs TOCTIeOBATETHHOCTH HJIEHOB Dsja A1s k HOMEepOoB, B3SIB 4, BMECTO dn,, Gy,
BMECTO Gpy ;. - - 0y, BMECTO dy, (HOMEpa MIyT B MOpPSIKE BO3PACTAHNS), TO, HAYMHAA C HOMEPA Ny IS JaCTHBIX CyMM
HCXOIHOTO psifia — Ay, 1 m3MeHeHHOrO — Al OyeT BBINOJIHATHCS yCIOBUE

AL — A, =(ay, —an,) +...+(ay, —an,), n>ng.

Takum 06pa30M, 3T YACTHBIE CyMMBbI OTJIMYAIOTCS HA (PUKCHPOBAHHOE YUC/IO, U JubO 003 Psima — UCXOIHBIN U
M3MEHEHHbI — cxoasaTcs, ubo 0ba pacxoxsarcs. Bosee Toro, ecim 06a psiga CXOAATCs, TO UX CyMMBI OTJIMYAIOTCS HA
TO K€ YUCIIO:

A — A= (a, —an,)+-..+(ay, —an,)-

CrenoBaTeIbHO, TPU PEIIEHUH BOTPOCA O CXOAUMOCTH Ps/Ia, MOXKHO He OOpaIlaTh BHUMAHUS HA, 3HAYEHUS IO~
CJIeI0BATEIbHOCTH €r0 9JIEHOB M1Jis JTIOOOTO KOHewH020 9ucaa HOMEPOB. B dacTHOCTH, €C/im HEKOTOPOE CBOMCTBO MMEET
MECTO NO¥MU 0As 6CEL HOMEPOS (T.€. 33 UCKIIIOUEHUEM KOHEYHOIO UX YUC/IA,), TO IIPU PEIIEHUU BOMPOCA O CXOAUMOCTHU
MOYKHO CUMTATh, 9YTO OHO BBIMIOJHEHO 04s 6CET HOMEPOS. VIHOTIA 3TOT MPUEM CYIIECTBEHHO YIPOIIAET PACCYKICHUS.
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Paccmorpum Tpu npumepa.

l.fp=a-¢", (@a#0,¢#0,n=0,1,...). F,=a+a-q+...+a-q".

Ecmg=1,10F, =a-n. Ecm xeq#1, 1o

a a
1-q)-Fo=Fo—q-Fo=a-1-¢""") = F, = 1—q_1—q'q"+1-

Ecm gl <1, 10lim¢g""! =0u F =lim F,, = 12—(}. Ecau |g| > 1, To lim F,, He cymecTByer (psifi PACXOIUTCS).

ITpu |g| > 1 310 O4eBUIHO, TaK Kak (F,) He orpanmvena. Ciyuail |¢| = 1 GyzeT paccMOTpeH HUXKe.
+oo

Umax, Y. aq™ = 12—q npu |q| < 1.
n=0
n(n +1)
2.gn=a+n-q, (¢g#£0,n=0,1,...). Gn:(n+1)-a+T-q

(Gr) He orpanuyeHa u, CJI€JOBATEIBHO, IPEIEIa He UMeeT. P pacXomuTcs.

3.hn=(-1)" n=0,1,...;H, = {1 fIbH HETHOM 1
0 1npu HEYETHOM N

(H,) — neproauyeckas mOCI€I0BATELHOCTD (IEPUO PABEH ABYM) U, CJIEIOBATENIBHO, IPEIesa He uMeer. Psi
pacxoauTcs.

B 31ux npumepax mMbl CMOIJIM OTBETUTH HA, BOIPOC O CXOAMMOCTHU Psijia, "o onpezesienuio”, Tak KAk HAM yIaJI0Ch
HOJIy‘II/ITb SIBHOE B])Ipa)KeHI/Ie AJIA HOC.He,[[OBa,Te.TH)HOCTeI‘/‘I YaCTHBIX CyMM.

CdopmyupyeM ABe OCHOBHBIC 3aJa4K TEOPUU YUCIOBLIX PAJ0B:

1) mo m3BecTHBIM CBOMCTBAM (ay,) — MOWIEAOBATEIBHOCTH WICHOB PSA — PEMIUTH BOMPOC 0 cxomumocTw (A,) —
NOCTIEA0BATEIBHOCTH IACTHBIX CYMM 3TOTO PANA (He HAT00A ABHO20 GLIPANCEHUA 0L NOCALIOSAMEALHOCTIY YACTIHOLET
CYMM).

