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Tnasa 16. HECOBCTBEHHBIE MHTET'PAJIBI

16.1. HecobcTBeHHBI MHTErpaJj OT HeorpaHU4eHHOH (hyHKIMn

Haunewm ¢ npumepa. Pacemorpum dysxuuo f: [0,1] - R

1
——— npu z #0;
Nz
flz) =
AeR mpu 2x2=0
Ona ne ozpanuvena Ha cermente [0, 1] ( lirglJr ﬁ = +00.) [Tosromy me cymecrBytor cymmbr Japby, u He cyuie-
r=

crByer nHrerpasa Pumana or f o [0, 1].
Bosbmem Ha unmepsase 0, 1] Touky a u pacemorpum dyHKImO f, — cyxkenue f Ha [, 1]. OHa HempepbIBHA, U
CYIIECTBYET WHTErpaJ
1 1
1 1
/faz/T d$=2\/5a=2—2\/a,
[e3

T
a

npejiest Koroporo npu « = 0+ KOHeYeH:

a=0+

1
lim /fa = lim (2-2Va) =2.
a=0+
«

DTOT mpenen HA3BIBAIOT Hecobemeentvim uwmezpasom ot dbyakuum f mo [0, 1]. umyT

1 1
/f:ali:%1+/f=2.
0 «

Sameuanue. Tak kak 3Hadenve QyHKUuU f B HyJie HE UIPACT HUKAKOH POJIM, MOXKHO CYUTATH, YTO OHA B HYJIE
He 3a7aHa (3a1aHa Ha nosiyuHTepBase |0,1] ) u nucarb

/ 1 / 1
== i — =2
/ﬁ ai%i/\/a
0 a

[IpuBeneM mpocTyo GU3NIECKYIO UHTEPIPETALMIO ITOrO IPUMEPA. DJIEKTPUUECKHI 3apsi PACIPESEseH BIOb
crepxust [0,1] ¢ uHEHHON IOTHOCTBIO W (3rauenme nnorHOCTH B TOUKE £ = () pOsIM HE Urpaer). JTa MIOTHOCTH HE
x

orpannyena, OHaKO MOSHBIN 3apsi/ CTEP)KHST KOHEUEH U PaBeH ABYM eIVHUIAM 3apsiia.
ITonpobyem mocTynuth Tak ke ¢ QyHKuuei

9:10,1] > R g(x):%.

1
1

lim [ = de= lim (In(1) - = oo

Jim mdrc aéo+(ln() In(a)) =+

1
CI/IMBOJIy f% dx HEBO3MOXKHO IPpUIMNCATh HUKAKOI'O YHUCJIOBOr'O 3HAYECHUA. O6br4H0 HUCIIOJIB3YKOT MaTeMaTu4e-
0

ckue 3B¢dheMU3Mbl U FOBOPAT "HECOOCTBEHHBIN MHTErpaJ He cymecTByer" wiu "HecoOCTBEHHBIA HHTErpaJl pacxoauTes".
ITonw3ysicy TOi ke (DU3MIECKOM MHTEPIPETAIME MOXKHO CKa3aTh, YTO TaKas JMHENHAs IJIOTHOCTh PacCIIpene-
JileHus1 3apsiaa ObLia Obl BO3MOXKHA, TOJBKO Py HECKOHEYHO OOJIBIIIOM TIOJIHOM 3aPSie CTEPIKHSI.

Ounpenenenne. Ecrm Gynkmms f : ]a,b] — C He orpanwvenHa B OKPECTHOCTH TOYKH @, HO KyCOYHO HENDPEPBIB-
b
Ha Ha JroboM cermente [a,b] (a < a < b), u cymecTByeT xomewHbil Tperes limJr J f, To 3TOT npezen Ha3BIBAIOT
a=aq
[e%

HeCOOCTBEHHBIM MHTErpajoM ot f 1o [a,b] u mumyT

b b
/f:algﬁ/f'
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AHAJIOTMYHO OmnpenensitoT HecOOCTBEHHBIH MHTErpai or (byHKUMHU f, 3amaHHON Ha [a,b], He OorpaHMYEHHON B
OKPECTHOCTH TOYKM b U KyCOYHO HENpEepHIBHON Ha [a, B[ npu mobom 8 €la, b[:

[1-p ]

ITousiTre "HecOOCTBEHHBIN MHTErPAJI OT HEOTPAHWYEHHON (DYHKIUU'" MOXKHO Onucamsd TaK: €ClIu OOUH U3 KOH-
OB CErMEHTa, N0 KOTOPOMY XOTSIT IMPOMHTErPUPOBATH (DYHKIUIO, ABJSETCS [Jis 3TOH (DyHKumu 0coboti mowkot (B
ee OKPECTHOCTH (DYHKIMsI HE OrPAHUYEHA), TO MAJIYI0 OKPECTHOCTh OCO0O0M TOYKM YJAJISAT U BBHIYUACISIOT WHTETPAJ
Pumana no ocrasueiica gactu cermenta (rae dbyHKums Beger cebsi NPUIMIHO). 3aTeM JJIMHY yAAJEHHON 4acTu cer-
MeHTa, ycrpemisiior K Hys0. Eciau npu srom unrerpas Pumana umeer xkomeuwrnsidi npeiesn, TO 9TOT IPees HA3bIBAKOT
necobcmeenmvim unmezpaaom (3to yxe HE warerpan Pumanal). Ecim xoneunozo npenena uer, TO roopsr,ato "mecob-
CTBEHHBIN MHTErpaJ He cymectByer” (pacxomurcs).

