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T'nasa 14. THTETPAJI PUMAHA
14.1. Cymwmsr Jap6y. Oupesnesienne nHTErpaia

B sTom nyHKTE MBI OyIeM PacCMAaTPUBATH BEIIECTBEHHbBIE, KyCOYHO HEIPEPHIBHBIE (DYHKINY, 33 JAHHBIE HA HEKO-
TopoMm cermente. HamomunM, 94T0 DyHKIMS HA3BIBACTCS KYCOWHO HENPEPHIEHOY HA CEIMEHTE, €CIH OHA

— WJIM HEIIPEPHIBHA HA 9TOM CEIMEHTe,

— WJIM UMEeT Ha ITOM CerMEHTe KOHEYHOE YHCJIO TOYEK Pa3PhIBA U BO BCEX ITUX TOYKAX CYIIECTBYIOT KOHEYHBIE
OJHOCTOPOHHHE IIPEJIEJIBL.

Mg1 GyieMm TOBOPHUTH O pa3buenuu CETMEHTa [a, b], ecii Ha 9TOM CerMeHTe 3aJjaHa CeTKA, COJEPIKAIAsi KOHIBI
cerMeHTa — TOYKH a u b. 3anuceBars pazduenue P Mbl OyzeM Tak:

P = {wg,xl,...,xn}.

3necb a =x9g <21 <...< T, =b.
Nrak, mycrs Ha cermenTe [a, b] 3ajaHa KyCOYHO HenpepbIBHAS BelecTBeHHast GyHKIwms f. Bo3bMeM kakoe-HIOY b
pazouenue P 3Toro cermenta. O003HaAYNM

Jr = [zg_1,2k]; my = inf {f(w)}, M, = sup{f(w)}; k=1,...,n.
FASH R z€Jy
Hazosem nuorcrets cymmoti Japby' dynwyuu f npu pasbuenuu P ancio
n
L(f,P)=my(x1 —xo) + ... + mp(Tp — Tp—1) = ka(xk - Tp-1),
k=1

a eepzrreti cymmoti Japby dynxyuu f npu pasbuenuu P aucio

n

U(f,P) = My(z1 = 20) + ...+ Mn(Tn — Tn_1) = Y Mi(x — Tp—1)-
k=1

IIpumep.
z+1 mpm 0<z<1
F:00,3] >R f(z) = x mpu 1< z<2 (Puc.l4.l).
3(zx—2) mpm 2<z<3

Puc.14.1

Bosbmenm pazuenme P = {0,1,2,3}.
Ha cermenrte [0, 1] HanMensbIee 3Ha4eHne GyHKIUM PABHO 1, HAuGOIbIIEro 3HaYeHus Het, HO lim = 2. Cueno-
r=1—

BaTeabHO, my; = 1, M; = 2.
Ha cermente [1,2] Hanmenbliee 3nadenne GyHKuuy paBHO 1, Hambosbinee paBHo 2. [losromy my =1, My = 2.
Ha cermente [2, 3] HanMeHbIero 3HaveHns Het, HO lim = (; HaubobIee 3HaUeHwne DyHKIMHU paBHO 3. Cieno-

=2+
BaresibHO, m3 = 0, M3 = 3.
Borauciasiem cymmbr Japby

L(f,P)=1-(1—0)+1-(2—1)+0-(3-2) =2,

U(f,P)=2-(1-0)+2-2-1)+3-3-2)="T.

13Kan Tacton JAPBY (1842-1917) — dpammysckuii MmaTemaTuk, unen Ilapmkckott AH, wr.-xopp. Ilerep6yprckoit AH.



91

YcTaHOBUM HEKOTOpPHBIE cBOicTBa cyMM JlapOy.

1. L(f, P) < U(f,P) — 10 mOCTPOEHUIO.

2. Ilpu nobaBieHnu K CeTKE HOBOI TOYKHU BepxHsisi cymMmMa, JlapOy He yBeinumBaeTCsi, 8 HUXKHSISI — HE YMEHbIIa-
€TCsl.

Hoxkazarennctso. Ha puc.14.2 uzobpaskenst pasouenve P u mosydeHHOe n3 Hero 100aBIeHNeM TOYKY T pa3buenue

P;. OueBugno, uro Bepxuue cymmbl JJapOy mjisa 3Tux pa3bueHuii OTIndaioTcst aummb TeM, uto U (f, P1) BMeCTO 0HOTO

ciaraemoro My, (zy, —z—1) conepxut apa: M}/ (z —T)+ M (Z—zx_1) (3nece M} = sup {f(2)}, M} = sup{f(z)}).
zeJy zEJ},

N o)
A4 A\
Tp—1 Jk Tk

Pasbuenue P

! ! "
J;, z Ji,

Pazbuenue Py

?l%?o
20

Puc.14.2

IToaromy
U(f,P)=U(f,P1) = Mi(xr, — vp—1) — (M} (zf — T) + Mp(T — 24-1)) =

= Mk ((ack - %) + (5,:— .Z‘kfl)) — Mllcl(.fL'k — %) — M,Ic(?f — Jl‘kfl) =

= (Mg — M) - (zx — ) + (Mk — M) - (T — zp—1).

Cermentst J;, u J;! cyrs wactm cermenta Ji. Ilostomy M, < My u M} < M. CremoBaresnbHo,

Aranormano mokasesaercs, aro L(f, Py) > L(f, P).

Sameuyanne. O4eBHUIHO, YTO 3TO CBOMCTBO BBINOIHSETCS IPU J00ABJIECHUIO K PA3OUEHUIO 4100020 KOHEWHO20 KO-
JINYECTBA TOYEK.

3. Hns mobbix pazbuenuit Py u Py
L(fapl) < U(fa‘P?)

Hoxazarenscrso. Eciu Py = Py, To HepaBeHcTBO o4veBuaHo (110 nocrpoenuio). Eciu P # P, To mocrpoum
pasbuenue P, comepzkaree Bce TO9Ku P; u Bce Touku P». Torma Ha OCHOBaHUU CBONCTBA 2

YuaursiBas, uro L(f, P) < U(f, P), nonyaum L(f, Py) < U(f, P2).

IMonsenem wurorun. Haumenbinee komudecTBo ToueK B cerke — ase. Coorsercryiomee "pasbuenue" cermenta
[a,b] comepx)uT eauHCTBEHHBIHA cermMeHT J; = [a, b]. DTOMY Pa3OHEHMIO COOTBETCTBYIOT HAUMEHLULAA HUNCHAA CYMMA,
Hap6y m(b — a) n nauboavwas eeprnas cymma Japby M(b—a) (3nece m = inf {f(z)}, M = sup {f(z)}).

z€la,b] z€[a,b]
Eciu wuckiounts TpUBHMAJIBHBIA Caydail  (DYHKUMA-KOHCTAHTBI, KOrma, m = M, TO MHOXKECTBO
Bcex cymMm /[lapGy mexur ua cermente [m(b — a),M(b — a)] wu, cremoBarenbHo, orpanudeHo. Ilyctsb

L(f) = sup{L(f, P)}, U(f) = inf{U(f, P)} Bo3MOXHBI IBa CIIydast:

1. Ha cermenTe [m(b — a), M (b — a)| ectb "mycToit" npomMexKyTOK, pa3mesdiolnnil BepXHAE U HUXKHUE CYMMBI
, Y y > il jats Y

Hapby (puc.14.3a).
2. Ha cermenre [m(b—a), M (b—a)] ecTb equHCTBEHHAS TOUKA, PA3AEISIONIAsT BEPXHIE U HIKHAE cyMMbI JTapOy
(pmc.14.3b).
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m(b — a) L(f) u(f) M(b—a)
I I
I I

Her cymm lapOy BepxHHue cymmbl JTapOy

m(b—a) L(f) =‘ U(f) M(‘b—a)

T HUXKHUE CyMMbI J[apOy T BepxHUe cyMmMmbl JlapOy T
Puc.14.3

CrpaseinBa, Cieayomas

Teopema. Ecin f — BerecTBeHHast KyCOYHO HETIPephIBHAS Ha [a, b] DYHKIMSI, TO CYyIIECTBYET €ANHCTBEHHOE YNCIIO
L(f) = U(f), ynoBaeTBopsiolee HEpaBEHCTBY

L(f,P) < L(f) =U(f) <U(/, P)

npu JroboM pasduenun P.

DT0 YKMCIIO HA3BIBAIOT unmezpasom Pumana dyukumun f no cermenry [a,b] u 0603Ha4aroT

b
/s

He umest BO3MOXKHOCTH B paMKax HAIlEro Kypca JOKa3aTb 3Ty TeOpeMy, HOKaKeM, 4TO TpebOBaHue KyCOIHOI
HEMpPepPLIBHOCTY (DYHKIUH CyIeCTBeHHO. PaccMoTpuM oaun "naronorudeckuit” mpuMmep — Tak HA3BIBAEMYIO (DYHKIIUIO
Hupuxae:

1, ecnmm z — panwoHAJIBHOE YUCTIO;

Fr01] 2R, f(z) = {0, €C/IA T — UPPALUOHAIILHOE YUCIIO -

Ppaduk s10it GyHKIUM MOXKHO NpPEACTaBUTH cebe Tak: ciexyer "BoiHYTb" u3 orpeska [0,1] ducioBoii ocu
BCE TOYKM C PAMOHAIBHBIMUA KOOPAWHATAMM U TIOAHSITH 3TH TOYKU BBEPX HA OJHY €QWHUIYY IuHBL. Ilomyvarcs npa
" neipsiBeIX" orpeska (puc. 14.4).

