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T'nasa 4. PAIIMOHAJIBHBIE TPOBUA
(IPOBHO-PAITMOHAJIBHBIE ®YHKITNN)
4.1. OnpenesieEne n Ba>kHOe COIJIAllleHUe

Onpegenenue. pobro-payuonasvhoti gynryuet (payuonasvroli dpobvio) Ha3BIBAETCS OTHOLIEHUE MOJIMHOMOB

amz™ 4+ am_ 12" 4 ...+ a1z + ag
bp2™ + bnflznil 4+ ...+ biz+ by

f(2) =

. (am #0, by #0, n>0).

BaxkHoe coriarmenune

MO}KBT OKa3aThCd, 9TO MOJTUHOM-YUCIUTEIb U TTIOJIMTHOM-3HAMEHATEJIb UMEIOT O6I].[Hﬁ KOPpEeHb — YUC-
0 ¢. Torga o6a monuHOMA, IEIATCst 663 OCTATKA HA ABYWIEH (2 —C), ¥ PAIMOHAILHYIO 1PO0h MOXKHO
COKPATUTh, T.€. PA3ACJUTHL U YUC/IUTEJIb U 3HAMEHATEJIb Ha 9TOT ABYYJ/ICH.

JdoroBopumMcs He paccMaTPUBaTh PAlMOHAJBHBIE APOOH, KOTOPbIE MOXXKHO COKPATHUTbD,
T.e. ByieM Bcerjja CUuTaTh, 9YTO YUCINTE]Nb U 3HAMEHATEJb HEe UMEIOT OOIMX KOPHEW.

Eciu m < n (crenenb duciauresisi ¢mpozo menbuie CTENEHU 3HAMEHATEJIsI), PAMOHAJIbHAs JPO0h HA3BIBAETCS
OPaBWILHOM, eciiu m > n — HenpasuibHOR. HenpasuibHas panyonaibHas ApoOb MOXKeT ObITh (CM. 11.3.4) eauHCTBEH-
HbIM 0OPA30M IIPEICTABJICHA B BUJIE CyMMBbI TIOJIMHOMA U NPABUILHOMN panmMoHaIbHON apobu. JeficteurensHo, u3s (3.4.1)

cesyer, 94To

P R
Qe %ty
" Ipo0b % — npaBwibHas (CIydaii, KOrJa YUCAUTENb JEeJIUTCA Ha, 3HAMEHATE b 063 OCTATKA, WHTEPECa, OYEBUIHO, HE
npezcrassier). II03TOMy B JajbHERIeM MBI PACCMATPUBAEM, B OCHOBHOM, MIPABUJIbHBIE PAIMOHAILHBIE JIPOOH.
Wrak, Mbl PACCMATPUBAEM NPABUALHBLE U HECOKPATNUMDLE PALMOHAJIbHLIE a1pobu. KOpHu 3HaMeHaTesst Takoi

ApobK HABBIBAKOTCS ee noatocamu. KpaTHOCTb KOPHS 3HAMEHATE/Isl HA3bIBAETCS KPATHOCTBIO IIOJIIOCA.
PammonanbHaas 1pobb OnpenesieHa Ha BCEl KOMIJIEKCHOM TIOCKOCTHU 33, UCKJIFOUEHUEM TIOJIOCOB.

4.2. PazjioxxeHue IpaBAJIbHON PAIMOHAJIBHON Apo0Ou Ha mpocTeuiime
_ A
(z=¢)F

Omnpenenenne. PaimonansHaa n1podb (A, ¢ — KoMmIeKcHbIe Ynciia, k — HATypaJIbHOe YMCJIO) HAa3bIBa-

erca npocmetiweti dpobvio.

Teopema. Besikasi npaBuiibHasi PALMOHAJIbHAS IPOOb MOXKET OBITh MPEICTABIEHA B BUIE CyMMbI MPOCTEHIINX
npobeii (pasaooicena wa npocmetiwue dpobu), U TAKOE NPEJCTABICHUE €JIUHCTBEHHO.