Ocraercs paccMOTPETh CIIydaii, Korga 0cobast TOYKa JIEKUT BHYTPH CECMEHTa, II0 KOTOPOMY BEIETCs WHTErPU-
poBaHue.

IIycts byskmus f 3a7aHa BO BCEX TOYKAX CETMEHTA, KPOME €r0 6HympenHeti TOUKH ¢, He OrPAHNYIeHa, B OKPEeCT-
HOCTH TOYKH ¢, HO cy»KeHme 310l pyHrumu Ha [a,a]|J[B,b], (@ < a < ¢ < B < b) Kycouno menpepsisHO. Torza
HeCOOCTBEHHBIH mHTErpasd or (PyHKuUM f O CerMeHty [a,b] ompenensior Kak CyMMmy HeCOOCTBEHHBIX MHTEIPAJIOB IO

la,d] # [c, b], Te.
/f /f+/f—hm/f+hm f

(eciu 06a 31U ipeesa KoHedHsl ). Ecau xors 661 0uH 13 HUX HE CyUIECTBYET, TO FOBOPSIT, YTO HECOOCTBEHHBIH HHTErPAJT
b

[ [ ue cymecrsyer.
a
1

Hpumep. HecoGerBennblit naTerpan [ % dx He CymIeCTByeT, TaK KaK y2Ke ObLIO IMOKA33aHO, YTO HE CyLIECTBYET
=2

dx.

K

1
HecobcTBeHHbll narerpan [
0

b
Ecmm ocofast TOUKa ¢ JIeXKUT BHYTPU CETMEHTA [a, b] 1 HecOOCTBeHHbI nHTErpat [ f HE CYMECTBYET, TO MOXKHO

a
b

MIONBITATHCA IPUAATH CMBIC/I CUMBOJLY f f, UCIOJIb3ys ee OAHO MOHATHE.
a

b
Omnpegenenne. Iaasnvim snavenuem (1o Komn) HecobcTBeHHOroO nHTerpana | f Ha3bIBAETCS YHUCIO

VPl/f hm /f+/

ct+e

Sameuanune. Ob6paruTe BHUMAaHKUE HA, TO, YTO

1) B ompemesieHUH IJIABHOTO 3HAYEHUS YAAISIEMbIH MTPOMEKYTOK (C TJIOXUM MOBEAECHUEM (DYHKIUKN) CUMMETPUYEH
OTHOCHUTEJILHO 0C000# TOYKH,

2) BBIYUCIISETCS MPeJesl CyMMbl BMECTO CYMMbI MPEIEIOB (M3BECTHO, YTO MPEIeSl CyMMbI CYIIECTBYET MPHU Cy-
IEeCTBOBAHUU TIPEIECJIOB CJlaraeMbIX, HO MOXKET CyHnieCTBOBATH U NMPU OTCYTCTBUN HOCJIG,HHI/IX).

ITpumepsr.
1 1 0—51 1 1
1. V.P. | — =1 — — =1 —In(2 1) — = —In(2).
V. /m dx Jim / - dz + / - dz E;r&(ln(a) In(2) +In(1) — in(e)) In(2)
—2 —2 0+¢

!Valeur principal (¢bp.) - raBHOe 3HaueHue.
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1
1 1 1
2.V.P./—2d;czlim / d;c+/ —lim(——1—1+—)=+oo.
x e=0+ e=04+" € 3
—1

-1 0+¢

B, 9TO H mEeCTBYET I'VIaBH! Ha1€HHNE H TBEHHOI'O MHTET MBbI ITIOK: H TaK2Ke€, 9TO H -
ITokazaB, 4T0 HE CyHIECTBYE aBHOE 3HAYEHHE HECOOCTBEHHOIO erpaJa, OKA3aJId TAKXKE, YTO HE Cy
MIECTBYET ¥ HECOOCTBEHHBIN MHTErPaJ (B OOBIMHOM CMBICTIE).

16.2. HecobcTBeHHBIl MHTErpaJj o 6eCKOHEYHOMY HMPOMEXYTKY

Omnpepenenne. Ilyctb a € R u f
[a,4] (a < A< 400).
Ecnun cymecTByer KOHEUHBIH npesen

[a, +oo[— C — dyHKuuUs, KyCOUHO HENpepHIBHAS HA JIIOOOM CErMeHTe

A
Jim [,

TO €ro Ha3bIBAIOT HECOOCTBEHHBIM MHTErpasioM oT GyHkumu f 10 [a, +0o[ u muuryT

+o0 A
J = [

Ecyiu KoHEUHBII TIpeiet He CYLIECTBYET, TO TOBOPSIT, YTO HECOOCTBEHHBIN MHTErPAJI He CYIIECTBYET (PACXOIUTCS).

