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Tnasa 10. IOKAJIBHOE UCCJIEJOBAHUE I'JIAIKNX ®YHKIIAN R — R

10.1. Teopema Pous

PaccmorpuMm HenpepbiBHYO (GYHKIMO f, IPUHAMAKILY HAa KOHIAX CErMEHTa [a,b] OJMHAKOBBIE 3HAYEHWS.
Yerwipe rpaduka takux (yHkimit n3obparxkenst Ha puc.10.1.

a
3)
Puc.10.1

Bugno, uro B ciaygae (1) na rpaduke ectb 0dna TOUKA, B KOTOPOI KacaTeJbHas TOPU30HTAJbHA. B ciaydae (2)
TAKUX TOYEK yxke mpu. B ciyuae (3) kacaresbHasi FOPU3OHTAILHA, B Kascdol enympenneti Touke rpaduka. A BOT B
ciyyae (4) Ha rpaduke Hem TOYEK C TOPU30HTAJILHON KACATEJBHON. DTOT CIydail OTJAMYAETCs OT MPEAbIAYIIUX TeM,
9TO KACATEIBHYI K TPaduKy MOXKHO MPOBECTH HE BO BCSIKON €ro TOYke (B OTMEYEHHOM TOUKe (DYHKIMS HE MMEET
npOU3BOHOM!).

Mo>KHO 1TOKa3aTh, YTO CIPABE/INBA

Teopema Ponsl. Ilycrs dynxuus f @ [a,b] = R:

1) menpepsiBHa,

2) nMeer MPOM3BOIHYIO B KAXKIOH TOYKe MHTEpBasa |a, b,

3) fa) = f(b).

Torna Ha |a, b[ HalizeTcst xomsa v 00Ha TOYKA, B KOTOPH Mpon3BogHas (GyHKIMU f paBHA HYJIO.

10.2. ®opmyna Teitmopa

Iycrs f — aHajuTHYecKasi B r-OKPECTHOCTH TOYKY a € R dyHKums:

(n)
+1-

(z—a)"+... (lz—a|l<r).

IIpu mpakTUYeCKUX BBIYUCIEHUAX PAOOTAIOT HE C PSIOM, 3 C er0 4aCTHOM CyMMOM, OOphIBAst CyMMUPOBAHUE HA,
HEKOTOPOM CJIAra€MOM U OLIEHUBAsi BO3HUKAOILYIO [IPU ITOM [OIPELIHOCTD.

Paccmorpum ogun u3 Hambosee yrnoTpedbUuTe/IbHbIX CIIOCOO0B OLEHKK MOIPEIIHOCTH, BOSHUKAMOIIEH Py 3aMeHe
sewecmeentoli GyHKUMM 9ACTHOI cyMMoii ee psiaa Teitnopa.

IMycre criepBa gactHas "cymMma" cOCTOMT M3 OMHOTO CJIATAEMOTO:

f(x) v f(a) (v obosnagaer "3amensiercs una'").

Badwurcupyem Touky z €)a,a + r[ u BBegeM uncio A no dhopmymne

a=TEZI (0 2 )44 - w).

Paccmorpum dyskumio ¢ : [a,z] - R :

o(t) = fz) - f(t) — A~ (z —1).

! Mumens POJIJIb (1652-1719) — dpanmysckuit MaTemaTnk, wien [lapmkckoit AH.
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Ora dyHKIMs HenpepbiBHA U quddepeHnupyema Ha [a, 2], TaK KaK HaCJIeayeT CBONCTBA AHAIUTUYECKOH (DYHK-
muu f u nomuHoMma. Kpome toro, ¢(a) = 9(z) = 0. CnegoBaresnbHo, mo Teopeme Possist Ha |a, o[ Halinercs Takas To4Yka
& uaro Y'(€) =0, mm —f'(§) + A =0, re. A= f'(£). Tor xe pe3ysnbrar NOIyInTCs, €CIM & €la — T, al.

Nrak, nust kaxaoro x €)a — r,a + r[ Hafigercs Takasi To4dka &, 9TO

r—a
f(@) = fla)+ (&) - (z —a). (10.2.1)

910 yTBepKIeHUE HA3BIBAETCS meopemoti Jlaepanoica, a dopmyia (10.2.1) — dopmyaoti JTaeparnoca v dopmy-
A0U KOHEYHDIT NPUPAULEHUT.