Hoxazarenncrso. B cuny Baskuoro cornarmienns (n. 4.1) quciurens v 3HaMEHATEb 1pOOH HE UMEIOT OBIIUX
kopueit. [IpeanosnoxkuM, 94To HaIa APpOoOb UMEeT MOJIIOC ¢ KPATHOCTH K, T.e. OHA MMEET BUJ

__ P{)
6= =gy FO#0 Q@#0
IMokaxkem, 9TO CymecTByer eduncmeenmbili mommaoM R nopsiaka k u eduncmeenmbidi moMuHOM S, TaKue 9TO
_ Pl R | Sk
1O = o ~ e-of Q0
Paccmorpum passocTs
P(z) R(z) _ P(z) — R(2) - Q(z)

G- G- | (-0 R
rae R — mpousBosbHBIM mosmHOM mopsizika k. [ompobyeM moCcTpouTh 3TOT MOJMHOM TaK, 4TOObI pasHocTh P — R - @
nemunack 6e3 ocrarka Ha (z — c)¥. Jlna sroro pacnonoxum nomuaomer P, (), R 10 BO3pacTaromumM CTeNeHsIM By 4/IeHa
(z—¢) (cm. (3.1.2)):

Pz)=po+pi(z—c)+...+pp1(z—c)F 1 +...,
Q2)=q+qaz—c)+...+q_1(z—c)F 1 +...,
RR)=ro+ri(z—c)+...+rp_1(z —c)*1

(MHOrOTOUHMS B IOMHOMAX P 1 () 03HAYAIOT, YTO ST NOJUHOMBI MOT'YT COJEPKATH U 60JIee BLICOKHE CTENEHU JIBY WIEHA
(z — ¢)). BamernmM, 4ro g9 = Q(c) # 0!
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Boruucium teneps K03 GUIMEHTDI TIPU CTENEHsX By dYieHa B uncauresie apobu (4.2.1) smwiors 10 (k — 1)-ro u
IPUPABHSAEM WX HYJIIO:

(z—¢)° Po — Todo =0
(z—c)! P1 —Toq1 — T1qo =0
(z—c¢)? P2 —Toq2 — T1q1 — T2qo =0
(z—c)ft Ph—1 — ToQk—1 —T1Qr—2 — - —Tp—1g0 = O

Marpuna k03¢hpGHUIMEHTOB MOJLyYeHHOM JJisi OnpejesieHnsi KOI(pUUIMEHTOB NOJMHOMA R cucrembl ypaBHeHU
— HUXKHSIS TPEYTOJbHAsA, U €€ ONPEIeINTeIIb q(’]c ornuyeH or HyJs. [odromy 4mcna g, ..., rk—1 (&, CIEI0BATENBHO, U
nomuom R) onpenensitorest oanosnauno. Teneps nojuuom P(z) — R(2) - Q(2) menurcs wa (2 — ¢)* 6e3 ocrarka (1o
nocrpoenuio). O603HaYAs TOTMHOM-YACTHOE S, Oy YUM

P(z) = R(2) - Q(2) = (z = ¢)* - (2),
OTKYZI2
P(z) _ _R(z) | 5@
(z=9*Qk)  (z-9* Q)

Boigesisisi Takum 00pa3oM 1oCJI€I0BATEILHO BCE TOJIOCHI, [TOJLyYUM [PEACTABJICHUE TPABUILHON HECOKPATUMOM
PAIMOHAJILHON Apo0OK B BUIE

f(2) =

P(z Ri(z Ry (z
(z—c))™...(z—cn)™  (z—c)™ (z —cm)m
IMockonbky nmomuuomsL R;  (j = 1,...,m) y2Ke PaCIOIOKeHbI IO BO3PACTAIOIMM CTENEHAM (2 — ¢;), MOy InM
Jajee
Bie) _ ) Gt oe) T ) o
(z = ¢j)P (z—c;)k (z—cp)f  (z—cp)hi™t T g

9TO 33BEPINAET JOKA3ATENIHCTBO TEOPEMBI. UUC/Ia, CTOSIIUE B YUCIUTENISX TPOCTEAITNX Ap00eii, MOryT OBITH HalI€HBI
TaK HA3BIBAEMBIM MEMOJOM HEONPEIeAEHHBT KOIPHUUUEHMO6, KOTOPBIM MBI MPOJEMOHCTPUPYEM HA TIPUMEPE.