Panunonaanubie yncia,
[ J [ J [ J [ J [ J [ J [ J [ J

Wppanmonasnbubie 9ucia,
O @) @) @) O O O

Puc.14.4

Bosbmem mpomssosmbHOE pastuenme cermenta [0,1]. Ha moGom smementaprom cermente Ji, 3TOro pasbuenws
HaWIyTCs ¥ PAMOHAJIbLHBIC, U UPPAIMOHAJIbHBIE TOYKHU, T.€. MHOXKECTBO 3HadeHuit Gpyukumu Tupuxie na Ji Oymer
COCTOSATDh U3 ABYX 4uces — Hyjs u eguaunbl. [losromy my =0, M = 1.

Nrax, Bce Hrxkuame cymmbl Jdapby mis ¢pyuknun Jupuxje paBHLI HYJI0, a BCe BepxHUe — eauuute. s aroit
dyukiu unarerpas Pumana uve cymecrsyer!

Sameuanusa. 1. Cumson
b
/1
a
COZIEPIKUT BCEe HEOOXOauMble CBeneHHUsi 00 uHTerpajie Pumana. @yHkuuio f OOBIYHO HA3BIBAIOT NOJbIHMEZPAALHOU
Pynryued, a yncaa a U b — KOHIBI cerMenTa — npedeaamu unmezpuposanus ( a — nusichum, b — eeprrum). OrmeTnm
(na BCsIKMit CiTydait), 9TO B 3TOM KOHTEKCTE C10BO "mpenen" uumdero obmero ¢ moustuem "mpenen pyukimuu" He nmeer!

IMo Tpaguiu cumBon unTerpasa PuMana (uam, KaK €ro eie J0 CUX TIOp HA3bIBAIOT, "OMpEJeIeHHOTO HHTErPa-

na") 3anuCHIBAIOT TaK:
b

/ f(z) da,

a
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a 6ykBy z Ha3bIBAOT "mepemenHast nHTEerprpoBanus’. O4UeBHIHO, HE XyIKe BBIMVISAAT 3aMUCH

/bf(y) dy, /bf(bl) dbl, /bf(-) di-),...

Berpegasincs gaxe "reopembl" 0 HE3aBUCHMMOCTH MHTErPAJI, OT OOO3HAYEHUS IEPEMEHHOM MHTErPUPOBAHMSI!

2. Ucropuyecku uHTerpai PuMmana ObLI BBEEH KaK npedes UHMEeZPaibHbLT CYMM: HA30BEM PaH20M pa3bueHus
P gucno A(P) = m?x(mk —T)—1) — HAUOOJIBIUIYIO U3 JJIVH JIEMEHTAPHBIX CECMEHTOB 3TOr0 Pa30UeHusl, 8 NHTErPaIbHOR

CYMMOIi — 9HCJI0
n

S(f,P) =Y f(&) - (& — zp-1),
k=1
rae & — Kakasi-HUOY/Ib TOYKA HA CETMEHTE [Tg_1, Tk].
Ob6paTuTe BHUMaHNWE HA TO, YTO TIPU 33JaHHOM Pa30MEHUH MOXKHO TOCTPOUTH CKOIBLKO YTOJHO MHTErPATBLHBIX
CyMM, BapbUpys TOYKHU £, B KOTOPBIX BLIUUCIAIOTCS 3HAYCHUS (DyHKIWH.
Nmeer mecTo

Teopema. Ilycts f Kyco4uHO HempepbIBHA Ha cermeHTe. TOrga Jjsi BCSIKOTO TOJIOXKHUTENIHHOTO YUCIA € MOYKHO
YKa3aTh TAKOE IIOJIOKUTEIBHOE IHCIO §, ITO IIPHU JH0O0M pa30ueHnn, PAHT KOTOPOTO MEHbIIE, YeM §, BCe HHTErPAIbHbIE
CYyMMBbI OTJIMYAIOTCSI OT MHTerpasa PuMmana MeHblle, 9eM HA €, T.e€.

b
AMP) <6 = |S(f,P)—/f| <e.

Oror JI6oNbITHLIN (HAKT Mbl B JaJbHENIIEM UCIOIL30BATh He OyaeM.

3. B maremaruke CymecTByIOT APyruMe KOHCTPYKLIMU, B HA3BAHUM KOTOPBIX MPUCYTCTBYET CJIOBO 'umHTe-
rpan" (uarerpan JleGera, uarerpan Paznona...). Ilockonbky B Hamem Kypce pacCMATPUBAETCSI TOJILKO WHTErpas Pu-
MaHa, MbL OyJeM 103BOJIATH cebe roBOpUTh pocTo "unrerpan", noapasymesas unrerpai Pumana. Kpome Toro, eciu
HE OrOBOPEHO MPOTUBHOE, MBI OyI€M CYUTATH MO YMOJIYAHUIO, YTO TOAbIHTErPAIbHAs (DYHKIUS — BEIeCTBEeHHAS.

4. Ecom f = const, To npu siro60om pasbuennu P cermenta [a,b] L(f, P) = U(f, P) = const - (b — a) u, cnenosa-

TEJIbHO,
b

/const = const - (b — a).

a

14.2. CogepxkaTejibHbIE WHTEPIIPETAIINN WHTErpaJja
B 31OM nyHKTE MBI PACCMOTPUM TPH COJAEPKATE/IHLHBIE 33/1a49H, IPUBOSIINE K HHTEIPALY.

3agaua 1. reKTpuaecKuil 3apsi PACTIPEIETeH BAOIL CTEPKHS JIMHBL L ¢ TuHEHHOH TWIOTHOCTBIO p (KYyJIOHOB
Ha Mmerp). HaiiTu monmbiil 3apsy crepKus.

CoBMecTUM HAYAJIO KOOPAMHAT C HAYAJIOM CTepKHsi. Torjga Kouer crepxkHst Oymer umerb KoopauHary ¢ = L,
u 1o ycsioBuio 3ana4am Ha cermente [0, L] Gyzmer onpenenena semecrsennas Gynkuus ¢ — p(z). Byaem cuurars ee
KYCOYHO HENPEPBIBHOM (HAM HE yAAJI0Ch NPUAYMATh PEATbHYIO (DU3MIECKYI0 33/1a9y, T€ 9TO YCJIOBHUE HE BBIOJIHEHO).

Bosbmem npoussosbHOe paszbuenue cermenta [0, L]

P= {Ozxo,...,wk_l,xk,...,xn :L}.

Je = [Zr—1,2]; mp = inf {p(x)}; My =sup{p(x)}; k=1,...,n.
z€Jp zEJy

n
Bepxusa cymma Jdapby U(p, P) = > Mp(xr — k1) MOXKET pacCMaTPUBATHCS KAK MOJHBIA 3apsif] CTEPIKHS

k=1
[pU KyCOYHO TIOCTOSTHHOM TJIOTHOCTH pacripeesienus (Ha KasKIO0M 3JIeMEHTAPHOM CerMeHTe Ji MJIOTHOCTDH MOCTOSIHHA,
u paBHa Mpy). AHajorudno, HUXKHIOIO cymmy JlapOy MOXKHO pacCMaTpPUBATH KAK IMOJIHBINA 3apsil CTEPKHs ¢ KyCOUHO
[IOCTOSIHHOW IIJIOTHOCTHIO PACIIPEIesIeH s, HO Telepb HA KaXK/I0M 3JIEMEHTAPHOM CerMeHTe IIOTHOCTH PACIpPe/IeIeHUsT

3apsiia PaBHA My.
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OueBuno (15 (hU3MKA) HEPABEHCTBO, KOTOPOMY JOJIZKHO yIOBJIETBOPSITEL YUCIO () (3apsifi CTEp:KHSI) IpH JIIOH60M
pa3buenun P
L(p, P) < Q < Ul(p, P).

O1HAKO M3BECTHO, YTO CYINECTBYET eduHCMeEeHHoe IuCIO, 0DIAIAI0NIee TAKMM CBOMCTBOM, M 9TO YUCIO — WHTE-
rpaxn or ¢GyHKiwu p no cermenty [0, L]. Takum obpaszowm,

L
Q=/ﬂ
0

3agauga 2. [Inockas purypa orpannydeHa 0CbIo aOCUUCC, TPAMBIMA £ = @ U £ = b u rpadUKOM HEOTPULATCIHLHOMN
y ) P puL,
HenpepbiBHOH Gyakunu [ (puc.14.5). Haiitn miomans 3roit "kpusonureiinoit rpanenun".