IIpuepst.
+oo d A p
f m -
1. = lim ——— = lim (arctg(A4) —arctg(0)) = —.
/1+.Z’2 A=+oo/1+m2 A=+oo( g( ) g( )) B
0 0
+oo A

T - dx T -dx 1

—— =1 —=—- 1 In(1+ A?) — In(1

/1+ac2 x«\=u+moo/1+a:2 2 A:‘Tm(”( +A%) — In(1)) = +oo
0 0

(HECOOCTBEHHDBIN UHTErPAJI PACXOIUTCS).

+o00 A
3. cos(z) dr = lim cos(z) dez = lim (sin(A) — sin(0)).
[ cos) do= gim_ [ costa) e = tim_(sin(4) — sin(0)
0 0
ITpemen e cymecTByeT (HECOOCTBEHHBIN WHTETPAJ PACXOIUTCS).
AHanormaHO onpenensercss HeCOGCTBEHHBIN MHTErpa 1o | — 00, b]
b b
= lim .
[ 1= jm [1
—0o0 B

HecobcrBennslii naTerpast mo | —

00, +00[ ompezensieTcsi KaK CyMMa IpezesioB (IIpU yCIOBHH, 4TO 00a Ipejesia
CYUIECTBYIOT ¥ KOHEYHbI)

c A
/ f= 11m f + lir_il / /(¢ — moboe BEemeCTBEHHOE IHCIO).
= A=+o0
c

Ecnn xors 661 OAUH U3 TIPEIeIOB He cymeCTByeT TO TOBOPSIT, YTO HECOOCTBEHHBIN MHTETPAJT PACXOUTCS.

Hanpumep, HecobCTBEHHBIN HHTErpas f f+dx PaCXOAMTCs, TAK KAK y2Ke OBLIO IMOKA3aHO, Y4TO PACXOAUTCS
—o0

+oo
. z-dx
HECOOCTBEHHBIH HHTErpa =
0o 1+=x

B ciiyuae HecoBGCTBEHHOTO MHTErpaJa 1o | — 00, +00[ MOKHO BBECTH IOHSITHE INIABHOrO 3HadeHus (mo Komm)

+o00o A
V.P. / f= Jim_ / f.
—00 —A
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Tak e, KaK U B CJIly4ae HECOOCTBEHHOTO MHTErpaJjia OT HEOTPAHWYEHHON (DYHKINH, [IABHOE 3HAYEHNE OTJINYA-
€TCs OT HeCOOCTBEHHOTO MHTErpajia B OOBIYHOM CMBIC/IE TE€M, YTO, BO-NIEPBLIX, NHTEIPUPOBAHNE BEJETCS IT0 CUMMET-
PUYHOMY OTHOCHTEJIBHO HA4aJjla KOOPAUHAT IPOMEXKYTKY, U, BO-BTODPLIX, BBIUUC/IAETCS HE CYMMa npedeaos, a npeden
CYMMbl, KOTOPBIA MOXKET CYIIECTBOBATH U IPU OTCYTCTBUU NIPEEJIOB CJIATAEMBIX.

ITpumep.
T d P rode 1
X - axr I - axr
= = = lim Z = lim (In(1+ 4% —In(1+ A?) = 0.
/ ]_+;1;2 A:+oo/ ]_-}—;1;'2 2 A:+oo( ( ) ( ))
—00 —A
+o0
PeKOMeH,D;yeM YUTATEIHO y6€,£[I/ITI>CH B TOM, 9To CI/IMBO.Hy f 1‘2 d.’L' HEJIb34d HpI/IHI/ICB,TI) YHUuCJIOBOE€ 3HAYCHHUEC HU
—00

OIHUM U3 PACCMOTPEHHBIX CIIOCODOB.

Sameuanne. Mbl BBeIM [Ba DA3INYHBIX THUIIA HECOOCTBEHHBIX WHTETPAJIOB: MHTErPAJBI OT HEOPAHWIEHHBIX
GbyHKUH 1 uHTErpassl 10 OECKOHEYHOMY MPOMEXKYTKY. B maipHeiimmem Mbr OymeM ynoTpedsiTb TepMUH '"HHTErpad,
HeCOOCTBEHHBIN HA MPABOM KOHIIE MPOMEXYTKA [a, b[" kak B ciyuae, korma b = +00, Tak u B cay4ae, korga b € R, HO
NOJBIHTErPAJIbHAST DYHKIMsT HE OrPAHUYEHA B OKPECTHOCTH TOYKM D. AHAJIOrMYHO ONPEAEIMM W TEPMUH "MHTErpaJ,
HeCOOCTBEHHBIN HA JIEBOM KOHIIE MPOMEXyTKa |a, b]".

16.3. IIpn3HaKM CXOQUMOCTA HECOOCTBEHHBIX MHTErPAJIOB

MokHO 1OKa3aTh, 9TO /1Jisi HECOOCTBEHHBIX MHTEIPAJIOB CIIPABEJIMBbI TEOPEMbI, AHAJIOIUYIHBIE TEOPEMAM O CXO-
JUMOCTHY YHUCJIOBBIX PsJIOB.