ITpuwmep. Pazsioxkurk Ha npocreiimue gpodu

2241
(z=1)3(2*+3)

Bbigenum mosocsl 1 npeacTaBuM 3Ty Apobb B Buge (4.2.2) ¢ HEM3BECTHLIMU MOKa KO3GbdUIMeHTaMu:

2241
(z = 1)*(z + iV3) (2 — iV3)

Cro+ri(z—1) +ra(z —1)? L8 L
(z=1)3 z+iV3  z—iV3

[IpuBemem mpaByio 4acTh K OOIIEMYy 3HAMEHATENI0 W TPUPABHSIEM B YUCAUTENSIX Apo0el, CTOSIMX CleBa U
CIpaBa OT 3HAKa PABEHCTBA, KO3GhMUIMEHTHI [IPU OJAUHAKOBBIX CTEIEHSIX TEPEMEHHOM 2:

24 ro+Ss+v =0
23 r—2ry — (3 +/3i)s — (3 — V3 =0
22 ro—7r1+4rs + (3+V3i)s+ (3 —V3i)v = 1
2| 3 —6ra— (1+3V3i)s— (1-3V3i)v = 0
2% 3rg —3r1 4 3ra +V/3is — V3iv =1

B cuity mokazaHHOI BBIIIE TEOPEMBI 9Ta CUCTEMA JIMHEHHBIX YPABHEHUI UMeeT eIMHCTBeHHOe pernenue. [Ipume-
uvuB ajropur™m l'aycca-2Kopaana, nomydum

ro=1/2, 1 =1/4, ry =0, s = —iV/3/24, v = iV/3/24.
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Cepnesnoe npenymnpexaenue. C " 1OKOMIBIOTEPHBIX" BpPEMEH y YeJI0BEKa COXPAHUIOCH ECTECTBEHHOE OTBPAIIE-
HUe K paboTe ¢ KOMIUIEKCHBIMY YncIaMu. 1109TOMy Tpu pa3yio’KeHWH BEIIeCTBEHHBIX PAlMOHANBHBIX Apobeil Ha mpo-
creiimme WHOTJa UCIOJB3YIOT B ClIy4Yae CONPAXKEHHBIX KOMIIJIEKCHBIX MOJJIIOCOB TaK Ha3bIBaCMbIE "HpOCTeI‘/‘IH_II/Ie ﬂpO6I/I
BTOpOro Tumna'":

Az + B
2 )
- +pr+q
rae A, B,p,q — BeIlIeCTBEHHBIE YNCJIA, & KOPHU KBAAPATHOIO TPEXUJICHA B 3HAMEHATEIE — KOMIIJIEKCHBIE.
OTO CyIIECTBEHHO YCJIOXKHSET 337349y U HE JAeT HUKAKOTO BBIUTPHIIIA, MOCKOJIBKY (B OTIN4ne OT quIOBeKa)

KOMIIBIOTED JIETKO CIpaBisiercst ¢ "KoMIieKcHo# apudmernkoit". Mbl HACTOSATEIBHO PEKOMEHAYEM HE T0/Ih30BATHCS
MIPOCTEHINMY APOOSIMU BTOPOTO THUIIA.

4.3. HenpepbIlBHOCTh panuoHaJIbHOH JIpobu

Pacemorpum mpocreiimyo apobs f(z) = zL" C TIOJIFOCOM B HA4aJie KOOPAWHAT. 3adukcupyem Touky p # 0

u oueHuM pasHocTh f(z) — f(p), cumTas, 4TO MEpEeMeHHAs TOYKA 2 0EpPeTCs BHYTPU KPYTa C IEHTPOM B TOUKE p U
pazauycoum |p|/2 (puc. 4.1).

