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Tnapa 11. ®YHKIIN R* — R™
11.1. OcHoBHBIE OIIpeieIeHNsT

OyHKIMEH HECKOILKUX 6eUW,eCMEeHHbIT [ePEMEeHHBIX IIPUHATO HA3bIBAThL OToOpaxkenue wactu R* B
R™ (n,m €N, n>1), re.
f: XCR* - R™.
Takyio GyHKIMIO WHAYE HA3BIBAIOT 6eKMOpHbiM nosem. CXEMATUUECKH BEKTOPHOE MOJIE MOYKHO M300pasuTh B
Buzie "depHoro samwka" ¢ n Bxomamu u m Bbixomamu (puc.11.1).

yi=fi(en, %) e - x
f
ym:fm(xla---amn)<7 - Tn
Puc. 11.1

B uwacraoM ciayuae (m = 1) mony4aercs cxaasproe noae (HyHKIHOHA)
f: XCR' SR

OueBUIHO, YTO BEKTOPHOE TOJIe — YIIOPSIOUYEHHBIM HAOOD CKAJISIPHBIX MOJIEH, KaXKI0e U3 KOTOPBIX MOXKET U3Y-
YaThCsl HE3ABUCUMO OT OCTAJbHBIX. [109TOMY MBI HAYHEM CO CJIydasi CKAJISIPHOIO IIOJIsI.

Urak, mycts f: X CR® = R, u nyers a = [a1, ..., a,]7 — enympennsas' Touka maoxkecrsa X.

3adukcupyeM Bce KOOPIUHATEL TOUKHY &, KpoMe k-it, monaras ¢; = a; (j # k), u paccMorpuM (DYHKIUIO OTHOI

"ocraBuueiics" nepeMeHHOi Xy, (Cyxkenue f HA NPAMYIO, IPOXOASAILYIO Y€PE3 TOYKY & NAPAJIIEIBHO k-il OCU KOODIMHAT)
’(/Jk(.'L'k) = f(al, vy Qp—1,Thy Af41y- -« ,an).

[IpousBoanasi 9101 (PyHKIMK, BHIYUCICHHAS IPU T = G, HA3BIBAETCH “acmmoti npou3eodnoli gynwkyuu f 6
mouke a no k- nepemennor.
Yr(zr) — Yr(ar)

Dyf(a) = lim ————=22 =
Tp=0ak T — ag
- lim f(al,...,ak,l,xk,akﬂ,...,an) —f(al,...,ak,l,ak,akﬂ,...,an)
Tr=0ak T — Qg

(KOHEYHO, €CITU STOT TIpeesl CYIIEeCTBYET).
Takum obpa3oM, B Touke a ompenensiorcs n aucen: Dif(a),...,Dyf(a). x 3anuceiBaloT B BUIE CTPOKWH,
HA3BIBAIOT 3Ty MaTPUIY-CTPOKY Npou3eodnotli dyukuuu (ckanspaoro noss) f B Touke a u obosuagaior f'(a) win

Df(a):
f'(a) = Df(a) = [D1f(a), ..., Dnf(a)].

ECJII/I IIPOU3BOOHAA CymeCTByeT BO BCEX TOYKaX HEKOTOPOro MHOXKECTBa, TO MBI HOJIyLIa,eM 3aﬂaHHyIO Ha 93TOM
MHOXKeCTBe (DyHKIMIO-CTPOKY, KOTOPYIO HA3BIBAIOT Npou3eodnoli gynkuyuet or dyukuuu f.

Hpumep. Ecu f(x) = z17373, x € R3, 10
_ 2.3 _ 3 _ 2 2
D:f(z) = 2523, Daf(z) =2z120235, Ds3f(z) = 3z12523,

f'(z) = Df(x) = [2323, 2212203, 3w12323].

Eciiu TpaHCIOHUPOBATH MPOU3BOAHYO CKAJISIPHOIO IOJIsl, TO MOJYYUTCS BEKTODP (MaTPHULA-CTONOEN), KOTOPbIA
HA3BIBALTCS 2Paduenmom CKAISPHOro mosst. Ilummyr

grad(f) =V = ()" = [D:f,...,Duf]".