Teopema 1 (npu3HAK CpPABHEHUS JJIsi HHTEIPAJIOB OT noaoscumensvhorx Gyukiwmit). Ilycrs f > g > 0 Ha [a,b]

b b
unrerpanst [ f, [ g — HecoGCTBEHHbIE HA IPABOM KOHIE NPOMEXKyTKA. Toraa u3 cxopumocty uaTerpasa or "Gombmei”
a a

b b b b
dyukuun [ f caenyer cxomumocts nHTerpasa or "mensmrei" dynkumun [ g, npuuem [g < [ f, a u3 pacxomumoctn
a a a a

b b
dbyskimn [ g crenyer pacxoguMocTs uHTErpasa ot "Gonbmed" dynkupm [ f.
a a

nHTErpasna or "menbrmneit"

b b
Teopema 2 (npenenbnas popma npusnaxa cpasrenus). Iycrs f > 0, g > 0 va [a,b] u unrerpans [ f, [g -
a a

HecoOCTBEHHBbIE HA ITPABOM KOHIlE IpoMmexyTka. Eciau cymecrsyer lim % =LeR 10
T=0—

1) npu L # 0 b0 06a uuTErpasa cXoaarcs, Jubo 00a pacxoisaTcs;
b b b b
2) npu L = 0 u3 cxogumoctu [ f creayer cXomuMocTs [ g; U3 PacCXOZMMOCTH [ g CIefyer pacxomuMocts [ f.
a a a a

b

Teopema 3. Ilycrs f — komiuiekcHo3HaIHAst DyHKIWMs, 33830051 HA [a, b] u uaTerpan [ f — HecoGeTBeHHbIH HA
a

b b b b
IIpaBOM KOHIlE mpoMexxyTKa. Eciu cxogures [ |f|, To cxomurest u [ f, npudaem | Ir | < [|f| (B 3TOoM cirydae rosopsir,
a a a

a
b

aro unrerpain [ f abcomomno crodumea).
a

OTH TP TEOPEMBI ECTECTBEHHBIM 00Pa30M MEPEHOCSITCS Ha, CIyYail MHTErPAJIOB, HECOOCTBEHHBIX HA, 4€60M KOHIIE
TIPOMEXKYTKA.

ITpumep. Paccmorpum cemeiicTBO HECOOCTBEHHBIX MHTETPAJIOB C IAPAMETPOM I:

+oo
/ t*Lexp(—t) dt.
0

Hoxaxkewm, aro mpu & > 0 31U HeCOOCTBEHHBIE MHTETPAJIBI CXOISTCH.
Ormerum, yTo npu £ < 1 3TU WHTErpajbl — HECOOCTBEHHBIE HA 0OOMX KOHIAX MPOMEXKYTKA: HA MPABOM IIPO-
MEXYTOK OECKOHEYHBIN, a8 Ha JIEBOM — IOJbIHTErPAJIbHAs (PYHKIMsI HE OIPAHWYEHA B OKPECTHOCTH HyJjs. llosromy
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PACCMOTPUM OTAEJIBHO JIBA, MHTETPAJIA;
1 +oo
H, = /tmfle;vp(—t) dt, Hy= / t* texp(—t) dt.
0 1

B nepBoM mHTErpasie uCHoab3yeM 04YeBUIHOE HEPABEHCTBO
0<t*lexp(—t) <t*71:

1 1

oL 1-a® 1
/t“l dt= lim [+ 'dt= lim —| = lim =,
a=0+4 a=04+ T laa a=0+ T T

0 a
ITo mpu3Haky cpaBHeHUsI CXOAUTCs U uHTerpaj Hi — unrerpan or "MeHbineil" moMoKUTEIHLHON (DYHKIUN.
Juist ucciienoBanust BTOPOro MHTErpaJia UCIOJIb3yeM CBORCTBO IKCIOHEHThI (cM. 11.9.1)

z—1 _
lim (tz+lexp(—t)) =0, me. lim w —o.

t=+4o0 t=—+00 .t—2

Tak kak

+oo A
2 : 2 . 1y 4
/ t™" dt = lim t™"dt= lim [—- ‘ =1,
A=+00 A=+00 t)
1
TO 1O MPU3HAKY CPABHEHUs] B MPEIEJbHON dhopMe cxoauTcst uarerpas oT "menbieir" Gyukimm — Hy.

Mpsr mokasasu, uro Ha |0, +oo[ onpenenena dbyHKuus

+o00
I(z) = /tz_le;vp(—t) dt,
0

nmenyemast [omma-pyrnryued. JJokarxkeM peKyppPEHTHOE COOTHOIIEHNE

T@+1)=2-T(z), 2>0]

Nurerpupys "no gactam", monygaem

+o0 +oo +oo
+oo
Fz+1)= / t“exp(—t) dt = —tzexp(—t)‘o +z - / t" texp(—t) dt = x - / t* texp(—t) dt = z - T'()
0 0 0

(3meCch BHOBB UCHOJIB30BAHO CBOMCTBO SKCIIOHEHTHI . li_fl (tTexp(—t)) =0.)
=400

B gacTtHOCTH,

+oo
+oc
NGRS / exp(—t) dt = —e:cp(—t)‘0 =1.