D z
X
Puc. 4.1
1 1 pn_zn pn—l +pn—2z+‘”+pzn—2+zn—1
f(z)—f(P)Zz—n—FZW:(P—Z)' O
_ < |p—Z| n—1 n—2 n—2 n—1 4.3.1
1f(2) = f®)| < T - (11771 + 11" 722l + o+ ol 4+ (2" 71). (4.3.1)

Ip|"™[2]"

Tak kak %[ <z < yzﬁl, ycuiauM HepaBeHCTBO (4.3.1), 3aMeHMB B IpaBoOii ero 4acTu: B 3HaMeHaTese |z| — Ha
MeHblIlee YnCIo |p|/2, a B ckoOKe |z| — Ha Gonbinee ancio 3|p|/2.

ety 3 e 3\" " e
(o= + 2t (3) i)

2(3" —-2")
1f(z) = f@)l < p—=| n =lz—pl- == =M |z -l
ﬂwn Ip|
2n
n _ 9n
3mece M = % — TIOJIOXKUTEJILHOE YNCIO.
p

U3 10/Ty 9eHHOTO HEPABEHCTBA CJIEJIYeT, 9TO 3HAYEeHNe Hallell mpocTefinmeil Tpo6y B TOUKe Z MOMKHO CIEATh KaK
YTOIHO GTM3KUM K €€ 3HAYEHWIO B TOYKE P 3a CUeT npubmkenus z K p. Tounee: Ajist 060TO TIOIOKATETBHOTO THCTIA
€ MOXKHO yKa3aTh TAKOe TOJIOXKHUTeIbHOe uncno 8 = min(|p|/2,e/M), uto

|z —pl <= [f(2) - f(p)| <e.

ITockonbKy TOYKa P MPOU3BOJIbHA, MbI JJOKA3aJIM HEMIPEPBIBHOCTD HAIIEH IPOCTeieil Apodbu B 1000 TOYKe ee
obJiacTu Onpee/IeHusl.

Hebosib110e ycioxxHeHre MIPOBEIEHHOTO BbIIIE PACCYKAEHUS II03BOJISIET YCTAHOBUATH U HENPEPBIBHOCTD IIPOCTEl-
e 1podu ﬁ B J1I000# TOYKe ee 00JIACTH OMpPEIeICHNUSI.

JlokaxkeM Ternepb BaXKHOE BCHOMOraresiabHoe yreepxkiaenue. Ilycrs dyukuuu f1 u fo ompenesneHbl B HEKOTOPOH
OKPECTHOCTH TOYKHU P, U CYLIECTBYET TAKOE ITOJIOKUTEIbHOE 9nucia0 M, 94TO B 3TOMl OKPECTHOCTHU BBIMIOIHSAIOTCS HEPa-
BEHCTBa

1/1(z) = L)l < M|z = pl,  [f2(2) = f2(p)| < M|z —p].
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Torpa nis nuHeHOM KoMOMHaIMK 3TUX QyHKUuit f = oy fi + agfo nmeem
If(z) = F(D)| = [(ar fr + a2 f2) (2) — (eaf1 + 02 f2) (p)| <

< leal|f1(2) = fi@)] + |zl f2(2) — fa(p)| <
< (lea] + [e2[) M - |z — pl.
OTO yTBEPKAEHUE OYEBUIHBIM 00PA30M PACIPOCTPAHSIETCS HA, JIMHENHY 0 KOMOMHAIIMIO JIFOOOr0 KOHEYHOTO YUCIIa
dbyHrumii. YIuTbIBasi, 9TO JII00asi PAIMOHAIbHAS APOOh MPEICTABUMA B BUIE CyMMbI IOJMHOMA, U JIMHEHHON KOMOUHA~

UMM KOHEYHOrO YMCJIa IPOCTeHIuX Apobei, moaydaemM
CrencrBue. JIiobasi panpoHaibHast Apodb HENPEPBIBHA B JIIOOOI TOYKE ee OIIpe/IeIeH sl