2. eCIM PAM CXOIUTCS, TO BBIMUCINTEL €r0 CyMMy, T.e. lim A,,.

Teopembl, O3BOJISIIOINE PEIIUTH MEPBYIO 331449y, HA3BIBAIOT O0BIYHO NPU3HAKAMU CTO0UMOCTIUY PSIJOB.

Teopema (npustak paczodumocmu psada). Eciu weBepno, uro lim a,, = 0, To psig pacxoaurcs.
JokazarenscTo. [Ipeamnonoxum, 9To psifi CXOOUTCs, T.e. cymecTByer lim A, = A.
Tak kak a, = A, — A,_1, TO IO TEOpPeMe O MpeJIEsie CyMMbI

lima, =lim(4, — A,—1) =lim A, —limA, 1 =A—A=0,

4TO IIPOTUBOPEYUT YCIOBUIO.

3ameuanwme. 13 310l TEOpPEMBI CIeyeT, B 9aCTHOCTH, PACXOAUMOCTD psifa B npumepe 1 mpu |g| = 1.

IMpuBemem ele HECKOJBLKO YTBEPIXKJICHUH, MMOJIE3HBIX NMPU UCCIeAoBaHun psagoB. OHU SIBJISIIOTCS OYE€BUJIHBIMUA
nepedopMyIMpoBKaMu TeopeM 2, 3 u 6 0 npeesax mocaea0BaTebHOCTEH (1. 5.2).

+o0 +oo
1. Ecm psiabt ) ap, u Y, b, cxomsaTesi, ¥ ux cyMMmbl paBHbI A u B COOTBETCTBEHHO, TO CXOOUTCS W DPSif
=1 =1
+Oo n n
> (aan + Bby) (o, € C), npuuem ero cymma pasaa oA + SB.
n=1

400 400 too
2.) an=A4 <= Y Re(a,) = Re(A) \ | Y_ Im(an) = Im(4)

6.2. ITono>xknTeabHBIE PSIABI

Omnpenenenne. Eciin 3Ha49eHUS MOCICIOBATEILHOCTA YJICHOB PSIA — BEHMIECTBEHHBIE TOJIOXKUTENIBHBIE YUCIA, TO
Pl HA3BIBAETCS NOAOHCUMENDHBIM.

IMocnenoBaTeIbHOCTD YACTHBIX CyMM IMOJIOXKATEIBHOTO Psiia, BO3PACTAET, TaK Kak mpu a, > 0 A, = A, 1 +
an > Ap,—1. CnenoBaresibHo, MO0 OHA, HE OrpaHUYeHa, b0 (TeopeMa u3 II. 5.2) UMeer IpPees.
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Omnpenenenne. Ecm gy Becex mnomepos 0 < a,, < b,,, TO TOBOPSAT, UTO TIOCIEIOBATENLHOCTD (G, ) MAHCOPUPYEMCH
MOC/IEIOBATEIHHOCTBIO b,,. MOKHO TakKe TOBOPUTD, YTO MOCIEI0BATENLHOCTD (by,) Goavwe mocaenoBaTenbHOCTH (ay,)
(mocmenoBaTenbHOCTL (a,) Menvwe nocaenoBarenbHocT (by,)). Te ke TepMUHBI TPUMEHSIIOTCSI U [0 OTHOIIEHWIO K
IOJIO2KUTEJIBHBIM PAOAM.

Teopema (npushak cpashenus noaoxHcumesvhus pados). N3 cxomumoctn GOTIBIIEro psifia CIeayerT CXOAUMOCTh
MeHbIrero. VI3 pacxoauMOCTy MEHbIIEro Psifia ClefyeT PACcXOAUMOCTh OOJIbIIero.

JlokazaTeabCcTBO.
+oo
Mycrs 0<ap<b,, » by=B. Torma Ap=a1+...+an<bi+...+b, <B,
n=1

T.€. BO3PACTAIOAS MOCJIE0BATENBHOCTD (A,) OrpaHUYEHA U, CJIEJOBATEIHHO, UMEET MPEIEI.
Bropoe yTBep:KieHnE TOKA3BIBAETCSI OT IIPOTUBHOLO.
Teopema (mpenesnbHas dopMa npusHaka cpasHenus ). Ecau cymecrsyer npezen lim (%ﬂ) = L, To:
- n
1) mpu L # 0 b0 06a psima CXomsaTcsi, aub0 06a paCXOmsiTCs;
2) npu L = 0 u3 cxogumocru (By,) cnexyer cxomumocts (Ay), a u3 pacxomumocru (A, ) — pacxomumocrs (By,).