Puc.14.5

Bosbpmem mpon3BosbHOE pasbuenne cermenrta, [a, b]
P = {a: TQy---y ThelyThy---yTn = b}.

Bepxusisi cymma [lapOy dyukuuu f 1y1st 370ro pazdbueHust MOXKer ObITh MCTOJIKOBAHA KAK MIOMIAh " CTyIeHIaToN
durypst", cCOCTABIEHHOM U3 MPSIMOYTOJBHUKOB, OCHOBAHUSIMUA KOTOPBIX CIIYKAT JJIEMEHTAPHBbIE CEIMEHThI pa3bueHus,
a BBICOTAMU — HAUOOJIBINKE OPIAUHATHI TpadUKa HA ITUX CErMEHTAX. AHAJOTMYHO, HUXKHsS cymMma apOy — momaan
CTYIEeHYaTON (DUTYPHI, COCTABIEHHON U3 IPSIMOYTOJILHUKOB C TEMU YK€ OCHOBAHUSIMHE, HO BBICOTHI TElE€Ph — HAUMEHbBIIINE
OpIMHATHI TPADUKA.

OueBuHO (17151 reOMETPA) HEPABEHCTBO, KOTOPOMY JOJIZKHO YJOBJIETBOPATH 9ucyio S (miomaas Gurypsr) mpu
Jgrobom pas3buenuu P

L(f,P) < S <U(f, P).

O1HAKO U3BECTHO, YTO CYIIECTBYET €INHCTBEHHOE YUCIIO0, O00JIAJAI0IIee TAKAM CBOMCTBOM, U 9TO YUCJIO — UHTE-
rpaia or GyHKipu f mo cermenry [a,b]. Takum o6pazom,

b
s= [+

Banaga 3. 3aman KycodHo riakuii myTh r : [a,b] — R®. Haiitu amuny storo myTu.
Bosbmem mponsBosibHOE pasbueHne cermenTa [a, b

P={ty=to,.. ., th1,thy---, tn =t}

Ecau 661 Ha Ji, = [tg_1,tr] CKOpOCTD ' GbLIA TOCTOSIHHOMN, TO, OUEBUHO, JJIUHA IIYTH, IPOMHJEHHOTO C MOMEHTa
tr_1 1O MOMeEHTa tj, Obuta Obl pasHa ||r'|| - (tr — tr_1). Hamee, oueBuano (busuky!), 4ro ucruHHas AjUHA TyTH,
MIPONIEHHOTO ¢ MOMEHTA t_1 10 MOMEHTa tj, JOJKHA yIOOBJIETBOPATH HEPABEHCTBY

inf (@11} - (b — tu1) < Sic < sup {1} - (b ).
€J teEJr

CxyiafipiBasi TaKUe HEPABEHCTBA MO BceM k = 1,..., 7, NOJyYuM HEPABEHCTBO

L(lI7"l, P) < S <U(IF|l, P),
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KOTOPOE JTOJI?KHO BBIMIOIHATHCS [JIJIs JII060r0 pasduenus P.
TMockonbKy 111 Kycouwno wenpepoviehoti (TI0 OMPENeeHrI0 KyCOYHO TaaKoro mytu) dbyskuun ||r'|| sTomy Hepa-
BEHCTBY YZOBJIETBOPSIET TOJBKO MHTErpaJ PuMmana, Mbl MpUX0OauM K (HhopMyJie

iy iy
s=[Iwll= [ o+ e+ a2 (14.2.1)
ta ta

3ameuanue. Eciu orobparkenue r 3a13€T 1JIAAKYI0 KPUBYIO, JJIMHA, [IyTA HA3BIBAETCS TAKKE OAUHOU KPUBOT.
ITpumep. Kax m3sectno, rpaduk menpepsisHo auddepenmupyemoit byuxkmmn f : [a,b] = R — rnagkas kpusas
(cm. mpumep B 1.11.2). Tast 9Toro ciyuas dbopmyna (14.2.1) mepenmmercs: tak

S=/bm-

PaccmorpenHbie mpuMepsl A€MOHCTPUPYIOT, KAK PA3JIMYHBIE IO COAEPKAHUIO NPUkAGIHbie 300a4U CBOASITCS K
OJTHOH U TO¥ Ke mamemamuseckoli modesu - naTerpaty Pumana.
14.3. IIpocreiimme cBoiicTBa MHTErpasa

1. U3 onpenmesiennst mETErpasa, CIEIYET, YTO HUXKHUM MPEIEN MHTErPUPOBAHUS (JIEBBIH KOHEI[ CETMEHTA,) JIOJKEH
OBITH MeHbULE BEPXHETO Mpeesta, (MPaBoro KOHIA CErMeHTa,). IT06B 0CBOGOIMTHCS OT 3TOTO CTECHUTENBLHOTO YCJIOBHS,
mpu Jit060# GyHKIMKM f TOJIaraioT no onpedesenuto

jf:O (14.3.1)

f (3apsiz crep:kHS HYJIEBOI JIMHBI €CTECTBEHHO CYUTATH PABHBIM HYJIIO).
2. Ecniz @ > b, TO Tak>Ke no onpedesenulro mogaraioT

jfz—]ﬁ (14.3.2)
a b

JokazarenbCrBa, CIAYIONUX JBYX CBOWCTB HE MPUBOJATCS U3-3a UX TEXHUIECKON CJIOKHOCTH, HO Mbl DEKOMEH-
JIyeM YATATENI0 HHTEPIPETUPOBATH 9TH CBONCTBA (bu3ndecKu (Ha IPUMEPe 3apsKEHHOTO CTACPIKHS) U FeOMETPUIECKA
(Ha mpuMepe MIIOIAIY KPUBOJIUHENHON TPANeIn ).

3. Ecim dyHkuus f KycOYHO HenpepbIBHA HA CEIMEHTE [a, ¢, & TOYKaA b JIEXKUT HA 9TOM CErMEHTE, TO

jf=jf+jﬁ (14.3.3)
a a b

("Ecyiu 3apsizKeHHbBII CTEPKEHDb PA3Pe3aTh Ha, YACTH, TO 3aPsI/ BCErO CTEPXKHsI PABEH CyMMe 3apsiI0B ero Jacreii’.
He npumure 31y dbpasy 3a moka3aresabcTso!)

VYuursiBas onpeznesenus (14.3.1) u (14.3.2), moxkHO pacupocrpanuTs dbopmyay (14.3.3) Ha ciydait npouseoavho-
20 PACIIOIOXKEHUSI TOYEK Ha, YUCI0BOM ocu (uiub Obl f Gbljia KyCOYHO HEMPEPHIBHA Ha BCEX YUACTBYIOIIUX B PABEHCTBE
CErMEHTax).

4. Eciin byskuun fi 1 f2 KyCOYHO HENpEPBIBHBI Ha, [a, b], TO npu 00X YuCIax o U Qg

b

b b
/(alfl +asfy) =ar- /f1 +as- /fz- (14.3.4)

a

OTO PaBEHCTBO MO3BOJISIET HA3BATH UHTErPAJ Pumana aunetinbim QyHKIMOHATIOM, OIPEAEIEHHOM Ha, MHOXKECTBE
dynKImit, KycOIHO HENpepHIBHBIX HA [a, b].

5. Nlnrerpan He W3MEHUTCsI, €CIM MPOU3BOJBHO M3MEHUTh 3HAYEHUs [MOABIHTErPAJIBHON (DYHKIUU B KOHEUHOM
9HCjIe TOYEK CEerMEeHTa.
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HoxazarenbcrBo. PaccMoTpuM GyHKUIHUIO ¢, PABHYIO €IVHUIE B TOYKE ¢ CEIMEHTA [a, b], & B OCTAIIBHBIX TOYKAX
3TOro cerMeHnTa paBHyIo HyJ0. [Ipu mob6om paszdbuenHnn cermeHTa HanMeHbIIIee 3HAYEHNE ¢, Ha KaXKJIOM 3JIeMEeHTaAPHOM
cermMeHTe OyJeT paBHO HYJIO, T.€. OyAyT paBHbI HYJIIO Bce HIKHUE cyMMbl JlapOy. CiaenoBarensbHo, OyZeTr paBHA HYJIO
U BEpXHsisl TPAaHb MHOXKECTBa HIKHUX cyMM JlapOy (oHa ke — unrerpan Pumana or dyukuuu ¢.). Urak,

b
[é.=0

ITycrs Teneps f — npousBosibHast (GYHKIWs, KyCOYHO HENpepbIBHAs HA [a,b] . I3MeHnM ee 3Ha4YeHME B TOUYKE
¢ € [a,b] Ha Benmunny A. Iony4um HOBy1O0 dyHKIMIO g = f + A - ¢. Jasee, BcaeacTBre IMHENHOCTH HHTETPAIA,

b b b b
/g=/f+A/@=/f

Pacnpocrpanenne goka3arenbCTBa, HA CIy4Yail M3MEHEHUs] 3HaYeHN (DYHKIMU B HECKOJIBKUX TOYKAX OYEBUJIHO.