0

Omioma I(2) = T(1+1) = 1-T1) = 1, I3) = I'2+1) = 2-T@2) = 2-1

I'4)=TB+1)=3-T'(3) =3-2-1= 3! u BooGwe

[T()=(n-1)!, neN]

Boruncium eme I'(1/2). Tloacranoska t = 22 naer

1 +o0 “+oo +oo
r (5) = / t=2exp(—t) dt = / zrexp(—2?) - 2z dr = 2 / exp(—z?) de.
0 0 0

OueBuHO, YTO
+oo

/ewp(—xz) dr = /Oemp(—mz) dz
0 —o0
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IToaromy

r (%) _ +/Ooexp(—:v2) da.

DTOT MHTerpaa Ha3bIBaeTCs WHTerpajom Ilyaccona’. BEMHCIATE ero MOYKHO, HATIPUMep, TaK: PACCMOTPUM HH-
Terpas

A
H(A) = /632‘]7(—1‘2) dx.
A

ooz ([ e

(6yxBa, 0603HAIAIOMAs "TEPEMEHHY 0 MHTErpUPOBaHns” HECyIeCTBeHHA! )
B cuny numeltHOCTH MHTETrpaJa

A A A/ A
/ exp(—y?) - /exp(—:vQ) do | dy = / ( exp(—x?) - exp(—y?) dz | dy.
“A

—-A —A A

Nmeem

IIpeobpazyem 3TOT MOBTOPHBIM WHTErPAJ B JIBOWHOM

= / / exp(—a2) - exp(—y?) da dy = / / exp (—(2* +y%)) dz dy,
Ay Aa

roe Ay — kBagpar [—A, A] x [-A, A].

Puc. 16.1

Ouesunno, aro (cm. puc.16.1) Q4 C Ay C Qy 5, rae Qa4 — kpyr pammyca A, Q4v/2 - kpyr pagmyca Av/2 (06a
C TIGHTPAMHF B HAYAJIE KOOPIUHAT). B CHITy TOJIOKUTEIHHOCTH TIOIBIHTErPATBHON (DYHKIMU UMEET MECTO HEPABEHCTBO

// exp (—(2* +y?)) do dy < H*(4) < // exp (—(z* +y*)) dz dy.
Q4 Q

Bocmonib3oBaBmuch pe3ysbrarom mpumepa n.14.6, momygaem

7- (1 —exp(—A%) < H*(4A) <7 (1 - exp(—24?)).

2Cumeon Jlenu TTYACCOH (1781-1840) - dbpamimysckuii Mexanuk, busuk u maremaruk, unex [lapuxckoit AH. Ero pa6orsr ceirpasu
Ba’KHYIO POJIb B CTAHOBJICHHH TE€ODHUH BEPOSTHOCTEH M MATEMATHYECKOH (PU3HKH.



125

Iepexonsi K mpeiey, MOMyYInM, HAKOHEI, 9TO Alim H%(A)=m,u

=+o0

Sameuanune. OTCIONa CIeayer, MeXIy TPOYUM, UTO

S

+o0
1_15rn erf(z) = / exp(—t*) dt = 1.
0

16.4. IIpeobpasoBanne Jlanmaca

Onpegenenne. Bynem HazpiBarh opuzunasom dyukmio f: R — C, eciu
1) f(t) =0 upm ¢ < 0
2)f KyCOYHO HEmpPEPBIBHA;

3) f oKcnonenyuaavHo O2paMUNEHA, T.e. CYIECTBYIOT TAKUE MOJOXKUTEIbHbIE [ducia a w M, «9ro mnpu
>0 |f() <M -exp(at).

0 mpu t<O0
ITpumepsr. 1. §;(¢) = {1 HEH £> 0.

D1y bynrmmo HazbBaOT Gynkyuet Xeeucatida®, (edununmnvm craukom, edununnoti cmynenso).

@Oyuknusi XeBucaiia — OpUTWHAJ, TAK KaK OHA KYyCOYHO HENMPEpbIBHA (MMEEeT B HyJie €JIMHCTBEHHYIO TOYKY
Pa3phiBa EPBOTO POJIA), OTPAHNYEHA, U, CJIEJOBATEIHHO, IKCIOHEHIMAIHLHO OrPAHUIEHa, ( MOYKHO TIOJIOXKUTh, HATIPUMED,
M=1,a=0.)

2. f(t) = exp(zt) - 6:(t), ze€C

f Kyco4HO HempepbiBHA (MMEeT B HyJie €IUHCTBEHHYIO TOYKY Pa3pbIBa MEPBOro poaa). JJokazkeM ee 9KCIIOHEH-
nuanbHylo orpanundennocts. Ilycre © = Re(z). Torma |f(t)| = exp(zt) < exp(|z|t), re. M = 1,a = |z|. Urak, f-
OpPUTHHAJL.

3. g(t) = exp(t?) - 1 (t).

IIycte M u @ — NPOU3BOJILHBIE NOJIOKUTEJIbHBIE YUCIa. PemuM (OTHOCUTENHLHO NMEPEMEHHON ) HEPABEHCTBO
exp(t?) < M - exp(at). Coxpamas na exp(at) > 0, nomyaum

exp(t® —at) < M wm > —at < In(M).

ITocnennee HepaBeHCTBO HE MOKET BBINIOJHATHLCH DU 6CET NOAOHCUMEALHHLT T, TAK KaK t1i£1 (t2 — at) = +o0.
=400

CrenoBaTenbHO, g — HE OPUTHHAL.