Hoxazarenncrso. 1) Tlo ompenenenuio mpesena mocaeI0BaTENLHOCTA B JIIO00M OKPECTHOCTH TOUKH L Jjiexar
3HAYEHUs] TIOCJIEIOBATENILHOCTH NOwmu 04 6cer nomepos. Ilonoxkum € = L/2. Torgma, yunrbiBasi 3aMedanue 2 u3
1m.6.1, MOXKHO CYUTATH, YTO OAA 6CEL HOMEPOS

a L L a 3L 3L 2
i—L‘<5 Win §<i<7, uamn an<7bn,bn<zan.
o0
IIycrs > b, = B. Torma
n=1
3L 3LB
An=a1+---+an<7(b1+---+bn)<T,

T.€. BO3PACTAONIAS TOCIEI0BATENHHOCTD (A, ) OrpaHuyYeHa u, CJIeJ0BATEIbHO, UMEET MPEIe.

+oo
Eciu xe ) an, = A, 10
n=1
2 24
Bn=b1+...+bn<z(a1+...+an)<T

T.€. BO3PACTAOIIAst TOCJIEJOBATENBHOCTD (By,) OrpaHndeHa u, cjieJJOBATeIHHO, UMEET MIPEIE.
2) PaccMoTpuM €-0KpecTHOCTh HyJisi. JIjist Becex HOMepoB (cM. 3amedanue 2 u3 11.6.1) umeem

a a
b—"—0‘<5 wm —s<b—"<5=>an<6bn.
n

n

+oo
ITycrs E bp,=B. Torma A,=a1+...+a,<elb1+...+b,) <eB,
n=1
T.€. BO3PACTAIAs MOCJIEOBATEIBHOCTE (A,,) OTPaHUYEH] U, CJIEJOBATEIHHO, NMEET MPEIEI.
Bropas 9actb yrBepKaeHus 2) HOKA3BIBAETCs OT IPOTUBHOTO.

ITonb30oBaTHCS NpU3HaKaMUu CPpAaBHEHUA MOXKHO, UMESA ITAJIOHHBIE TTOJIOXKUTEJIbHBIE PDAIBI (KaK cxXoodammecd, Tak
n pacxo,zmmnecs). HpI/IMepaMI/I TAaKUX 3TAJIOHOB ABJIAIOTCA y2Ke€ U3BECTHHIC!:

+oo
1) cemeiicTBO, IOPOXK IeHHOE apudmeruyeckumu nporpeccusimu y . (@ +ng), a >0, g > 0 (BCe psijibl 3TOrO
n=1
CeMEeNCTBA, PACXOAATCs);
+o00
2) ceMeiicTBO, IOPOXKIEHHOE reOMeTPUYeCKIMH nporpeccusimu » . (a - ¢"), a > 0, ¢ > 0  (psiapl cxopsres
n=1

npu ¢ < 1 u pacxoxsarcs npu g > 1).

—+oo
PaccmoTrpum erme ceMeilcTBO NOIOKUTEIBHBIX PAIOB » #. — (padwv. Jupuzael)
n=1

rep I'ycras Jlesxxen JUPUXJIE (1805-1859) — HeMenkuii MaTeMaTHK.
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IIycts p > 1. CpaBuum 1Ba psina

1oL 1\ (L, 1 1 1y (1 1)
17 2r = 3P 4P 5P P TP & 7 1P Y

1 1 1 1 1 1 1 1 1
1p+ 2p+2—p + 4p+4_p+4_p+4p + 8—p+...—|—@ B

OueBuaHO, 9TO BTOPOI psift boavwe. Ilepenniiem ero B Bue

L2408 L 1 1
tmtp Tt + e t gy

o7 o T +....

MbI TIOTyuHIN Psifl, TOPOYKIEHHbIH TeOMeTpUYecKoi mporpeccueii co 3Hamenarenem ¢ = 1/2P~1 <1 (p > 1),
KOTODBIi cxommTest, I1o3ToMy cxommTest u menbwud pax Jupuxiie.