Ecnu u3BecTHa Kakas-HUOYIb OLNEHKA, JJIsI TPOU3BOIHOM (DyHKIMHU f B PACCMATPUBAEMOIN OKPECTHOCTHA TOYKH G
(manpumep, |f'| < My), To u3 dbopmynsl JIarpaH:ka BEIHO, YTO MOTPENTHOCTD OT 3aMeHbl f(z) Ha f(a) He mpeBoCXOaUT
M1 . |.CE — a|.

f(z) = f(a)

®opwmyna JlarpaHxka nMeeT TPOCTYI0 TEOMETPHUUECKYI0 WHTEPITPETAITUIO: — yraoBoit Ko3ddurment
XOPJIbl, COeNMHSIIOMmENH KOHUBI rpaduka dyukimu y = f(t) Ha [a,z]; f'(§) — yrnoBoi koadduuumenT kacarenabHOM
K aToMy rpaduky B Touke { €]a,z[. Takum 06pazom, Teopema JlarpaHa yTBEPXKIAET, YTO Ha rpaduke bHyHKIMH
AMEETCS TOYIKA, (5, f (§)), B KOTODOIl KacameavHas napasiesvha topde (puc.10.2).

;3 z

Puc.10.2

Cepbesnoe npeaynpexaenne. CuanraeMm HEOOXOAUMBIM MOAYEPKHYTh, 9TO B hopmyiie (10.2.1), Tak ke KaK u BO
BCEX MOCJIEAYIOMIAX AHAJIOIMYIHBIX (POPMYJIax, TOYKA £ 3aABUCHUT OT .

3amenum Tenepb GyHKIMIO f CyMMOil d6yT TIEPBBIX CIAraeMbIX ONPEAEISIOEro ee psaaa Teitiopa (moauHOMOM
BTOPOI'O MOPSIIKA):
f'(a)

f@) - 1@+ 1

JlJ1st oleHMBaHUS IOIPENTHOCTH, BO3HUKAOWIEH P TAKOW 3aMeHe, 3adUKcUpyeM & €]a,a + [ 1 BBeIEM 4YUCIIO
A o ¢popmysie

(z —a).

@)
1@ - 1@ - L@~ "
A= sl (1@ = 1@+ 0@ -0+ 4-@ - a?).

Paccmorpum dyukimio ¢ @ [a,z] - R :

b(t) = (@) - 1) - LD @ty — A- (@ - 12,

Ota dbyukuns HenpepwbiBHA 1 auddepeHmmpyema Ha [a, ], TAK KaK HACJIELyeT CBOMCTBA aHAIMTHIECKOH (hDyHK-
[ w nommaoma. Kpowme toro, ¢(a) = ¢(z) = 0. Cnegosarensro, o Teopeme Ponst va Ja, 2| Halinercs takas ToIka
&, uro ' (§) = 0. Beruucisiem

'
1

P(t)=—f'(t)+ f'(t) (z —1) +24-(z 1),

$©=-L G _groa. @-g=o.
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Coxkpamas Ha (x — £) # 0, nonyunm A = le(!g—), OTKyZJa,
f@ = s+ L@ -0+ L —ap.

Tor ke pe3ysbrar NOIy4IUTCs, €CIM T €]a — T, al.
IIponoskenne oveBnIHO: 3aMeHUM f TIEPBBIMU 7 CJIATAEMBIMU ONPEEISIOMEro ee psiga Teiiopa:

1o 10000
1! (n—1)!

f(@) -~ fla) + (x—a)+...+ (z —a)"!

¥ OLIEHUM YK€ W3BECTHBIM CIIOCOOOM BO3HUKAMIILYIO MPY 3TOM HOrpPerrHocTh. [loayunm yTBepxaeHue:
JIJIs1 BCSIKOTO « €]a — 7ya + r[ MeXIy a u & Halercs Takast TO9ka &, 9To

nol f(k) (n)
o= 0w O oy
k=0

Mur nocrpousiu popmyay Tetinopa nopadka n, KoTopas npeacTasiser GYHKIUIO [ B BUAE CyMMBI IBYX Carae-
MBIX:

1) noaunom Tetinopa (nopsinka n)

A

(n—1)! "

(m—a )