Sameuanne. ITO CBONCTBO 1a€T OCHOBAHIE HHTEIPUPOBATH KYCOYHO HENPEPHIBHBIE (DYHKIWMU, He onpedeserHbie 6
KOHEWHOM HUCAe Modex ceemenma (Pe3yJIbTaT, O4eBUIHO, He 3aBUCUT OT crnocoba moonpenenenus). Hanpumep, MoxxHO

BBIYUCTISITH MHTETPAJT
1
sin(x
/ sU@) 4
0

T
XOTsi NOJABIHTErpaibHas (PyHKIMs HE OIPEJIE/ICHa, B HyJie (HO MMEeeT TaM KOHEYHbIH IIpeien).

14.4. CpenHee 3HaYeHNe (PYHKIUU HA CETMEHTE

Onpegnenenne. Cpednum 3nauenuem KyCcOIHO HenmpepbIBHON (yHKImHU f Ha cermeHTe [a,b] Ha3bIBaeTCs 4UCIIO

b

fo=ima [ £

a

1 mpu 0<z<1;
Ipuwmep. Iycrs f(z) = {2 ngn 1<z<2 Torza

2 1 2
1 1 1 3
_ , - 2. 2l =-a+2) =2=2.
for= 5 /f ; /1+/ J1+2)=>
0 0 1

OrMeruM, 9TO B 3TOM IPUMEPE MHOXKECTBO 3HAYEHWI MOABIHTErPAILHON (DYHKIUU COCTOUT U3 ABYX YHCET —
enuHUIBL U qBOMKY. TakuM o0pa3oM, cpeaHee 3HaYeHWE (DYHKIUU HE SIBJISIETCS €e 3HadYeHueM!
Curyarus MeHsieTCs, ecu (DYHKIWS HEMPEPHIBHA.

Teopema. Eciiu dyukiust f HenpepbiBHA HA CErMEHTE, TO €€ CPeJHee 3HAYEHUE SIBJISIeTCs ee 3HaYeHreM. TouHee,
Haiinercs taxkas To4uka € € [a,b], aro f(§) = fep.

Hokazaresncrso. ITo Teopeme Beitepmrpacca cpenyu 3uauenuil HenpepuIBHON Ha, [a, b] dynkumn f ecrs HanboIb-
mee (M) n HanMmenbiiee (m). Ilo onpeeneHnio MHTErpasa,

b b
mb-a) < [F<MO-a) wmw m< L [F<M, wan m< Lo <M,

—a
a a

T.e. CPeJHee 3HAYEHWE HempephIBHON (QyHKImm sexwnt HA cermente [m, M]. A no reopeme Komm Bce umena 3roro
cermenTa — 3Hadenus pyukuun f. CieoBaresbHO, Cpe/iHee 3HAYEHNE HEITPEPHIBHOM (DYHKIMY SIBJISIETCS] €€ 3HAYEHUEM.
A1y Teopemy OOBIYHO HA3BIBAKOT Meopemoti 0 cpedHem U TUIILYT

b

/f = f(§)(b—a) ({&—mnexomopas Touka Ha [a,b]).

a
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Samedganus. 1. MbI Bbigeamm cjioBo "HekoTopasi" , YTOOBI TOAYEPKHYTh, YTO TEOPEMa O CPETHEM JIUIIL yTBEp-

KJAeT CyILIeCTBOBAHUE TaKOU TOYKHU, HO HE JIAeT aJITOPUTM €€ OTHICKaHUS.
2. [Ipeanonaranock, 4ro a < b. OQHAKO JIErKO BUJIETH, YTO YTBEPXK/IEHUE TEOPEMbI COXPAHSIETCSI ¥ IPU a > b.

14.5. IaTerpupoBaHne HepaBeHCTB

b
Teopema. Ecm f >0wua <b, 10 [ f>0.
a

Hoxazarenscrso. Ecm f > 0, o m = iI[lf | {f(z)} > 0, u no onpeneseHnIo uHTErPAIA
- z€[a,b

b

[2mo-a>0

a

Caencrusi. 1. Ecim fi u fo — BemecrBeHHble (DYHKIMK, KyCOYHO HENPEPLIBHBIE Ha [a,b], fi > fomwa < b, T0

b b
J i< [ f.

JokazareabCcTBO.
b b b
f1Zf2:>f1—f220:>/(f1—f2)20:>/f1Z/fz-

2. Ilo ompenesieHnI0 MOIYJIsi BEMIECTBEHHOIO YUCIIA,
—|fI < f<IfL-

WNurerpupyst 370 HEPABEHCTBO, MOy IUM

b b b

—/Ifls/bfs/lfl - \/bf|s/|f|-

a a a

Sameuanve. Eciu HuKHMI 1pejies MHTErpupoBaHust OOJIbIIE BEPXHEro, TO [IPU WHTEIPUPOBAHUU HEPABEHCTBA

€ro 3HaK MeHseTcs!

14.6. UnTerpas oT KOMILIEKCHO3HAYHON (DYyHKIIAU

Besikyo dyukmmio f : [a,b] — C moxHO npenctaButh B BUune f = f1 + i - fa, rae fi u fo — BemecTBeHHBIE

dyHRIMN:
fi(z) = Re(f(2)), fola) =Im(f(2)).

OTtu dhyHKIMYU ecTecTBeHHO 0003Ha4YaTh Re(f) u Im(f) coorBeTcTBeHHO.
Ecau Re(f) u Im(f) Kyco4HO HenpepwIBHBIL Ha, [a, b], IOJI0KKUM 11O ONpejeIeHI0

/bf=/bRe(f)+i/bIM(f)-

JlokaxkeM, 9TO [JIsT KOMILJIEKCHO3HAUHON (DyHKIMU f CIpPaBeIJIMBO HEPABEHCTBO (CPABHUTE CO CJIEICTBUEM 2 B

1.14.5).
b b
‘/f‘ < /lfl- (14.6.1)
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b b b
O6osnauum A = [ Re(f), B= [Im(f). Torma [f=A+i-B.

a

b b b b
‘/f‘2:A2+BZ:A-/Re(f)+B-/Im(f):/(A-Re(f)+B-Im(f)).

Ho no mepasenctBy Kommu-Bynskosckoro-IIIBapia

A-Re(f(z)) +B-Im(f(z)) < VA2 + B2- \/Re2(f($)) + Im?(f(z)) <
SVA+ B2 [f(z)|.

IToaromy

\/bf\Qs/b(VA2+B2-|f|)-

b b b
Cokpamas Ha ‘ff‘ =+A2 + B2, nonyunm ff‘ < [If]-
a a a

14.7. NuTerpan ¢ nepemeHHbiMu npejesiamu. IlepBoobpasHas dyHKIUs

Ecnu f KycodHO HempepbIBHA HA [a, b], TO OHA KyCOYHO HENPEPBIBHA Ha, JIIOOOM CerMeHTe, COIEPIKAIEMCS B [a, b].
Badwurcupyem Touky ¢ € [a,b] u onpemenum npu Beex x € [a, b] HOByIO dyHKIMIO

F(z) = /f, (14.7.1)

HA3bIBAEMYIO UHMEZPAA € NEPEMEHHBIM BEPTHUM TPEIEAOM.
VcTaHOBUM HEKOTODBIE CBONCTBA, MHTErPAJIa, C IEPEMEHHbIM BepxHUM npezesom (14.7.1).
1. F menpepbiBHA Ha [a, b].

Hoxazarenscrso. Ilycrs z, y € [a,b] u z < y. Torna

Ecm M = sup {|f(z)|}, o |f| < M. Ilosromy
z€[a,b]

|F<y>—F<w>|=\/yf|s/y|f|s/yM=M-<y—x).

IMycTh Tenepsb &€ — TPOU3BOIBLHOE TIOJIOKUTEIBHOE YUCIO0. B3sn § = ﬁ > 0, nonmyunm
ly—z|=y—z<d=|F(y)—F(@)| <M -d=c¢.

Jokazana HeNpepuIBHOCTH cnpasa Gynkuuu F' B m060ii Touke x € [a,b] m HENpPepBIBHOCTD ee caesa B 06O
ToYKe T €]a,b], T.e. menpeprBHOCTL F Ha [a, b].