YcraHOoBUM HEKOTOPBIE CBONCTBA OPUTHHAJIOB.
1. OueBuaHO, YTO JMHEHHAs KOMOMHAIMST OPUTHHAJIOB €CTh OPUTHHAJL.
Hamnpuwmep, opurunaiamu sBiasioTcs OyHKIUNA

cos(wt) - 01(t) = % -exp(iwt) - 01(t) + = - exp(—iwt) - 6:(t) wm

1
2
sin(wt) - 81 (t) = 2% - eapliwt) - 51 (t) — Qiz - eap(—iwt) - 61 (1).

¢
2. Eum f — opurunan, to ee nepsoobpasnas F(t) = [ f — Toxe opurunan, tak kak npu t < 0 f(t) = 0 u
0

t
J f=0,anput>0 u3 nepasencrsa |f(t)| < M - exp(at) crenyer, 4ro
0

t t
LU 1< sup(1£1) ¢ < M -capfat) ¢ < M -capl(a+ 1),
0 0 ’

T.C. HepB006pa3HaH JKCIIOHCHIIMAJIbHO OrPaHUY€HA U, CJI€I0BATE/IbHO, ABJIACTCA OPUTUHAJIOM.

30uausep XEBUCATI]T (1850-1925) — anrnmiickuii ¢pm3uk u mHkeHep, wieH Jlormorckoro Koposesckoro obmecrsa. IIpenckasan or-
KPBITHE TaK HA3BIBAEMOrO CJIOs XeBucaiiga B armocdepe. OOuH U3 co3gaTeseil ONEPAIMOHHOIO UCYUCICHUS.
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IMpumep. Opurunanamvu seiasitores dbyukaun ¢t — t - 61(t), (n € N), Tak kax

t

t-él(t):/té()dt notn Gt / dt.
0

0

3amveuanue. /laxke ecjiu y OPUTIMHAJIA €CTh TPOU3BO/IHAS, OHA, HE 00s13aHA ObITH OPUTMHAJIOM.

Omnpegenenue. Ilycrs f1, fo : R = C. Torga HecobCTBEHHBIN MHTErPAJl C BEIIECTBEHHBIM APAMETPOM &

+oo
/ £ - fale — ) dt

ompeessier Ha TOM yactu R, rae oH cxoauTces, (GYHKIUIO, HA3IBAEMYIO ceepmkoti GyHkimit f1 u fo, u 0003HAYAEMYTO

[1® fo.

OrMmeruM Cieayomume CBONCTBA CBEPTKHU:

LAi®fa=fo®fi:

+00 +oo
/ f@t)-glx—1t)dt= / fle—=7)-9g(r) dr (momcranoBka = —1t=T7).

—00 —00

2.1i0(fot f3)=fi® fa+ f1 ® f3 (cnemyer u3 quHEHHOCTH UHTETpAA).
3. TokazkeM, 9TO CBEPTKA JABYX OPUTMHAJIOB — opuruHail. Ilycrs f u g — opurunass. Torma

(fo9)@ /f oo —1) dt =

/f (@ —1) dt+/f o —1) dt+/f g — 1) dt.

B nepsoMm unTerpadie t < 0, ciieI0BaTEIBLHO, 0PU2UHAA [ — TOXKIECTBEHHBIN HyJIb, B TpeTbeM unrerpaie £—t < 0,
CJIeI0BATENIBHO, 0PULUHAA § — TOXKAECTBEHHBIN HYy b, VTaK,

(f®9)(z /f g(z —t) dt.

Orcroa BUIHO, 9TO CBEPTKA OpI/Il"I/IHaJIOB onpezesieHa Ha R.
Hamee, ecmu ¢ < 0, 10 (f ® g)(= ff glz —t) dt =0, Tax xax f(t) = 0.

Ha nosoxkurepHOl mOIyoCH UMeroT MeCTO OLIEHKU
F(8)] < M - eaplat) < M -exp(ct), |g(t)| <N -eap(bt) < N -exp(ct) (= maz(a,b)).

IToaromy

T T T

[ 1091 di| < [ 101 lgto — 0] di < 3N - [ eaper) - eaple- (@~ 1)) di =

0 0 0

=MN - /ewp(cm) dt=MN -z -exp(cx) < MN - exp((c+ 1)x)

— CBEPTKA JKCIIOHEHIIMAJIbHO OI'DaHUY€Ha U, CJI€0OBATE/IbHO, ABJIACTCA OPUTAHAJIOM.

Paccmorpes cpoiicTa (byHKIMiI-OPUIMHAJIOB, IepeiizieM K onpe/esenuio npeobpasosaunus Jlamiaca?.

4TIsep Cumon JIATLJIAC (1749-1827) — ¢dpanmy3ckuil MaTeMaTHK, (PU3UK U ACTPOHOM, WIEH MHOIHX AKAKAEMHN M HAay9IHBIX OOIIECTB,
aBTOP (PyHIAMEHTAJIBHBIX PabOT IO TEOPHH BEPOATHOCTEH, SKCIIEPUMEHTAJIBPHOM M MAaTEeMaTHIeCKO# du3uke, HeOeCHON MeXaHHKe.
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Mycts f — opurmman. PaccMOoTpuM cemeiicTBO HECOGCTBEHHBIX WHTETPAJIOB C KOMTMAEKCHbM TAPAMETPOM
s=o0+iw (o,w€R)
+oo

/ f(t) - exp(st) dt.