2) ocmamounoiti waen popmynsl Teitopa

(n)
1€, oy,

3ameuanus. 1. O6parure BHUMAaHUE HA TO, YTO OCTATOYHBIN wieH (opmyibl Teitopa norostc Ha ciaraeMbie 1o-
suaoMa Teitiopa. OHAKO BCe 3HAYEHMs] TPOUBBOAHBIX (DYHKIUH f, COMEPXKAIIMECS B TOJTUHOME Teliopa, BEIYUCIEHbI
B M3BECTHOM TOUKe a. IIpo Touky xke £, Gurypupyony B OCTATOYHOM HJIEHE, U3BECTHO JIMIOb TO, YTO OHA, JIEKUT
MeXy a U . VI3 CKa3aHHOTO CJIAYET, YTO 3HAUEHUe MOJIMHOMA, Teliopa MOXKHO 6biMUCAUMb, & 3HAYCHUE OCTATOYHOTO
4JIeHa — JIUTE oyenums?. OOBIYHO OGhIBAET H3BECTHA KaKas-HUOYIh OEHKa MOJTyJis n-if TpOU3BOHOM — | f (n) (2)| < M,.
Torma aJist OCTATOYHOTO YJIEHA UMEEM OIEHKY

(@)

n!

Mn

w—a)| < =

|z —af”

2. AHanu3 paccyzkaenuil, npuseauux K ¢popmysie Teitnopa, 10Ka3bIBAeT, 9TO TPEOOBAHUE AHAJIUTUIHOCTH (DYHK-
uun f wanumae. CopaBeyinBOCTb PABEHCTBA

F™

f(.’E) = Tf(naaax) + nl

(z—a)"
obecrneynBaeTcs CyneCTBOBAHNEM HENPEPBIBHOMN M- TPOU3BOIHON (MYHKIMHN [ B PACCMATPUBAEMON OKPECTHOCTY TOYKHU
a.

3. Mbr npeznonaranu ajst ONPEAeIeHHOCTH, 9TO0 T > a. HeTpyaHo Buaerb, 9TO BCE PACCYXKIAEHUSI OCTAIOTCS
BE€pPHbIMU U 1pU T < @.

Paccmorpum cxemy npumvenenus hopmysisl Teisiopa Ha IpUMEpPE BBIYUCICHUS 3HAYEHN YKCIIOHEHTHI B OKPECT-
HOCTY HYJIS.

(n)
exp(x) = Tegp(n,0,2) + % -z

1. 3ameHsieM 3KCIOHEHTY ee TIOJIMHOMOM Teiiaopa:

n—1

T T
exp(x) - Tea:p(naoax) =1+ F +...+ m

2" Teopema, yTBEpIKIAIOMAs, UTO MOTPEITHOCTD 6bYUCAUMS HEIb3s, JOKAZBIBAETCS OT IPOTHBHOIO: €C/IH Obl MBI BEIYMC/IM/IM IIOrDEI-
HOCTB, TO CMOIJIX OBl €€ Yy4eCTh, U OHA, MEePECTajia Obl OBITH OTPEITHOCTHIO!
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2. OueHnBaeM TOTPENTHOCTD TAKOM 3aMEHbI, T.€. MOMAYJIb OCTATOYHOrO WieHa dopmysasl Teiaopa:

(n)
exp™ (§) ezp(§)
|exp(m) - Te:cp(nyo;m)| = |T lL’n| = T . |.’E|n
IIycre, mampumep, 3amena ocymecreaserca Ha cermente [0,1]. Torma 0 < £ < 1, exp(§) < exp(l) = e.
ITosromy
z" e
|emp(x) - Tewp(n,O,m)| <e- ) < g

Ecmun =7, 10 % < 5.4 -10~%. Takum 06pa30oM, 3aMeHa
O YOE A A A A AR ik
P Y7157 6 T24 7120 T 720

obecneunsaer npu 0 < x < 1 abcoa0mHyr0 IOTPENIHOCTD, MEHBIIYIO, YeM 5.4 - 1074,

10.3. JIokasgbHBIE 9KCTPEMYMBI

Dopmyna Teltmopa CIIy?KUT OCHOBHBIM HHCTPYMEHTOM JIOKAJBHOTO UCCIIEN0OBAHNS 24a0kus dynkuuii (T.e. byHK-
Wi, UMEIOIUX JOCTATOYHO MPOU3BOAHBIX JJIsi TOCTpOenus: (hopMyJibl Teiyiopa Hy»KHOrO NOpsiaka). MOXKHO CKa3aTh,
9TO TyIaAKast (DYHKIWS B TOCTATOYHO MAJION OKPECTHOCTH TOUYKM "BezeT cebst Tak ke, Kak ee moauHoM Teitmopa'. 9to
PACIJIBIBYATOE YTBEPIKIeHNE KOHKpeTu3upyercs B 1m.i. 10.3 u 10.4.