4.4. IloBeneHMe panoOHAJIILHON APOOM B OKPECTHOCTH IIOJIIOCA

OrpaHuyuMcst pacCCMOTPEHUEM (JIydas MpOCTeiineit 1podu

1
)= ——.
Ilepeitnem k mOISIPHBIM KOOPAMHATAM C HAYAJIOM B MOJIIOCE
. exp(—ip) 1
z=ctr-enp(iv) = f(2) = — 35— = f()l = &

OueBuHO, 9TO MOIYJb f(2) MOXKHO CHENIATh KAK YIOAHO GOJBIIUM 33 CYET MPUOIUKEHUS TOYKA 2 K TOIIOCY.
Toumee: 17151 THO6OTO MOTOKUTETHLHOTO UUCIA F) MOYKHO yKA3aTh TAKOE MOIOKUTETBHOE YiCI0 & = E— 1/ uro

0<|z—¢c <éd=|f(2)| > E.

[Tostyyennsbrit pe3ybrar 0OBIYHO BHIPAXKAIOT CJI0BaMu: ""ipocreiiiiast podb He 02panuena B OKPECTHOCTH CBOErO
nosiroca”.
MO>KHO 1TOKa3aTh, 4TO BCSKAsl PAIMOHAILHAS APOOb HE OIPAHUYEHA B OKPECTHOCTH KAXKJOI0 CBOErO IMOJIOCA.

4.5. ITouemy He cieayeT paboTaTh ¢ COKPATUMBIMU PAIllMOHAJILHBIMU JPOOSIMU
Haunewm ¢ npumepa. Ilycrs

fz)=z (z€R); gla)= % (z€R, z#0) (puc.4.3).

f@) =2

Puc. 4.3.

Oru GyHKIMM COBIAIAIOT BCIOAy, Kpome oo Touku (r = 0), rue g ne onpexesena (rpadbuk dbyHkuuun g
nojiydes yjanenuem u3 rpaduka f aadana koopaunar). Ecm goonpenenuts g, nonoxus g(0) = 0, To ona cosnazger
¢ [ y»e BCIOZy U, B YACTHOCTHU, CTaHeT Henpepuieholi B Touke £ = 0. B 10 ke Bpemsi 0ueBuHO, 4T0 POPMAIBLHO f
[IOJIyYAeTCs U3 § COKpaueruem MocaeiHeil Ha .

Jlajiee BO3MOXKHBI J[BA, [Ty TH:

1. OTKa3aThCst OT PACCMOTPEHMSI COKPATUMBIX PALMOHAJIBHBIX IPOOEi, T.€., B YACTHOCTH, He PA3IndaTh (DyHKIMU

f(z) =2 (z eR); Hg(x)=a;—2 (zeR, z#0),
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9TO PABHOCUJIBHO doonpedeseruto GYHKIMMA g B HYJIE NO HENPEPLIEHOCTIU.

2. Cuurars f u g pa3abiMu DYHKIHUSIMHA, 8 IUCJIO HOJIb HA3BIBATH npedesom pynryuu g 6 movwke ¢ = 0. Iummyt:

0=limg(z) (wm lim g(z)).
=0 z—0

C Hameit TOUKY 3peHNs IEPBBIi My Th MPOIIE, ¥ NOCIEI0BATEIHFHOE Er0 IIPOBEIEHNE CYIIECTBEH-
HO 00JIerdaeT noAv3osamento U3ydeHrne MaTEeMATUKU. B TO ke BpeMsi HAM He U3BECTHBI CIIydau
BO3HMKHOBEHMST Ha 9TOM MYTH KaKUX-JIMOO0 3aTpyaHEHUH U, TeM Oosiee, TIPOTHBOPEUNi.

TosTomy MBI He OymeM PabOTATh ¢ COKPATUMBIMEU DAIMOHATLHBIMA IpO0sMu (& TO32Ke — | C
IpyruMu (DYHKIUSMEA, UMEIOMUMYA TOYKU YCIMPaHuM0o20 PAa3phiBa).
Msb1 6ynemMm Takme TOYKU yCTPAHATH!