IMycts Teneps p < 1. CpaBHuwM /1Ba psifa

11 11 1 1 1 1 1 1 .
prtetlete)t gtetate) gt tig)t

17 3P 50 6P TP 8P 9P 167
1+1+2+4+8+ —14 ] S S S —
1P 4P 8P 167 2 \2v7t " (v 2 o2rhyd eyt )

Bropoit psiz MeHbIE TIEPBOrO M PACXOIUTCS, TAK KAK MOPOXKIEH TeOMETPHYECKON MPOrpeccueil, 3HaMeHATe b
koTopoit ¢ = 1/2P71 > 1 (p < 1) CriemoBaresibHO, pacxoaurcs u boavwuli psa Jupuxiie.

Wrak, psax dupuxie Z 7, p CXOmuTCs mpu p > 1 u pacxomurca npu p < 1. B gacTtHOCTH, pacxoauTcsi Tak

+o0
HA3BIBACMBIH 2apmonuneckutl s ),
n=1

3amedganue. [Ipu uccnenoBanuu psiga Jupuxie Mol "paccrapiisiim ckOOKu", T.€. 3aMEHsIJIM TPyl COCEHUX 110
HOMEPAM CJIArAeMbIX UX CyMMaMu. MOXKHO 110KA3aTh, 9TO TaKasi OIepaLsi IpeodpasyeT cLo0AUUGCHA PsiJL B CXOASIIIANCST
psig ¢ mod oce cymmoti, a pacrodsuwutics noaoscumensvhud (1) psim — B pacxomsimiicst.

JL71s1 IpOU3BOJIBHOIO YKCJIOBOTO Psifia 9TA OIlepalnysi, Boodiie rosopsi, Heponycruma. Bo3bmem, Hanpumep, pac-
xousumiics psiz (cm. npumep 3 n.6.1)

+o0

DDt =1-1+1-1+...

n=1

¥ PACcCTABUM B HEM CKOOKW JByMsi CLOCODAMU:
1-1)+1-1)+...=0; 1+(-14+1)+(-14+1)+...=1.
Pesynbrar He HyKIa€TCST B KOMMEHTAPUSIX.

6.3. BemtecTBeHHBIIT psif ¢ UepeloBaHUEM 3HAKOB

Ounpenenenne. Py
—+oo
Z(_l)"+1an =a1—ax+az—aqg+...,

n=1
rae an > 0 mist Bcex HOMEPOB, HA3BIBAETCS PACOM C 4ePedOSAHUEM 3HAKOB.
Teopema, (mpusnak Jleit6numa?). Ecmm

1) ima, =0; 2)apy1 < ap A8 Beex n,

TO Psif C 9EPEOBAHUEM 3HAKOB CXOAMTCsT, pudaeM |A — A, | < apq1.

JoxazaTenbcTBo. PaccMOTpUM TOC/IEI0BATENBHOCTD 4eMmHbL IaCTHBIX CyMM (Aay,):

Aoy = (a1 —a2) +...+ (a2n—1 — a2n) = Aon—2 + (a2n—1 — a2n)-

2Tordpuy Bunsreasm JIEVBHUAIL (1646-1716) — remenkuit MaTemaTuk, ¢pusuk u ¢dpunocod. OQUH U3 OCHOBONOIOKHUKOB MATEMATH-
YECKOI'0 aHAJIN3a, OPraHU3aTOpP U nepBoli npe3ugeHT bBepnuuckoit AH. Ynen Jlongouckoro Koposmesckoro obmecrsa u Ilapuxkckoit AH.
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ITo ycnosuio (2) asy, 1 — a2y > 0 Te. As, > Aspy o, Jlasiee,

Aoy = a1 — (az - a3) — ... (a2n—2 - a2n—1) — Q2n

ITo ycnosmio (2) BCe CKOOKM MONIOKUTENBHBL, T.€. Aoy < a1.

Bospacraroumast orpannyeHHasi CBEpXy HOCIen0BaTeNbHOCTD (As,) umeer nupenen. Oboznadum A = lim A,,. Ilo
yenosuio (1) limagy, 1 = 0. osromy

lim A2n+1 = llm(Agn + a2n+1) = lim A2n + lim a2n41 = lim A2n = A.