2. Ecu f menpepeisra B Touke z €]a, b[, To F'(x) = f(z) (310 yTBepx/IeHue Ha3BIBAIOT TeopeMoit Bappoy?).

Hoxazarenbcrso. KycouHo HenpepbiBHas DyHKIMS f 10 ONPENENEHUI0 MOXKET UMETh Ha [a, b] JuInb KOHEeIHOe
MHOKECTBO TOUYEK pa3pbiBa MepBoro poza. IlycTh Touka y BhIOpaHa Tak, 910 Ha [z,y] (wium Ha [y, z]) f HempepbiBHA.

y
Toraa no TeopeMe O CpefHEM MEXIY 2 U Y Haiizercs Takas Touka &, aro [ f = f(§) - (y — z). CnenoarensHo,

F(y) - F(z) = / F=f©) (y—2) wm

2Vicaax BAPPOVY (1630-1677) — aursuiickuit MmaTeMaTuk u 60orocnos. Yuurens Y. HuioToma.
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ITepexomum K Tpeesy, yUuTbiBast, YTO £ JE€XKUT MEXAY € U Y, a f HENpepbIBHA B TOYKE I:

F(y) — F(x)
y=z Yy—z

= lim f(€) = f(2).

Nrak, eciu f KycouHO HempepbIBHA HA [a, b], To dbyHkums F, onpenenennas pasescTsoM (14.7.1), HenpepbiBHA
BO BCEX TOYKaX [a,b], a B Toukax, rae f HempepbiBHA, F' umeer npoussoaHyto, npudeMm F'(z) = f(z).

Onpegenenue. Ecnu f xycouno nenpepviera Ha HEKOTOPOM IIPOMEXKYTKE, TO BCAKAS HENPEPLIEHAAL HA ITOM IIPO-
MexKyTKe (DYHKIWs, TPOU3BOAHASL KOTOPOH B TOYKAX HEMPEPBIBHOCTH [ COBHAAaeT C f, HA3BIBAETCS MePeoobpasHot
dynxyuet nusa Gyakoaum f.

ITpumepsi. 1. Kak 6bLIO NOKA3aHO BBINIE, WHTErPAJ C TIEPEMEHHBIM BEPXHUM MPEIEJOM €CTh MepBOOOpa3Hast
(06brano roBopaT He "mepBoobpasHasa dyukius", a "mepBoobpasuasn') 1 TOABIHTErPATBHON (yHKIWH.

2. Ilycrs f xycouHO HenpepwiBHa Ha [a,b]. 3adukcupyem touky d € [a,b] u onpemenum npu Beex € [a, b]
GYHKIUIO UHMESPAA C NEPEMEHHBIM HUNCHUM NPEEAOM

d
®(z) = /f, (14.7.2)

Jlerko BuzaeTh, 9TO (BYHKIHS

—M@=jf
d

— MHTErpaJl C IIEPEMEHHBIM BEPXHUM NpeJesioM. 1109ToMy MHTErpasi ¢ nepeMeHHbIM HUXKHUM IIPEJIEJIOM — TAKXKe Iep-
BOOOpa3Hast JJ1s1 NOABIHTErPAIILHOM DyHKINH.
3. Oyukius

_J—2 mpm z2<0
abs(w)—{m mpu x>0

— nepBoobpasHast Ayisi GyHKIMU Sign, OO OHA BCIOLY HenpepbiBHA, u abs' (x) = sign(x) npu x # 0.
3amerum, 4To BOOOIIE 1epBOOOPA3BHAS [1JIsi TIOJMHOMUAJIBHOIO CILIANHA CAMA, SIBJISIETCs TIOJIMHOMUAJIbHBIM CILIAM-
HOM.

Jlerko BuaeTb, YTO HMEPBOOOpPA3HAsL y KyCOYHO HENPEPHIBHON (DyHKIWU HE €IWHCTBEHHA. Tak, mpubasiisisi K
epBooOpa3uoit F' (byHKIMIO-KOHCTAHTY, MBI IOJy4aeM HOBYIO IEPBOOOPA3HYyIO, Tak Kak F + const HenpepbiBHA U
(F + const) = F'.

OpHaKo MPOM3BOJ B BHIOOPE MEPBOOOPA3HOM ITUM U OIPAHUIHNBAETCS.

Teopema. Paznocrs JByX nepBo0OPa3HBbIX KyCOYHO HENPEPHIBHON (DYHKIUU €CTh (DyHKIMsI-KOHCTAHTA.

Hoxkazarennsctro. [Iycts Fy u Fy — nepoobpasubie s f Ha HEKOTOPOM MpoMexKyTke. PaccMoTpum nx pa3HOCTH
F = F} — F> v IOKaXXeM CHA4aJIa, 9YTO OHA MOCTOSIHHA, HA WHTEPBAJIAX HEMPEPBIBHOCTH f.

JeiicTBuTeNIBHO, AJ1s1 JIFOOBIX JBYX TOYEK 1 < T2 M3 WHTEPBAJIA HENPEPHIBHOCTU f (HOPMYJsIa KOHEYHBIX OPUPAa-
mennii (. 10.2) gaer

F(z2) = F(21) = F'(€) - (32 — 21) = (F{(§) = F3(€)) - (@2 —21) = f(§) = f(§) =0

(3mech € — HEKOTOpAs TOYKA U3 |X1, T2[).
Urak, F wycouno nocmosanna Ha, MpoMexxyTKe. HO MOCKOILKY OHA HEMpEpBIBHA (KAK PA3HOCThH HETPEPHIBHBIX
dbyukumit), ona nocmoanal

NHurerpassl ¢ nepeMeHHbIMY [IPEAEJIAMI YaCTO UCIOJIB3YIOTCS KaK crocod 3aaanvst QyHKuumii.

Ipumeper. 1. "®@yukuus omubok" erf: R — R

2

erf(z) = N O/exp(—t ) dt.

2. "Unrerpanpusni cuayc” Si: R - R
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3. "Unrerpamsr @penensa®” S, C: R —- R

am:/gm%ﬁﬁ am:/md%%@
0

0

3ameuanue. [IpuBeneHnbe B 9THX IpMEpPaxX (DYHKIMU HE BHIPAZKAIOTCS 9epe3 "mronbHbe" (KOTOpBIE MPUHSTO
HA3bIBATH "3JEMEHTAPHBIME") C MOMOMIBI0 KOHEIHOrO 4MCIa apudmMermdecknx onepammii u xkommosumumit. IIo sToit
[IPUYMHE UX YBAaXKUTEJIbHO MMEHyT "crnenuasibabiMu Gyskiusavu". Takoe nenenne pyHKUMl HA 3JIEMEHTAPHBIE U
CHenuajbHbIE He MPEJICTABJISIETCS Cero[Hs ONpaBIaHHbIM. Ha camom geiie Bce (DyHKIMU MOXKHO PA3AEJIUTH HA JBE
IPYIIIBL:

1) mosuHOMBI ¥ pauuoOHaJbHbIE IPOOH, HEIIOCPEICTBEHHO BbIYUC/ISEMbIE KOMIIBIOTEPOM;

2) dbyHKIMH, AMMPOKCUMUPYEMbIE TTOJTMHOMAMY W PAIAOHAIBHBIMHA JPODSMHU.

OTHOIIEHNE KOHKPETHOTO TOMB30BATE s K (DYHKIIUSIM W3 BTOPOM TPYTIBI ONPEIENISIeTCs er0 KOHKPETHON "Bo-
OPY?KEeHHOCTHIO": BHAHUEM CBOUWCTB (DYHKIUU U HAJIMYUEM [IPOrPAMMHBIX CPEICTB /1Jist 9 (HEKTUBHOIO BHIYUCIICHUS €€
3Hadenuii. [Ipu TaKOM MOAXO/Ie UHTErPAJILHBIN CUHYC HUYEM He XyKe 00brauoro "mkonbaoro" cunyca.

MbI peKkOMeH/lyeM YMTATENI0 O3HAKOMUTHCs ¢ KHuroit noj pegakuueir M. Abpamosuua u W. Cruran "Copa-
BOYHUMK 1O creruaiabubiM dyakmuam", M.: Hayka, 1979. Takue cpeabl KOHEYHOrOo mosb3oBaress, kKak MAPLE,
MATHEMATICA, "3uaor" Bce mpuBeIeHHBIE B 9TOUW KHUTe (DYHKIMU, YMEIOT BbIUUC/ISATH UX 3HAUEHUS C 3aJaHHON
MOJIb30BATEJIEM TOYHOCTHIO U J]AKE BHITOIHAIOT HAJ, HAMU MHOTHE "aHajurudeckue" onepaiuu (BBIYUCISIIOT TPEIEIbI,

muddepeHnupyoT U T.II.)

14.8. Teopema HbioToHa-Jleitonumna. ®opmasibHOe MHTETPUPOBAHUE

Teopema Hprorona-Jleiibauna. Ecimm f kycouno menpepeisHa Ha [a,b] u ¥ — kakaa-uubyap ee mepBoOOpaA3HAs,

TO

/f:m@—m@. (14.8.1)

(Bmecro ¥(b) — ¥(a) mumyT Takxke ¥

).

a

xr A
Jokasarenbcrso. [To Teopeme Bappoy [ f — omma u3 nepsooGpasmbix gus f. Ilosromy ¥(z) = [ f + const.
a

a
T
Ionoxus & = a, nonyunm const = ¥(a) u [ f = ¥(z) — ¥(a). [Tonoxus 3xecy = b, monydnm dopmymry (14.8.1),

a
KOTOpasi HA3bIBAETCs popmyaoti Horomona-Jletibrhuya.