Ouennm nogpmETerpanbayio dbyaknuio. [ycrs |f(t)| < M - exp(at). Torpa |exp(st)| = exp(ot) n

|f(t) - exp(st)| < M - exp(—(o — a)t). (16.4.1)
Ipu o > a

+oo A

/ exp(—(oc —a)t) dt = Al—irf exp(—(oc —a)t) dt =

0 0
—(o— A - —(o —

lim exp(—(o — a)t) ‘ - lim 1—exp(—(c —a)A) _ 1
A=+o00 g—a 0 A=+oo0 g—a oc—a

— HecoOCTBeHHBI uHTErpas cxoxurcs. U3 sroro ¢dakra u Hepasercrsa (16.4.1) cremyer (o npusHaky CpaBHEHUS)

+oco
cxomuMocTh HecoberBennoro narerpana [ | f(t)-exp(st)| di, T.e. abcomorHas CXOAMMOCTD HECOBCTBEHHOTO MHTETPAIA
0

—+oo

J f(t)-exp(st) dt.
0

Mp1 nokazanm, 9T0 HA IACTH KOMILTIEKCHOH IIIOCKOCTH, JexKameil npasee npsamoil Re(s) > a, onpenenena dbyHk-
nys

+oo
fo) = [ 1t0)- con(=st) dt.

0

91y hyHKUuu0 Ha3bIBAOT u3obpasicenuem opurunasna f. Mer Oymem 3anucbiBaTh COOTBETCTBUE MEXKIY OPUIHU-
HAJIOM M €r0 M300PAKEHUEM TaK:

F=c.

Oneparop £, KOTOPbIi Kaxka0My opurutasy (pyHKuum) conocrasisier ero n3obpaxkenue (byHKUMIO), HA3BIBAIOT
npeobpasosaruem Jlansaca.

TepMuHosorndeckoe 3amMedanre. Mbl yCIOBUWINCH CUUTATH CA08G 0Mobpasicerue, Pyrnkyus, onepamop CUHOHU-
Mamu. Ternepb K 9TOMY CIUCKY J0DABIISIETCS €Ille OMH CUHOHUM — NPeobpasosarue.

Moaywmaiire, kak Gyner 3Bydars (ppasa, €CiiM U3 BCEX CUHOHUMOB OCTABUTHL TOJBKO OguH (Hanpumep, "dynk-
must"): "dyukuus conocraBisier Kaxk a0l GyHKuuu-opuruHany GyHakuuo-uzobpaxkenve". Hajuune cMHOHUMOB JiesiaeT
pedb 60JIee MOHSITHOM.

ITpumep. Haiinem m3obpakenne byHKIUN XeBuUCaiga.

+oo +oo
b61(s) = / 1-exp(—st) dt = Al—irf / exp(—st) dt =
0 0
- ; A - - i —i
— lim exp (—(o + iw)t) ‘ — lim 1—exp(—cA) - exp(—iwA) _ 1
A=+o0 —S 0 A=+oo S S

Urax, L(01) = 5, (Re(s) >0).

JlokazkeM HEKOTOpPBIE CBOUCTBA Mpeobpa3oBanHus Jlamnaca.

1) U3 auHeiiHOCTH MHTErpasia cIeayeT JUHENHOCTH npeobpasoBanus Jlammaca:

L{ayfi +azfo) = an - L(f1) + o - L(f2)

JJIs1 JIIOOBIX OPUTMHAJIOB f1 U fo 1 JIFOOBIX KOMIJIEKCHBIX YUCEI (1] U (3.

2) Teopema cvemennsi. Ecm o € C u L(f) = f, 10

L(f(t) - exp(at)) = f(s — ).
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JlokazarebCcTBO.

+oo

+oo
/ (f(Dezplat)) - exp(—st) dt = / £(t) - exp(~(s — a)t) dt = (s — ).
0

0

3) Teopema 3anazapanus. Ecim L(f(t) - 61(t)) = f(s)nu7>0, 10

E(f(t —7)-61(t— 7')) = exp(—sT1) - f(5).

HoxkazarenbcTBo. IloacTanoBka x =t — 7 gaer

+o0 +oo +oo
/ (f(t —7)01(t — 7)) - exp(—st) dt = / (f(z)o1(x)) -exp(—s(T + x)) dz = / f(z) - exp(—sT) - exp(—sz) dx =
+oo

= exp(—sT) - / f(z) - exp(—sz) dz = exp(—sT) - f(3).
0
Hassanue "reopema 3ama3gpiBanusi” oObsicHsiercss TeMm, uro rpaduk dbyskuuu f-(t) = f{t —7) - 01(t — 7)
nojtydaercst casuroM rpaduka dyukuuu f(t) - d1(t) Bupaso Ha Bemuuny 7 ("HoBas yHKIMA HauuHAET paboTATH HA
T €IMHWIL[ BPEMEHHU [I03Ke, 9eM CTapas’).