Nrak, lim As,, = lim As,+1 = A. D710 3Ha4uUT, 4TO B JIIOOOM OKpecTHOCTH Yucia A JeXKAT MoYTH BCE YACTHBIE
cyMMbI (KAK 9€THBIE, TAK M HEYETHBIE), T.€. lim A, = A, u nepBoe yTBEPKIEHNE TEOPEMBI JJOKA3aHO. [l MOKA3aTeNb-
CTB& BTOPOI'O 3aMETHUM, YTO

A — An = (—1)n+2an+1 + (—1)"+3an+2 + .. = (—1)"+2(an+1 — an+2 + .. )

Paccmorpum psif ¢ uepemoBaHUEM 3HAKOB

Ant1 — Qpt2 + Apy3 — Gpya + ...

Bce ero yacrHbie CyMMbI TIOJIOXKUTEJIBHBI, U0O0

(@n+1 — ant2) + (@ng3 — anga) + - .. + (@nt2m—1 — Anpa2m) > 0,

(an—i-l - an+2) + (an+3 - an+4) +...+ (an+2m—1 - an+2m) + Ap4-2m+1 >0
1 MEHbIIE, 9eM an+11

Ap41 — (an+2 - an+3) — .. = Aptom < Gptl,

an41 — (an+2 - an+3) - (an+2m - an+2m+1) < nt1
CaenoBarenbHo, |[A — Ayl = py1 — Gnpo + Gpys — Qs + -« < G-
t® (= 1 1
[pumep. Psg ) ~—4—— cxomures, Tax xak lim 5 =0 u
n=1

1_ <1
n n+1 n-

6.4. I/ICCJIe;LOBaHI/Ie CXOOAUMOCTHU IMPOMU3BOJIBHBIX YNCJIIOBBIX PAIOB
+o00

Ecnu psin E ap HE SABJIIETCS HU IOJIOXKUTEJIbHBIM, HHA DPAJOM C YE€pPEeJOBaHMEM 3HAKOB, TO DPEKOMEH/IyeTCs
n=1
CJIe,IIyIOHLI/II‘/'I IIyTb UCCJIEIOBAaHUA €ro Ha CXOOAUMOCTD.

1. [TpumMeHUTH TPU3HAK PACXOJUMOCTH, T.€. TTONBITATHCS BHIYUCIUTD TIpee lim a,,. Eciu ator npenen e cyure-
CTBYET, WJIX CYIIECTBYET, HO He PAaBEH HYJII0, TO BOIPOC PeIIeH — Pl PACXOIUTCH.

2. Eciiu lima,, = 0, To npusnak pacxomumoctu He paboraer. B arom ciydae ciemyer paccMOTPeTb NOA0NHCU-
+oo
meavuoili psas Y, |an|, K KOTOPOMY MOXKHO IPUMEHHUTH TEOPEMY CPABHEHWS.

n=1

+oo Too
Teopema.Ecm psap Y. |a,| cxomures, TO cxommres u psiz

+o0
n=1
abcoaomuo crodumcs,).

> an (B 9TOM Cilyd4ae TOBOPST, 4TO Psif », Gy
n=1 n=1
JlokazaTeabCcTBO.

—+oo

1. Ilycre cHA9AJIA IIOCIEA0BATEILHOCTD () — BEIIECTBEHHAS U Pif Y. |a,| cxomuresa. Paccmorpum aBa papa:
n=1

+o0 +oo

Y byu ) ey, rme

n=1 n=1

bp = |an| + an, cn =lan| —an.

OueBngHO, UTO AJIsi BCeX HOMepoB smbo b, = 0, ¢, = 2 - |ay,|, mbo b, = 2 - |a,|, ¢, = 0, T.e. 3TU psgpl
+oo
NOJIOXKUTEIIBHBL M KAXKIBIA U3 HUX MEHbBIIE CXOASIIErocs psaga » . 2 - |a,| — oba pana cxongarcs. Torna cxoqures u ux

=1
+oo +oo "
HOYJIeHHAs PA3HOCTE (eM. 1.6.1) — psax > (b, — ¢cp)= ). an.
n=1 n=1
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2. Ecnu Tenepnb mocienoBaTesbHOCTS (a,) — KOMILIeKCHas1, 10 |Re(ay,)| < |ay|, [Im(an)| < |a,| # no npusnaky