IIpu sToM npemen dbyHKuuu B TOUKe JubO OyJer COBHAAATH C ee 3HaYeHUuEeM (U IOITOMY He
OyseT IpeACTaBIAThL MHTEpEeca), Jubo He Oymer cymecTsoBarb. Tak, HANPUMED, B NOJIOCE, T.€. B
TOYKE, SBJISIOLICHCS KOPHEM 3HAMEHATEJISE HECOKPAMUMOT PALMOHAIBHON APOOU, HUKAKKUM JI00PE-
JIEJIEHUEM ITOM Apo0U CIEIATH €€ HENPEPHIBHOM HEJIb3s1 — PALMOHAJIbHAS APOOb B IOJIIOCE HE UMEeeT
npezesa.

Takas TOYKa 3peHUsT COTIIACYETCS CO B3TMIAIaMM M3BECTHBIX MaTeMaTnkos XX Beka H. H. Jlysuna! u JI. Bepca?
PaccmarpuBasg panuoHaIbHYIO IpO0Ob

2 @) e W) £0 w m>n,

n 7
" P(x)
H.H./Ty3un mumer: "EcTecTBeHHO paccMaTpuUBaTL TOT CIydail Kak Caydail KaXKyllerocs pa3pbiBa, O0S3aHHOIO HE
HeIOCTaTKaM caMoil (byHKIuM (B FEOMETPUYECKOM CMBICJIE), 8 JIUIbL HEKOTOPOMY HEAOCTATKY JAIOIIEH 3Ty (hyHKIMIO
dopMyIbl, yrpauuBampIei CBOM 4ucsaoBoi cmbica npu £ = 0. YTo nmogobHOro poga yrpara YmMCiaOBOr0 CMbICJIA, TON
i WHON (HOPMYJIOH MOXKET MPOU30OUTY YUCTO CIIYIANHO, YUTATESb 3AMETUT U3 TOrO OOCTOSTETHCTBA, 9TO JTOCTATOIHO

f(z)

HANMUCATH JOOYI0 HenpepbiBHYO GyHKmuio f () B BUIe xT wnu B Buze 1/z+ f(z) — 1/ x, kak yxxe HOBasi hopmyJa
yTpavINBaeT YMCIOBOM CMBICT B Touke £ = Q".

JI. Bepc: "Paborasi ¢ panuoHaabHbIMUA (DYHKIUSIMHA, Mbl 9aCTO OYJEM TPEINoIaraTh, YTO KaXKAblil JIMHEHHBIH
MHOKWUTE]Th, BXOJASIINN OJHOBPEMEHHO B YHC/IUTEb W B 3HAMEHATENh, y3Ke COKPAIEH, M 9TO 00JIaCTh ONpeIeeHns]
GbYHKIMM COOTBETCTBYIONIMM 00pa30M paciupena,”.

IIpoTus 310 TOUYKM 3pEHUsT KATETOPUYECKN BO3PAXKAIOT JIMIIb IIPE0aBATEIN-PENETHTOPbI, 00 OHA OTHUMAET
y HUX BO3MOXKHOCTH "00yuars'" BCEBO3MOXKHBIM XMTPOYMHBIM HpreMaM "Borancienus" npenesnos.

1Huxomait Hukomaeswa JIY3UH (1883-1950) — peiicreurensrbit wier AH CCCP un psajga 3apy0eskHBIX aKaJeMHil, OCHOBATENb MO-
CKOBCKOM MmKOJBI Teopun (yHKuil. Ilutupyerca yue6nuk B. I'psmBunas u H. Jlysun, DieMeHTH quddepeHIUaIbHOIO0 U HHTErPAJIBHOIO
ucuncaenns, "TU3", M.-JI.:, 1931.

2 Tumrvar BEPC (p. 1914) — npodeccop Komymbuiickoro yrusepcurera (CIIIA), npesumern AMepUKaHCKOTO MATEMATHIECKOTO O6IIe-
CTBa, IJIaBa orTpaeseHust maremaruku HamumonambHo#t Axamemuu mayk CIIIA. Iurupyercs: y4uebuuk JI. Bepc, Maremarnueckuil aHauus,
"Beicmas mkoma', M.:, 1975.