Wurerpas or KyCOYHO HENPEpPhIBHON (DYHKIMYU 110 CErMEHTY PABEH IIPUPALLEHUIO JH000M
epBOOOPA3HOM ITON (PYHKIMHU HA ITOM CEIrMEHTE.

®opwmyna Herorona-Jleitbuuia cBOAUT 331349y O BBIUUCIEHUH WHTErPAJIA, K OTHICKAHUIO MEPBOOOPA3HON st
MOJILIHTErPAJIBHON (DYHKIMU U BBIYUCJICHUIO TMPUPAIIEHHsT ITON NepBOOOPA3HON Ha CErMEHTE WHTErPUPOBAHUS. DTOT
MyTh BBIYUCJIEHUS] WHTETPAJIA Mbl OyJeM HasbBaTh "dopMaibabiM uaTerpupoBanuem". o B TOM, 94TO IpU OTCYT-
CTBUU HY2KHOH 11€pBOOOPA3HOI B CIPABOYHKUKE HET MHOI'O AJIOPUTMA €€ OTLICKAHMS, KPOME IIPEACTABJICHUS €€ B BUJIE
unTerpana ¢ nepemenabiM npeaenom! (Mer, ecTecTBEHHO, HE cauTaeM ANTOPUTMOM (HDPa3y M3 U3BECTHOTO yueOHUKA
SJIEMEHTAPHON MATEMATHKHU "... a Temeps HAMO moragarbes..."). Tem He MeHee omwinem Ba mpueMa IPeoOpPa30BAHMS
WHTErpaJia, MHOrJA IOMOraIIre BbIIOJHATH (DOPMAJIbHOE NHTETPUPOBAHUE.

ITpuem 1. NUnTerpuposanue no wacmam. Tak UMEHYIOT TpHeM, OCHOBAHHBIN HA U3BECTHOM npaBuie auddepeH-
LUPOBAHUA NPOU3BEIEHUA

!
(fr- f2) =fi-fo+ f1- f3-
OTciona ciieyeT paBeHCTBO HHTEIPAJIOB

b b

/(fl-fz)'=/f{ -f2+/bf1 “f3- (14.8.2)

a a

30riocren YKan ®PEHEJb (1788-1827) — dpanuysckuil nH>keHep, HGU3MK U MATEMATHK, wieH Ilapmkckoit AH.
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YuuTbiBasi, 9TO mepBo0Opa3Hoit A7t DyHKINUN ( fi- fg)l sABysieTcs fi - fo, ¥ IpUMeHsISI K JIEBOU YaCTH PABEHCTBA
(14.8.2) dbopmyry Herorona-Jleitbauna, momyaum

b b
(fl-fz)(b)—(f1-fa)(a)Z/f{-fﬁ/fl-fé,

OTKY/Ia, ¥ BBITEKAET NMPABUJIO MHTErpUpOBaHus "mo gactsam":

b
a

b b
/(f1 -f3) = (A 'f2)‘ —/(f{ -fa) | (14.8.3)

Ormernm, 9ro uHTerprpoBanue "mno yacrsiM" 103BOJISIET HE 8bIMUCAUMD UHTEIPAJL, & JIUIIb 3GMEHUMb BHIYNC-
JIEHHE OJIHOTO MHTErPaJIia, Ha BhIYKUCIeHNe Apyroro. Ecim nonp30BaTesb yMeeT BBIYUCISITD STOT APYIOil, TO MPUMEHEHHE
uHTErpupoBaHus "mo gacram" ompasaaHo.

Paccmorpum TexHosoruio wHTErpupoBanus "mo vactam" Ha npumepax.

b
Opumepst. 1. [z - exp(z) dz. IIycts
a

filz) ==, fi(x) = exp(x). Torma fi(z) =1, fo(z) = exp().

ITo dhopmyne (14.8.3)
b

—/1 -exp(x) dz.

a

b

a

b
/.7: -exp(x) dr = x - exp(x)

b b
MBI cBesIM BbIMUCIEHHE OQHOrO uHTerpana — [ « - exp(x) dr k Bbraucaenuto apyroro — [ exp(z) dz, y Koroporo

a a
M3BECTHA 11I€PBOOOpa3Hast yisi oabiHTerpanbuoit Gyukuuu. [Ipumensis dopmyny Heorona-Jleiibuuna, nosrydaem

b
/exp(:c) dz = exp(x) '

a

Nrak,
b

/;c -exp(x) dr = x - exp(x)

a

b
—ezp(x)

a

g (b—1)-exp(b) — (a —1) - exp(a).

a

2

2. [In(z) dz. Ilonoxum
1

fi(@) =In(z), fi)=1. Torna f{(x):%, (@) = .

1

2 2
2

/ln(w) dlen(a:)-a:‘ —/ix dx.

1 1

Mb1 onsTh He BBIYUCAWIA UHTErpa, a 3aMmeHuwsd ero apyrum. Ho sror apyroii (uarerpas or yHKuuu-
KOHCTAHTBI) JIETKO BBIUUCIISIETCS:

2
/1:1-(2-1):1. rax,
1
2

/ln(w) dz = (In(2)-2—1In(1)-1) =1 =2In(2) — 1.

1
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Ipuem 2. IModcmanosra (uHOTZA TOBOPAT "3aMeHa MEPEMEHHON", HO MBI HE MOJIb3YEeMCS STUM HUCTOPUIECKUM
Ha3BaHMEM. )

ITycts HempepsiBHO auddeperimpyeMasi DYHKIMS ¢ B3aMMHO OJHO3HAYHO OTOODAXKAET CerMeHT [, ] Ha cer-
MeHT [a,b] . Haiinem takyio nenpepsiBHyn dyHKImO 9 : [a,8] — R, urobbr qis Bcex t € [, 5] BBIIOMHSIIOCH
PABEHCTBO

w(t)

t
Je=]s
HuddepeHupysi 370 TOXKAECTBO, Oy IUM
¥(t) = fp®) - ¢'(t) mm = (fop) ¢

Nrak,
t o(t)

/(focp)-w’:/f-

(e

IMonarasit = 8 (p(8) = b), nosydaeM IpaBuUIO NOACTAHOBKY:

b B
/f=/(f°<p)-<p’-
a [e%

b
Janum GpusruecKyro MHTEPIPETALNIO STOro IpaBuia. Byxem Tpakroars unterpan [ f (ducio!) Kak BeamduHy
a

JIEKTPUYECKOTO 3aPsifia, PACIPENEJIEHHOr0 MO CTEPXKHIO [a,b] ¢ HenpepwiBHOM nmHeiHON nuorHOCcTHIO f. IlogBepr-
HEM 3TOT CTEpPXKEHb 1edOpMaLyK, T.€. 33aA1uM HenpepobiBHO auddepeHiupyemMyo MyHKIUIO (o, B3AUMHO OJIHO3HAYHO
0TOOpaXKAaIOILYI0 CErMeHT [a, B] Ha cermenT|a, b], npudem ¢(a) = a u p(B) = b (puc.14.7).

a=p(@) =) z+k=¢t+h) b=¢()

¢

o t+h B
Puc.14.7

3apsiyy CTep>KHsI TPU TAKO#N nedOopMaIuu COXPAHSETCs, & IJIOTHOCTh €r0 PACIPEIESIEHUs] BIOJIb CTEPIKHS W3-
MeHuTcsi. O603HaYMM HOBYIO ILUIOTHOCTH 1. OTpe3ok crepxkHs [t,t + h] mpeobpadyercst npu gedopManyuu B 0TPE30K
[z, + k]. IlycTe q — 3apsin orpeska [t,t + h] (oH ke 3apsy orpeska [z, + k]). 3anumeM BeIpakeHHs! JUIsi CPEIHIX
IUIOTHOCTEH 3apsia Yep = % (ma orpeske [t,t+ h]) u fep = % (na orpeske [z, z + k]). Orcroma

_po kel - o)
¢Cp_fcp h_fcp h -

ITo Teopeme o cpemueM cp = Y(7), fep = f(£), Loe T 1 £ — HEKOTOPBIE TOUKHU Ha CEIMEHTaX [¢,t+h] u [z, z + k]
coorBercTBerHO. Ilepexons k npeneny (h = 0), mony4dum (Beiencrsue HenpepbiBHOCTH DyHKIMi f 1 1))

B(t) = F(@) - () = (FoR)(2) - 9'(2).

Samveuanue. [loncranoska (kak u unTerpupoBanue "mo yacram") yuimb npeobpa3yer OAUH UHTErPAJL B APYTOW.
WckyccrBo 1101630BaTENsI COCTOUT B BBIDOPE TAKOW IOJCTAHOBKHU, B PE3yJIbTaTe KOTOPOH mosydurcs: "tabianasbrit”
WHTErpaJ.