+o0 +o0
CPABHEHWsI CXOAATCS ONOXKUTENbHbIE psiabl ., |Re(ay)| u Y |Im(ay)|. Torma mo yke mOKa3aHHOMY CXOASITCS PSIZIbI

=1 =1
+oo +oo " " +oo
> Re(an) u Y, Im(ay,), 9TO paBHOCUIIHLHO CXOAUMOCTH Psiia » ., G, (yTBepXKIeHue 2 B KOHIE TI. 6.1).
=1 =1 =1

IMpumep. /JaH KOMIJIEKCHBIH st » . ITocTponM MOIOKUTENBHBIN P,

Zn’4ion

+oo +oo

1 1

Z n?+i-n| \/n4 2

n=1 n=1 n*+mn
1 1 =

OTOT P CXOAUTCS, TAK KaK ——=—=— < —, a pszg Jupuxie ) —5, KaK U3BECTHO, CXOAUTCSA. MBI OKa3aiIm,

A 2 —=in

n*+n n=1

+oo 1
TAKUM 00OPA30M, 9TO MCCIIEIyeMbIil KOMIUIEKCHBIH DS Y, —5———— CXOAUTCS aDCOIOTHO.

Zinl4ion
Sameuanwus. 1. IIpoBepka psizia HA aADCOMIOTHY IO CXOUMOCTD PE3YJIBTATUBHA TOILKO IIPU IIOJI02KUTEILHOM OTBETE:
abCONIIOTHO CXOAAIMICH Psf CXoauTcs. Eciau ke abCOIOTHON CXOAMMOCTH HET, TO BOIPOC O CXOAMMOCTH OCTAETCs
OTKprTbIM.
2. Jlyis1 abCOJTIFOTHO CXOISIIIEroCs Psi/ia, KMEET MECTO HEPABEHCTBO

+oo +oo
D an| <D lanl
n=1 n=1

PaCCMOTpI/IM ABa IIPOCTHIX NIPU3HAKA CXOOUMOCTH, IPDUMEHUMbBIX K IIPDOMU3BOJIBHBIM YHCJIOBBIM DAJAM.

Teopema. (IIpusnak Kommn). Eciu cymecrsyer npezaen

K =lim |an|1/n, TO

+oo
1) mpu K <1 psx Y a, cxomurcs (aOGCOMIOTHO);
n=1

2) mpu K > 1 3T0T psiji pacXOauTCs.
3) npu K = 1 npuznak Komu He paboTaer — CymecTByIOT U CXOAAmuMecs U pacxoaamuecs psaasl ¢ K = 1.

Hoxazarenscrro. 1. Ilycts K < 1. Tlo onpenenennio npesesa MOYTH 11T BCEX HOMEPOB BBITIOTHSIETCST HEPABEH-

1-K 1-K
o~ <25 (F55>0).

CTBO

Orcrona,

1-K

lan |V — K < = |a,|Y/" <

1+K 1+K)"
5 )

= |an| <
o < (45

+oo
Mb1 noKa3aaM, 9TO MOJOXKUTENbHBIN P Y, |Gy| MasKOPUPYETCs: CXOAAIMMCS PSIIOM, HOPOXKEHHBIM T€OMeT-

n=1
1+ K
2

pUYeCKOl IIporpeccueil co 3HaMeHaTeIeM < 1. YrBepxkaenve 1 noKa3aHo.

2. IIycrs K > 1. Ilo oupenesieHuIo npemesia moYTy JJjisi BCEX HOMEPOB

K -1 K—-1
‘|Gn|1/n _K‘ < 2 ( 2 > 0) , OTKyZIa

K-1
2

T.e. |a,| > 1, u HeBepHO, 4uTO lim a,, = 0. ITo npu3HaKy PaCXOJUMOCTH Psifi PACXOLUTCS.

1+ K
< an)V™ = K = |an |/ > — > 1,

o0
3. Jljst O9EeBUAHO PacCXoiAmerocs psaa ¢ a, = 1 K = 1, Ho u mnsa cxopsmerocs psga Jdupuxae Y Lz TOXKE
n

1 1/n =t
K =lim (—2) =1
n
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Teopema, (mpusnak 1’ Anambepa®). Ecim cymectsyer mpemen

an—i—l
Qn

D =lim

?