!Touka a € X C R™ nHasmBaeTcst enympennet] aast X, ecu OHa UMeeT OKDPECTHOCTb, COCTOSIIYI0 Mo.4vko U3 Todek X . Hampumep, Bo
muokecrse V = {z|z? + 3 < 1} C R? rouxa [0,0.5]T - sryTpennas, a rouxa [0,1]T — mer (mposepsre 3ro!). MuOoXkecTB0 X C R”, BCe
TOYKH KOTOPOr0 — BHYTDEHHHE, HAa3bIBaeTcs: OTKPHITHIM B R™. Hanpumep, muoxkecTBo U = {z\z{ + m% < 1} — orkpsrTo B R? (cpaBHuUTE €rO
¢ MHOXkeCTBOM V).
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Brenenne n1Byx 06bEKTOB — MPOU3BOMHON U IPAJUEHT, OMPABIAHO TEM, YTO B OIHUX CJIyYasix yA00HO paboTarh
CO CTPOKOIi, & B APYTUX — CO CTOJIOIIOM.

Onpegenenue. ITpouseodnoti (mampuuyeti Sxobu) BekToproro mons f : R® — R™ naszsiBaercs (m X n)-Marpua,

N . T
CTPOKHU KOTOPOIi — NPOU3BOIHBIE KOMIIOHEHT TOrO 10Jist (CKAIpHBIX osieit). Ecmu f = [ fiy-eey fm] , TO
!
fl D1f1 D2f1 - -anl
F'=Df=| =i
frln lem Dgfm e D"fm

Ecnan maTpuna dxobu kBagpaTHasi, TO ee OIpPeIeINTeTh HA3bIBACTCS AKOOUAHOM BEKTOPHOT'O TOJISI.

BaxkHoe corsianieHue
B manbueiimemM MbI OyIeM MO yMOJIYAHUIO CUATATH, UTO KaXKIas PACCMATPUBAEMAsT HAMU
bYyHKIMST Henpepuero dudpepenyupyema, T.e. IMEET HENPEPLIEHYH TTPOU3BOAHYIO (DYHKITHUIO.

Ipuwmepsr. 1. Ilycts A — nocrosinuas (m X n)-marpuna; f: R® — R™, f(x) = Az. [lokaxure, ato f'(x) = A.
B wacrrocTy, ecim m = 1, o ymueiinbiii Gynxmpmonan f : R® — R moxuo 3amucars B Buge f(z) = (z,a) = a’z
rae a € R*. Cooreercrenno, f'(z) = a”, Vf(z) = a.

2. HyCTb f : [Ou +OO[X[07 27([—) R2: I = fl(paLp) =p- COS(SO); T2 = f2(p7 (P) =p- Sin(Lp)'
Kak m3BectHO (11.2.3) 9T0 0TOGpasKEHUE 3a42€T MEPEXOM OT MOJSPHBIX KOOPIWHAT TOYKH HA MJIOCKOCTH K €€
JIEKapTOBBIM KOOPAWHATAM. Bhrunciaum mMarpuily Ikobu u ee onpeaenurens (akobuaH).

D1 fi(p,) = cos(p), Dafi(p,p) = —p-sin(p),

D1 fa(p, @) = sin(p), Dafa(p,p) = p- cos(p);

' _ () —p-sin(p)
$0.0 = 5in@) - conlen

det (f'(p,)) = p-

11.2. KpuBasa u nyTh

Paccmorpum gBe comeprKaTeIbHbIE MHTEPIPETAIMY TOHSITUN, BBEJEHHBIX B MPEIBIAYIIEM TyHKTE.
KPUBA4. UnryurusHoe npeacrasieaue o "kpusoit" (wm "jauann") MOXKHO IOIYyYUTh TaK: BO3BMEM PE3UHO-
BYIO HUTh, 3aKPEMUM OIWH ee KOHell B Touke A, Ipyroii — B Touke B, u pacTsiruBast HUTh, CAE/IaeM U3 Hee HYKHYIO
HaMm "kpusyio".
B cooTBercTBUY ¢ 3TUM IpeCTaBIEHNEM €CTECTBEHHO HA3BaTh KPUBOI 00pa3 cerMeHTa [a, b] npu xenpepuierom
0TOOPAYKEHUN
rr = T (t)
r:fa,b) >R Sme = rat). (11.2.1)
r3 = r3(t)
OHAKO BPSi JiM KTO-HUOYIb COTJIACUTCS CUMTATH "JimHUEH" KBaapaT, a MEXKJy TeM CYIIeCTBYeT HEMPEePhIBHOE
orobpaxenue cermenta [0, 1] ma xsaapar [0,1] x [0,1] (Tax HazwBaemas xpusas ITeano?).
Nwmest B Buy 1mesiv HaImero Kypca, Mbl OrPAHUYMMCS. PACCMOTPEHUEM 2400KUT KPUBbIX, UCKJIIOYAIOMUX T0J00HBIE
I1aTOJIOTUN.