Opumepst. 1. [Va? — 22 dz a > 0.
0
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Dyukuuss ¢ = a - sin(t) B3aNMHO OJHO3HAYHO OTOOpakaer cermeHT [0, %] Ha cerment [0,a] ¥ HEmPEpPHIBHO
nuddepennupyema. [lostomy

w/2 /2

/\/ a2 —z? dx = / \/a2 —(a- sm(t))2 - (a- sin(t))" dt = a? / cos*(t) dt.
0

0 0

Iloka 4YTO MBI TOJIBKO 3aMEHUJIN OH WHTErpaJ JApYyTUuM. Ho wu3sBecrHas w3 IIKOJIBI (bOpMyJIa,

cos?(t) = Hcfos@t) naer

w/2

w/2

n(2t) |7/2
(/1d15+/cos(2t)dt):%+%(t)0 :%,
0 0

)

S

@

no
—~~

~

~

&

I
N =

a 2
Urax, [Va? —z? dz = EZ— (3amMerbTe, 9YTO MBI BHIYUC/IAIN ILIOMIAb Y€TBEPTON YacTh KPyra ¢ PAIuyCcoM a.)
0

2 sin(x)
2. [ —r dz. OTMernM, 9TO XOTS NOMBIHTErPAJbHAS (DYHKIMS HE OMPEICICHA B HyJIe, 9TO HE MENIAeT WHTE-
x
0

. sin(z
rpaJiy CyIeCTBOBATh B CHJIy HAJWYMs KOHEYHOI'O MIPABOr0 Ipeesia: zlir& % =0.

Dyukys x = th B3aMMHO OJJHO3HA4YHO oTOOpaxaer cermeHT [0, %] Ha cermeHT [0, 2] u HenpepsiBHO audde-
™

penmupyema. Iloaromy

2

2

INZE s
. sin(—
Md&::/ 2 (ztz)' dt =V2n / sm(ztz) dt
N T, 2 2

0 §t 0

OnsaTs MBI JWIIb TPeOOPA30BAIA OJAH WHTErPaJ B APyroi. HO eciim mombp30BaTeNb 3HACT O CyMIECTBOBAHWA
T

byskmun S(z) = [ sin(%ﬁ) dt, naswiBaemoit unterpasom ®penesis (Mbl 0 Heil ynomunanu B m. 14.7), To cuTyarus
0

MEHAETCHA:

2

2

n(c) NG )
stn\x . T o N

7 dx = V27 J Sln(gt ) dt = V27T5(ﬁ)

Cepbe3Hoe TpeypekIeHre. DTOT MPUMED TOKA3BIBAELT, YTO yCIeX (POPMAIHLHOTO HHTEIPUPOBAHUS 3aBUCUT OT
Te3aypyCa TOML30BaTE s (KOTOPBIi, KOHEYHO, CJIELYeT PACIIUPSITEL) U OT €r0 UCKYCCTBA, KOTOPOE IPUOOPETALTCS JIUIITh
JOJITOIl TPEHUPOBKON U TA€TCH TAJEKO HE BCEM.

CyecTBy0T AOCTATOYHO Oorarbie TabJIUIBI IEPBOOOPA3HBIX, HA3BIBAEMBIX [0 CTAPUHKE "HEOmpeIeJIeHHBIMU
uHTEerpajJaMu" ¥ Jayke WHTErPAJIOB C TUMWYHBIMU MpEJIeaMu UHTerpupoBanus. Hanbosee moMHbIE M3 HUX:

— 1.C. T'pagurreitn u .M. Pookuk. Tabiuisl naTErpasos, cymMm, psigoB u nponssenenuit. Hayka. M:. 1971;

— A.II. IlpyauukoB u ap. Muarerpasnsr u psiasl. Hayka, M:. 1981;

— A.TI. Ipyauukos u ap. Marerpans: u psasl (cnenuanbabie dyukiun). Hayka, M:. 1983;

— A.TI. Ipyauvkos u ap. VMaTerpanst u psaasl (HomoiHuTe bHbE Tiaasbl). Hayka, M:. 1986;

Crenyer y4ecTh, 9TO POJIb ITUX IPEBOCXOTHBIX TAOJINI] B HAIIIE BPEMsI YMEHbIIAETCS, TAK KAK OCHOBHOE UX COIEP-
JKAHUE PEaIM30BAHO B TAKUX Cpelax KoHedHoro mnosib3oBaress, kKak MATHEMATICA u MAPLE, koropsie "ymeror"
U BBINOJHATH (DOPMAJIHHOE WHTEIPUPOBAHNE ¥ HAXOAWTH 3HAYEHNE WHTErPaJja — YUCIO — C 33aHHON TOIb30BATEIEM
TOYHOCTHIO.

Mpbl cunTaeM , 9TO "MUMBHIM30BAHHBINA [10JIb30BATENb" HO/KEH IIOMHUTh HECKOJILKO MPOCTEAIINX IIepBooOpas-
HBIX, YMETb I'PAMOTHO MPOBECTH MHTErPUPOBaHME 10 dacTsMm'" ¥ IOACTAHOBKY, HO OTHIOAL HE JOJKEH BJIAJIETh UC-
KYCCTBOM MoA00pa MOAXOSINUX My Tel MpeoOpa30BaHus HHTETPAIA.

Cuieryer Hay4uThCsi pabOTATH C MOMMEHOBAHHBIMY BbIIIe TAOJMIAMY U CPEJAMU KOHEYHOrO MOJIb30BATENs, & B
CJIO’KHBIX CJIydasiX — KOHCYJBTUPOBATHCS CO CIIEIUAJIACTAMU.

14.9. YucieHHOe MHTErpupOBaHUE
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B peasnbubIx 331a9ax 0OBIYHO TpeOyeTcs HAWTU He caM MHTEerpaJj (Yucio), a HEKOTOPYIO €ro OLEHKY, T.€. WH-
TepBaJI JOCTATOYHO MAJIOW JJIMHBI, TADAHTUPOBAHHO HAKPHIBAIOMIN 3170 yucio. OQuH U3 crrocobOB MOIyueHNsT OIEeHKN

WHTErpaJjia Mbl OMHUIIEM.
b
JList onenky uurerpana | f nogprerpanbHas GyHKIMs 3aMEeHAETCs HEKOTOPOil GyHKumell @, KOTOpas JO/KHA
a
YZIOBJIETBOPSATD ABYM TpeOOBaHMSIM:

1) momxHa GBITH M3BECTHA € TEePBOOOPa3HAs, ITOOBI MOXKHO OBLIO MpuMeHuThb (opmyny Heorona-Jlef0runa;
2) abCOMOTHAS TOTPEITHOCTL OT 3aMEHbI MHTErPAJIa OT f HA MHTErPAJ OT ¢ He JOJIKHA, MPEBBINATH 33JaHHOE

TIOJIOZKUTEJIbHOE YUCIIO £.
b b
=|[1- ][4l
a a
b

B kauecTBe anmpoKcUMUpPYIOMEi (PYHKIMKM 9acTO YHOTPEOJISIOTCS MOMMHOMUAIbHBIE ciaitHbl. IIpu aToM f f
a
OKa3bIBAETCSI JTMHEHHOW KOMOWHAIMEN 3HAYEHUI MOIHTErPpATbHOM (DYHKIUN B y37aX CTAHJAPTHOMW CETKH U CO CTAH-

JapTHbIMEA KOdddurmentamu. Ty JUHEAHYI0 KOMOMHALIUIO HA3BIBAIOT K8adpamypHotli popmyaot.
IIponsutrocTpupyem M3JI02KEHHOE Ha, npocreiimem npumepe. Bosbmewm Ha [a, b] paBHOMEpHYIO ceTKY

zxk=a+k-h (k=0,...,n), h=

BoruncinM 3HaUeHUsT MOABIHTErPAILHON (DYHKIMY B CEpeUHE KAKIOTO CerMeHTa Ji = [Tg_1,Z] U MOCTPOMM
KYCOYHO IIOCTOSSHHBIN CILJIAWH
Tp—1 + Tk

Spln(a) = 1 (™

3aMeTuM, 94TO COrJIACHO TeopeMe u3 M. 14.4 3HaueHus CIIaiiHa B y3/1aX CETKU HE BJIMSIOT HA 3HAYEHWST MHTErPAJIA.
Berauciium mHTErpasi OT MOCTPOEHHOTO CILTANHA

/Spl—Z/Splk_Z/ (m’“ 1”’“) dx:hé:lf<W).

wk—l

) npu x € Jg.

Wrak, Mbl moIy9uin KBaApaTypPHYIO HOpMYyIy

b b n
/f~/spl:h-2f(w>, (14.9.1)
a a k=1

KOTOpasi n3-33 €€ OYEBUIHON reOMETPUYIECKON MHTEPIPETAuUK HA3BIBACTCS POPMYAOT CPETHUT NPAMOYZ0AbHUKOS.

Hanomunaem, 4to 3Ha40K ~ gutaercs "3avensiercs Ha'. Mbl obpainaeM BHUMAHUE YUTATENs] Ha GECCMBICICH-
HOCTh YaCTO yHOTPEDOJISIIOIErocs: BhIpaXkenus "mpubyimkennoe paBeHcTso" .