+o0o
1) mpu D < 1 psx Y. a, cxomurcst (aGCOMOTHO);
n=1
2) mpu D > 1 3T0T psAs pacXOmuTCs.
3) mpu D = 1 npusnak a’Anambepa He pabOTAeT — CyHMIECTBYIOT ¥ CXOISANIMECS U PACXoismecs psaasl ¢ D = 1.

Jloka3bIBaTh 3Ty TEOPEMY MBI HE DyJeM.

Ecnu paccMOTpeHHbBIE BBIIIE POCTEHINNE IPUEMbI UCCIEI0OBAHNS Psiia HA CXOAUMOCTH He cpaba-
THIBAIOT, MbI PEKOMEHIyeM 0ODATUTHCS 33 KOHCYJIBTALMEH K MAaTEMATUKY-TIPOMECCHOHAITY.

6.5. OuenuBaHue CyMMBI CXOOSAIIEroCsl YMUCJIOBOTO psija

o
Ecnm amcnosoit psg cxomuresi, To ero cymma A = lim A, = Y a, €cTh HEKOTOPOE KOMILIEKCHOE YHUCIIO.
n=1
Onpepenenne. OUEHKOH CyMMBI CXOISAIIErOCs YUCIOBOTO psana OyneM Ha3bIBaTh JIOOOH KPYr Ha KOMILIEKCHOM
IJIOCKOCTH, HAKpbIBaomuil Touky A (cymmy psina).

Kpyr 3amaercst cBoumu 1ieHTpoM U pajauycoMm. Q4YeBUIHO, U3 ABYX KPYTOB-OIEHOK JIYUIle TOT, PAIUYC KOTOPOro

MEHBIIIE.
o0
ITpumepst. 1. JIiist BEIECTBEHHOTO PsIJIA ¢ Y€PEIOBAHNEM 3HAKOB Y, Gy, YAOBJIETBOPSIOIIETO YCIOBUSIM TEOPEMBI
n=1
Jleibuuna, |A — Ap| < ap41, T.€. CymMMa A JIEXKUT BHYTPH KPyra € LEHTPOM B TOYKe A, ¥ PAIUYCOM ap 1. Benencraue
BEIIIECTBEHOCTH PsiJIa KPYT BBIPOXKIAETCS B MHTEPBAT |Ay — Apy1, Ap + A [-
oo
2. IlycTh CXOOUMOCTD PSIia Y, Gy, YCTAHOBJIEHA C IOMOLIBIO pu3Haka Koy, T.e. CylnecTByer KOHEUYHbIH IIpejes
n=1
K =lim|a,|'/™ < 1. Buibepem uucio q wexay K u equmuneir (K < g < 1).
ITo ompenenenuio mpeeta, MOCIeI0BATELHOCTH, HAYMHAS C HEKOTOPOro HOMEpa 71 OyIeT BBHITOIHATHCS HEpa-
BEHCTBO |a,|'/™ < ¢, wn |a,| < ¢". Tosromy mpu n > ny

n+1
|A_An| < lan-‘rll + |an+2| +...< qn+1 +qn+2 toee= ;]_q'
ni1+1
IIycte Tpebyercst mOCTPOUTH KPYI-OLEHKY € paauycoM €. Eciiu BbIIOIHEHO HepaBEeHCTBO T—¢ < €, TO B KA4€eCTBE

no+1
HEHTPa KPYTa MOXKHO B3ATb 9nuci0 A, . MHawe cremyer Haiitu Takoi HOMED No (Gombmmii, wem m1), 9TO T—¢g <e.

Taxkoit HOMep, 0YeBUTHO, HAKIETCS.

1/n
o0 2 2
Paccmorpum psig Y g_" 3necs K =lim g—n = % Bozsmem ¢ = % 7 Hal1eM HOMED 71, HAYUHASL C KOTOPOTO
n=1
9 1/n
g—n < % ITepe6Gopom TIepBBIX HATYpadbHBIX umcen 1,2, ... naxoaum, 9to n; = 13. Ilycrs, manpumep, € = 1076,

2

20
Pemas nepaBeHCcTBO < 1078, naitzem, uro ny = 20. Utak, Kpyr ¢ HEHTPOM B TOUKe Asg = Y g—n ~ 1.4999999
n=1

0.5™

u paguycom 107% 3aBesomo naxpwisaer cymmy psiza (MOXKHO TOKa3aTh, 4To cymma pasHa 1.5).
3. AHaJIOrMYHO CTPOUTCS OIEHKA CYMMBI, €CJIM CXOAUMOCTH DPsia, YCTAHOBJIEHA C IOMOIIBI MPU3HAKA,

oo
1’ Anambepa. Ouennm, Hanpumep, cymmy psma 4 Y % 3necb

n=1
1
! 1
D=lim | PFD L g
1 n+1
n!