ByﬂeM CYUTATH B 3TUX IYHKTAX, 9TO (byHKIlI/IH f 3aJaHa Ha HEKOTOPOM CEIrMEHTEe, U TOYKa a HE ABJAACTCA KOHIIOM
9TOrO CETMEHTA.

Onpegenenne. Touka a HA3BIBACTCS NOwKOT A0KAALHOZO Maxcumyma (munumyma) byakumu f, eciu y
9TOM TOYKM CyIIECTBYEeT OKPECTHOCThb, JJisi BCEX I W3 KOTOPOH (KpOME I = @) BBINOJHSETCS HEPABEHCTBO
@) < fl@) (J(@)> f(@).

TO“IKI/I JIOKQJIBHOTO MaKCUMYMa U TOYKU JIOKAJIBHOT'O MUHUMYMa d)yHKIH/H/I Ha3bIBAKT TOYKAMHU €€ A0KAADHO20
aKCMpemyMma.

Teopema @epmal. Henpepuvisno duddepenyupyeman GyHKIUS He MMeeT 3KCTPEMyMa B TOYKAX, IJe ee IIPOU3-
BOOHAsA OTJIUNYHA OT HYJIA.

HokazarenscTBo. 3anumem B Touke a (opmysty Teitsopa Broporo nopsizgka

1@ = 1@+ L0 a1 T a2
IIycre f'(a) # 0. PaccMoTpum HACTONBKO MAIIYI0 OKPECTHOCTD TOYKH G, YTOOBI B HEll 3HAK mpupameHns (HyHK-
uun
f@) - @) = 0@ 0+ T80 a2

OIpenesdsCa NEPBbIM C/IaTa€MbIM 9TOI'O IMIPUPAINECHUA:

sign ((z) — £(a)) = sign (f LOIE a)) .

910 ycnoBue GyAeT BBHITOIHATHCS, €CITH
! M 2 . !
‘%(x—a)‘ >2—!2(;U—a)2, T.€. |x—a|<%,

rae My — Hanbosibiliee 3HaYEHWE MOIYJIsl BTOPOi MpOM3BOAHON (PyHKIMK [ HA PACCMATPUBAEMOM CECMEHTE.

!
a
Ecnn 3nak npupanienusi GyHKIMKU COBIAAAET CO 3HAKOM [IPOU3BEIEHUSI f 1(‘ ) (z — a), TO OUEBHAHO, ITO TIPHpPA-

menne QYHKIUY MEHSIET 3HAK B JIF000H OKPECTHOCTH TOYKY U, CJI€I0BATEIBHO, B 3TON TOYKE HET IKCTPEMYyMA.

Samedanue. Mbl 10Ka3aJid TEOPEMY, TIPEINOJaras CymecTBoBanue y GyHKIMU BTOpoil mpousBoaHoii. Ha camom
JleJie TeOPeMa, CIIPABEJINBA, IPY HAJMWYUK y (DYHKIUH JIUIIb HEIPEPHIBHOM Nepeoti MPON3BOIHOM.

Omnpenenenne. Touku, B KOTOPBIX IPON3BOAHAST (DYHKI[NY PABHA, HYJIIO, HA3BIBAIOTCS CMAYUOHAPHOLMY TOYKAMU
3TOM hyHKIMA.

3Mrep ®EPMA (1601-1665) — dbpaHIy3cKu#i I0DHCT ¥ MaTEMATHK, OfNH M3 OCHOBATENeH aHAJUTHIECKOH TeOMeTPHH, aBTOP OCHOBHO-
ro mpuWHOUNA reomerpudeckoil onrtuku. OgHa U3 CHOPMYJIMPOBAHHBIX MM TEOPEM — TaK HA3BIBaeMas ,Benukas Teopema Pepma“— Oblia
JOKa3aHa TONBKO B 1995 romy.
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ITycTts Teneps a — crarmonapuas touka Gyukuuu [ (f'(a) = 0). lpeanonoxum, aro f”(a) # 0 u uccrenyem

noBesieHne (PYHKIMK B MAJIONH OKPECTHOCTH TOUYKHU . JamwmineM (opmysty Teitsiopa TpeTbero mopsiaka

f@) = 1@ + LD o + 18

51 (x —a)®

(f'(a) = 0!) n naiinem TaKyl OKPECTHOCTH TOYKH @, TJIE BBHITIOIHSETCS HEPABEHCTBO

‘f”(a)

51 (x —a)?