Ocrajioch OlEHUTH MOrPENHOCTh KBagparypHoit (opmynsl. U, xorsi unTerpas Pumana onpezeseH mjsi Bcex
KYCOYHO HEMPEPBIBHLIX (PYHKIUH, 3P (HEKTUBHYIO OIEHKY MOTPEITHOCTH MOYKHO TIOJIYYUTH TOJBKO MPHU CYIIECTBEHHOM
yKeCTOUYeHNU TPEOOBAHMUN K MOABIHTErpAIbHOMN pyHKImu. Mbl moTpedyeM Terneps HAJTUYUS Y HEE HENPePu.eHOl 8Mopot
npoudsodnoti! Obo3HaunM

My = max {|f"(@)]}, M;" = max {|/"(2)]}-

me aﬁ

OueBuaHO, 4TO Mz(k) < My nns Beex k. Ilycrs ¢ €]xg—1, zx[. Ilo dopmyne Teitnopa

fla)=f (wk—12+ wk) Y (xk—12+ mk) ] (m B wk—12+ a?k) n

CINAEREEA

2! 2

rae £(x) — HekoTOpasi (HeM3BECTHAsI) TOYKA Ha UHTEpBaJe |Tk_1,Zk[- OTcroma

7ﬂ (f —Sple) = f' (Ll;_ xk) - 76 (af - 7%71;_ xk) dz+

Tr—1 Th—1
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T (@) it + x| T (@) Tho +ap )2
+/T(m_%) dx:/T.(m_%) i

ok Tk 1+
(y6emurech B oM, uT0 [ (2 — %) dr = 0.) Jamee
Th—1

Tk

JEE0 7kf”(€(m))-(ar—x'“‘l2ﬁ)2 dz| <

Th—1 Th—

1 . 2 y® ) 2
<3 [ e (o= 22w M [ (oot g

Tp—1 Th—1

_Mz(k)_ w_-Tk—l‘}‘-'l?k ?
-6 2

1
2

Tk

_ Mrt MM (b a)?
24 24n° '

Tr—1

N, naxonern,

7(f_SPlk)‘ <

a Th—1 T Tr-—1

Hamun noxazana

Teopema. Ecan mogsHTerpanbiast GyHKIMS MMeeT HENPEPHIBHYI0 BTOPYIO MPOM3BOIHYIO, TO

b
/f E]Sn _Anasn+An[a rae

Sp =

_ n _\3
b “.zf(im’“—“%’“), A, =i, 09 ‘;) .
n Pt 2 24n

BuaHo, 9TO KaYeCTBO OIEHKM MOXKHO YJIy4IIATh, YBEJUINBAsT KOJAIECTBO TOYEK CETKHU. IIpu 3TOM, yBe/snduB
6d60e 00bEM BBIYUCJIUTENBHON PAOOTHI, MBI YMEHBIIAEM PAJUYC OLEHKU B 4embipe pa3a.

Sameuanus. 1. [Tosydyennast oneHka pabOTAET MPU HAJUYUY Y TOABIHTErPAILHON (DYHKIUU Henpepueroti 6mo-
poti npoudeodnoti. MOXHO MOKA3aTh, YTO MPU HAJUYUHU Y TOIBIHTErPAIHLHOM (DYHKIIUH TOJBKO HENPEPLIEHOT NePeoti
NPoudsodnoti OIIEHKA yXyIIIAETCS:

bh— 3
An=t - Lo (0t = s (1701

Teneps B 3HaMeHATEJIE 11€PBasi CTENEHb YUCJIA y3JI0B CETKU BMECTO BTOPOH, T.€. YBeJUIUB 6060 00'beM BbIYKC-
JINTEIBHOM PaBOThI, Mbl yMEHbIIAEM PAANYC OLEHKU MOAbKO 6 064 Pa3al

ITockonbKy OOBIYHO MPUXOAWTCS WHTETPUPOBATH KYCOYHO AHAJUTHIECKHME (DYHKINM, UMEKIINe Ha CerMeHTe
JIAIIb HECKOJIBKO OCOOBIX TOYEK, [EIeCO0OPA3HO MPUMEHSTh KBAAPATYPHYIO (GOPMYJTy HE KO BCEMY CETMEHTY CPa3y, &
OLIEHUBATH MHTErPAJIbI O KAXKIOMY U3 OTPE3KOB AHAJIMTUIHOCTHU [OABIHTEIPAILHOM (DYHKUMNA B OTAEIHHOCTH.

2. ITosyuenue OLEHKY NOIPELIHOCTH KBAAPATYPHOM (OPMYIIbI CBA3AHO ¢ HEOOXOAUMOCTHIO HAXOAUTH HAUOOIb-
mee 3HAYEHUE (MU KAKYHIO-HUOYIb BEPXHIOK IDAHUILY) MOMYJS BTOPOM MPOM3BOAHON (IJ1si METONA CPEHUX MPIMO-
YTOIBHUKOB) WJIM MPOU3BOIHON GOJIee BBICOKOTO MOPsiKa (/711 HEKOTOPBIX APyrux MeTomoB). [losTomy cranmapTHBIE
NPOrPAMMBI YUCJIEHHOTO WHTErPUPOBAHWS HUCIONB3YIOT TAK HA3BIBAEMBIE ATIOCTEPHOPHBIE (MOJIydaeMble B MPOIECCe
BBIYHUCJICHNI) OIEHKH TOrpemuocTy. [IpocTeiimmii ¢crnocof COCTOUT B TOCIIEIOBATELHOM yIBOCHAN KOJIMYECTBA, y3JI0B
cerku. IIpu 3TOM cpaBauBaiOT "cocenuue” pe3ysbTATHI, MOMYYEHHBIE 10 KBaApaTypHOit (popmyte (Sz ¢ Sq; S4 ¢ Sg u
r.71.) IIpouecc 3aKaHIMBAETCS TP BBHINOJIHEHUN HEPABEHCTBA, | S, — S2,| < € (abCOMOTHAS MOTPENTHOCTD) WU HEpa-
BEHCTBA |Sy, — San| < € - |S2n| (OTHOCHTEIBHAS TOTPEIIHOCTS ).

Doprpan-6ubmmoreku (NAG, IMSL) comepxar 60/1b1I10€ KOJIAIECTBO NPOLELYD, NO3BOJISAIONIMX MOIYIaTh KAK
npaBuwio (€C/IU TOABIHTErPaJIbHAsl (DYHKIMs HE OYEHb ILIOXAsl) JOCTOBEPHbIE OLEHKYU UHTErpasioB. Cpenbl KOHEIHOTO
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nonb3oBarens (MATHEMATICA, MAPLE, MATLAB) no3BosisiioT mojy4aTh OIEHKU HHTErPAJIOB, HE MpuOeras K
TIOMOIIYA AJTOPUTMUIECKOTO SI3BIKA.

Cepbesnoe nipeaynpexaenne. Heob6xoquMo NOMHUTE, YTO MPU OTCYTCTBUU GNPUOPHBLT OUEHOK (OCHOBAHHBIX HA
3HAHWUM BEPXHUX TPAHUI] MOJIYJsl MPOM3BOIHBIX) TAPAHTUPOBATH ITOCTOBEPHOCTH PE3YJIbTATOB Hesb3s. ClpaBeminso
YTBEpKIEHHUE: 75t IOOOr0 AITOPUTMa, YUCTIEHHOTO WHTETPUPOBAHNSI, OCHOBAHHOTO Ha, ANOCMEPUOPHHLT OTIEHKAX, MOXK-
HO TOCTPOUTH MPUMEP, HA KOTOPOM 3TOT ajroputr™m "ciaomaercs'.

ITocrpoum Takoit npuMep jisi METOAa CPEJAHUX MPSIMOYTOJIbHUKOB. Tpebyercsi OUeHUTh WHTerpaJl

27 27
1 1 1 2m
in2 = — — = — — —37 =
/sm (32z) dx = 5 /(1 cos(64zx)) dx 5 (27r 64sm(64:c) . )
0 0

Hauwmnaem Bbraucienus: o KBaapaTypHOi hopMyse, yaBANBAsS KOTUIECTBO y3JI0B CETKU.

27 . 0 . 3
Sy = > <sm(32§) + sm(327)) =0.

2r ) T ) 37 ) by . T
Sy = — - | sin(32—) + sin(32—) + sin(32—) + sin(32—) | = 0.
4 4 4 4 4
JBa "cocequux" pesysbraTa COBNAJHN, U MPOrpaMma BbigacT oTeer: "Homb!". JTaxke eciu Mbl (Ha, BCAKWIA CTydaii)
€II1e pa3 yABOUM KOJIMYECTBO Y3JI0B, OTBET HE U3MEHUTCS: MBI OIISITh TIOTIAJEM B TOYKH, T/I€ TTOJBIHTErPAIbHAS (DYHKINSI
PABHA HYJIIO.