4) M3zobpazkenue nepsoobpasuoii. Ecmm f — opurunasn, o

t
JHoxkazarenscrso. Iycrs g(t) = [ f. Torpa (mo ceoiicty 2 opurmaanos) g — Toxe opuruaai. Kpome roro,
0
g(0) = 0. Uarerpupys "no wacram", umeem
+oo +oo

f(s) = / f @) - exp(—st) dt = g(t) -emp(—st)|:oo+s- / g(t) - exp(—st) dt = lim (g(t) - exp(—st)) + s - g(s).

t=4o0
0 0

N3 ouenkun |g(t)| < M -exp(at) cmexyer, uro upu o = Re(s)>a tliJrrn (g(¢) - exp(—st)) = 0.
=100
TMosromy f(s) = s-g(s), u yTBep:KI€HUE TOKA3AHO.

5) N3obpaxkenue npoussomuoil. Ilycrs dynkuusa f umeer Ha R HenpepbIBHYIO NMPOU3BOIAHYIO, pudeM f - 1 U

f' - 61 — opurmnamnsr. Torma
L(f'-61)=s-L(f-6)— f(0).

HoxkazarenbcTBo. ITo dpopmyne Hpiorona-Jleibuuma,

t
/ (f'-61) = () = £0)) - 62(8) = (f - 1) (&) — £(0) - 61 (8).
0

ITo Teopeme 06 m300parkKeHnu MEPBOOOPAZHOM
1
L(f 60— J(0)-01) = LL(f' - bu),
VuaureiBast,aro L£(d1) = %, noJTy 9aem

L(f-61)=s-L(f-61)— f(0)-5-L(61) =5-L(f-61)— F(0).

Cuexcreue. Ecm f() . §, — opurunas, to
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L(F™e) =s-L(f™ D . 8)— fOD(0)=s- (8 SL(frD L8y — ) (0)) — D) =. ..
=" L(f8) — s T F(0) — . — £ D(0).

IIpumepsr. 1. Mbr nokasauau, ato L(61) = l. OTcroma no TeopeMe CMeIeHUs MOJIYyIaeM
21DUMEDBI ) s

1
s—a

L(ezp(at)di(t)) =

2. Ucnionw3yst muHEHHOCTH Ipeodpa3oBanus Jlamiaca, IoayduM majee

L(cos(wt)dy(t)) = L (l(exp(iwt)(h(t) + exp(—iwt)d; (t))) _1 ( ! + L ) =2

2 2\s—iw s+iw 2 +w?’

E(sm(wt)él(t)):£(%(exp(iwt)él(t)—e:cp(—iwt)él(t))) 1( LI ): w

T2 \s—iw s+ iw 2 +w?’
3. ITo Teopeme 06 n30OparkeHuu NepBOOOPABHON

L(t-61(0) = §LG(1) =

£ -00) = et -

SN

4. ITpumeHsisi K NOCJIEIHEMY PABEHCTBY TEOPEMY CMEIIEHUSsI, 0Ly YUM OY€Hb BAXKHYIO JJIsI IIPUIIOXKEHUH (hOopMy-
Jy:

c (2—7: - ezp(at) -61(t)) - 1!

mpu n =0,1,2,... u mobom a € C

6) Nzobpaxkenue ceeprku. Ecim fi u fo — OpUrHHAILL, TO

L(fi® f2) = L(f1) - L(f1)-

,ZLOKaBaTe.HbCTBO. Ilo OIIPpEeaeJICHUKD CBEPTKH 0PpU2UHAN08

t

g(t) = (fr® fo)(t) = / fi(@) - f2(t — 2) dz.

0

Orcrona
+o00 “+oo t
g(s) = / 9(t) - exp(—st) dt = / (/ f1(@) - fat — 2) dw) -exp(—st) dt =
0 0 0

A/t
= lim fi(x) - f2(t — x) - exp(—st) d;v) dt.
(]

IIpeobpasyem mOBTOPHBII MHTErPAJ B ABONHOMN

§(s) = Jim / / (@) - folt — z) - exp(—st) dz dt,
A
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A t
Puc.16.2

rae A — tpeyrompauk (0 < 2 <t < A) (puc.16.2). Iomyvennsrit 1BONRHON MHTErPa CHOBA PeoOpa3yeM B MOBTOPHBIH,
HO C JIPYTUM MOPAIKOM MHTETPUPOBAHNUS

A/ A
g(s) = f}inolo/ /f1 (z) - f2(t — x) - exp(—st) dx | dt.
0

T

Bo BHyTpeHHEM MHTErpaje JejaeM MOACTAaHOBKY t = x + y ( z 3mech dukcupoBan!)

A A—z +oo / +oo
i) = Jim [ | [ £i@fa)-copstery) ay | do= [ | [ 7@ 2@ eap(-sto+) dy | da.
0 0 0 0
Hakowerr, B cuty JTUHEHHOCTH WHTErPAJIA,
+o0 +o0
3) = [ | fita)-cop(-sa) [ alu)-cop-su) dy | do =
0 0

+oo

+oo
- / fi(@) - eap(-sz) de | / o) - eap(—sy) dy | = Fi(s) - Fals).
0

0