3YKan Jlepon n’Anambep (1717-1783) — dbpanmy3ckuit MaTeMaTHK M MEXaHHUK, 4JIeH MHOTHX aKaJeMu#, OIUH U3 aBTOPOB 3HAMEHHTO
"DHIUKIONe UK HAYK, HCKYCCTB U pemecen'.
4 st mo6oro maTypamsroro wmcman nl=1-2-3....n. (Dror 3nak unTaerca n-dakropua). Ilo onpexenenuro mosaraoor 0! = 1.
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Bozbmem g = 1 Torma U3 HEPABEHCTBA, Gntl] — —Il <1 Haxomum, 9to 1 = 5. CienoBaresbHO, ipu 1 > 5
5 QAn n + 5

|A—An|=an+an+1+...<an-(0.2—|—0.22+...):T.

) 0.25

Ionaras, nanpumep, € = 10~ u pemas (nepe6opom nepBbIX HATYpAIbHBIX Yuces 1,2, . HEPABEHCTBO =1~ <
) p p7 y ) 7

1078, maxomum, 4T0 Ny = 9. MBI yCTAHOBUIIH, UTO KPYT C HEHTPOM B TOuke Ag = 1+ Tl[ + 71[ +...+ g} = 2.7182815 u
paauycom 106 3aBeomMo HakpoiBaer cymmy psja.

3amedaHust. 1 CyMmMa psifia U3 MOCJIEJHEr0 IPUMEPA BCTPEYALTCS TAK YaCTO, YTO JIJIsi Hee BBEIEHO CTAHIAPTHOE

obo3HaueHnE € = E 1

n= 1
2. B nmpakTUYeCKUX BBIYUCJIEHUSIX 9aCTO yHOTPEOISIOT TepMuH "ckopocTh cxomumocTu psiga'. Paccmorpum aBa
npumepa.
e ( 1)n+1 n+1
DY Z
= n* lg n + 1)°

IMpuznak Jleiibuuna mokassiBaeT, 4T0 06a psiga cxoasTcs. OmIHAKO JJisi TIOJYYEeHUs] KPYTra-OLEHKYU C PAJUYCOM
10~* HeOOXOMUMO IIPOCYMMHUPOBAT:

/ISt IEPBOTO psAnia 9 cIaraembrx, Tak Kak |A — Ag| < ajg = 1074,

a /1151 BTOPOT'O PsiJia 101" —1 CJIaraeMbIX, TAK KaK TOJIbKO HAYMHAS C ITOI0 HOMEPA BBINOJIHSETCS HEPABEHCTBO

—4
m < 107%.

$ICHO, ITO BBIYUCIUTH CyMMY JEBATH CJAragMbIX B TIEPBOM TIpUMepe HeTPYAHO (MOXKHO M BpydHyio). UTo e
KacaeTest BTOPOil CYMMBI, TO JIaie Pacrionaras KOMIbIOTEPOM, KOTODbIii BLIMMCIIAET OJIHO ClaraeMoe psja 3a 107t
CeKyH/Ibl, IPUIETCS 3aTPATUTh Ha ee Boranciaenne 1010° 10 = 109990 cexymy, e. HpI/IMepHO 109983 ger (!).

OTu 7Ba MPOCTHIX TPUMeEpPa MOKA3bIBAIOT, KAKON CMBICH BKJIAIBIBAIOT B CI0Ba "CKOPOCTDH cxomumocTu psa.

Ormernm, 9TO 38 yJIydIneHue OUEHKH, T.€. 33 yMEHBIIEHUE PAIUYCa KPYTa-OUEHKH IIPUXOIUTCS [IATUTh yBEJIH-

YEHMEM KOJIMYECTBA, CIATAEMbIX B 9aCTHOU cymme A, npuHMMaeMoil 3a HEHTDP 3TOro Kpyra.