M3 3
> T|m—a| .

(Bmecs M3 — HaubosbIee 3HAUEHNE MOJLYJIsl TPETHEH MPOU3BOAHOM (DYHKIMM HA HAIEM CErMEHTE).

n
Pemenuve nepaBencrsa maer |z — a| < 3 J;\/_f(;,»a) . B ar0it okpecTHOCTH TOUKH @

sign(f(z) — f(a)) = sign (f’;(!a) (- a)2) = sign (f"(a)) .

OueBuzno, uro npu f'(a) < 0 f uMeer B TOUKe a JIOKaJbHBIH MakcumyM, a npu f'(a) > 0. — JOKAIBHBIH

Eciu B cranmoHapHOii TOYKe paBHA HyJIIO ¥ BTOPAasi IPOM3BOHAS, CJIe/lyeT BOCIIOIb30BaThHCs (hopmyJioit Teitsopa

60stee BHICOKOrO mopsizika. Mbl He OyJieM paccMarpuBaTh 3TOT CJIydai.

10.4. HanpasBJjieHre BbIDYKJIOCTHA rpaduKa riiaakoil pyHKInn

Paccmorpum rpaduk dynkumm (puc.10.3)

a .b c

Pnc.10.3

B kakoii 661 TOuKe MHTEpBAJA |a,b] HU HNPOBECTH KACATEIbHYI K IpaduKy, B HEKOTOPOI OKPECTHOCTH ITOM
TO4YKU TpaduK okaxkercs nod amol xacamesvrol. B kakoit 66 TOuKe MHTEpBaTA |b, ¢[ HU HPOBECTH KACATEJIHHYIO K

rpaduKy, B HEKOTOPOM OKPECTHOCTH TOM TOUKM TpaduK OKaKeTCst Had 3moti Kacameavhod.

Ounpenenenue. ToBopst, 4ro Ha unmepsase rpaduk GYHKIUNA HANPAGAEH 6bNYKAOCTILIO 66ePT (6HUZ), €CIIU OH

nexur nod (Had) KacareslbHOl, IPOBEIAEHHOM K HeMy B JIIOD0I TOYKE 9TOr0 NHTEPBAJIA.

Teopema. Ha marepsane, rme f"' <0 (f” > 0), rpadwk byukuunm f HanpasieH BBITYKJIOCTHIO BBEPX (COOTBET-

CTBEHHO, BHU3).

JoxkazarenncTBo. YpaBHeHNEe KacaTeIbHOMN, NPOBeIeHHOM K rpaduky dyukuuu y = f(z) B Touke (p, f(p)), umeer

BUJ
Y=f®+f®-(@-p).

Haiinem pa3HocTh OpauHAT rpaduKa U 3TOM KACATEJbHOW B OKPECTHOCTU TOYKM KACAHUS

y=Y =f()—fp)- ') (z-p).
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N3 popmynnt Teitiopa ciiemyer, 9T0 MEXKIy TOYKAMU P U & HANRIETCS TAKasi TOYKA &, ITO

@—Mf

IMosromy mpu f" <0 y—Y <0, 1.e rpabux GyHKIMK JEKAT HAJ KacaTeabHo, a npu f' >0 y—-Y >0 -
rpaduk QyHKIUU JIEXKUT 10, KACATEJIHbHOMN.

Onpezenenue. Touka epaduka, pasmensromas MHTEPBaJL, Iae rpadbruK HANPABJIEH BbIILYyKJIOCTHIO BBEPX, U UHTED-
BaJI, I7ie rpad¥K HANPAaBJIEH BITYKJIOCTHIO BHA3, HA3BIBACTCS Mowkol nepezubda epadura (Touxa (b, f(b)) na puc.10.3).

OueBuHO, 9YTO B TOYKax neperuba rpaduka QYHKIUU ee BTOpasi MPOU3BOAHAS JIUOO PaBHA HYJIO, JUOO HE
cymectByer. O6paTHOe yTBep»AeHue, BOOOIIe roBops, He BepHo. Hanmpumep, ecmu f(z) = z*, To f(0) = 0, omHako
rouka (0,0) He sBsieTcs TOUKOI neperuba rpaduka (Ha Bl 0CH 3TOT rpadUK HATPABJIEH BBIMYKJIOCTHIO BBEPX).