Onpenenenvie. Tiaakoil opuenmuposannoli KpUBOH HA3BIBAIOT MHOXKECTBO 3HAYEHUH HenpepbiBHO juddepeH-
nupyemoro otobpaskenus r : [a,b] — R3, ecnu

1) 7' (t) # 65 (mpomsBomHast OTOOpaKeHUs T Hu2zde HE 0OPAINAETCS B HYJIb) U

2) r(t1) = r(t2) = t1 = to (HeT camonepeceveHnii).

Ha puc.11.2 cxemaTuyuecku n300parkeHa KPUBasi — MHOXKECTBO 3HAYEHUI OTOOPAKEHUSI

r:la,b € R - R

3aece A =r(a), B=r(), T=r()(a <t<b).

2 Txxysenmne TIEAHO (1858-1932) — UTaNBSHCKHN MaTeMaTHK, wWieH TypuHckoi AH.
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T3 RS

Puc. 11.2

ITpumep. Kpunasi, 3a1a0Hast 0TOOpaskeHuEM
r) =a+(b—a)-t, a,beR® (a#b), tel0,1]

— 9TO OTPE30K NPsAMOH, coeaunsomeil Touku a u b (puc.11.3).

I

Puc. 11.3

Samveuanus. 1. Touka A = r(a) HA3BIBAETCA HAAAOM OPUEHTUPOBAHHOM KpuBOil, Touka B = r(b) — ee xonyom.

2. YcioBre B3aMMHOR 0JJHO3HAYHOCTH OTOOparkeHust (yCJIOBUE 2 U3 ONPEIEICHUs) MOXKET HaPy ATHCs HA, KOHIAX
cermenTa [a,b]. B arom ciyuae A = r(a) = r(b) = B, n Takasi KpuBasi HA3BIBAETCS 3AMKEHYMOTL.

3. MoxHo pacemarpusarh otrobpaskenue cerventa ne B R, a B R? (ynoBiersopsiiomiee nepeuncieHHbIM B Onpe-
JIeIeHnU  yCa0BUsAM ). MHOXKECTBO 3HAYEHMI TAKOTO OTOOPAYKEHMsI HA3BIBAETCS NAOCKOU TJIAIKOW OPUEHTHPOBAHHOM
KPUBO.

4. Ypasuenus (11.2.1) Ha3bIBAIOTCS NAPAMEMPUMECK UMY YPABHEHUSIMU KPUBOIA, 8 IEPEMEHHAS  — NAPAMEMPOM.

Onpenenenue. Ecu 2aadkas kpusas 3amana orobpazkenuem 1 : [a,b] — R3 u tg € [a,b], To nenyaesotli BekTOp
7'(to) HA3BIBAETCS KACAMEALHBIM BEKINOPOM K ITOM KPUBOIL B ee Touke T(tp).

ITpumep. Paccmorpum rpaduk HenpepsisHo guddepentupyemoii byakuun f : [a,b] = R 910 MHOXKeCTBO Ha
IocKocTy — 06pa3 cerMeHTa [a, b] npu orobparkeHUn

s =r(t) = [fft)] . npuuem '(f) = [f,l(t)] £0.

ITosToMy Takoit rpaduK — TIafKas MIOCKas KPUBAS.
T
Kak u3Bectno, kacaresbnast K rpaduky B touxe 20 = [to, f(to)]  3amaercs ypasmennem
z2 — f(to) _ f'(to)

22 = f(to) = f'(t0) - (01 = to) mmn =T =

ostomy BekTops 7 — 20 = [z1 —to, 72 — f(to),]T ur'(to) = [1, f'(to)] T numetino 3aBUCUMBI, T.€. KACATEIbHAS

k kpuBoii B Touke z(0) = r(ty) mapasnespHA HANPABIEHHOMY OTPE3Ky T’ (t(]i (puc.11.4). MoXHO TIOKa3aTh, YTO ITOT
dakT uMeeT MecTO U B ODIIEM CIIydae.
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ot

2(0)

7' (to

Puc. 11.4

3ameuanns. 1. Ycuosue r'(t) # 0, t € [a,b] obecnednBaer cyuiecTBOBaHNE KAcaTeIbHON K KPHUBOH BO BCEX
ee TOYKaX ¥, TAKUM 00pa30M, ONpaBAbIBAET HA3BaHUE “ryaakas kpusas“. Ilpu HapymeHuu 3T0Or0 yCaoBus y KpuBOUM
MOXKET He OBITh KacaTeJbHON Jayke MpU HempepbIBHO auddepeHimpyemMomM orobpaykerun r. [IpoBepbTe, 4TO KpUBasi
Ha puc. 11.5 ecTb 006pa3 0TOOpaKeHUs

r(t) = [t-1t,2]", t € [~1,1] ('(0) = 6).

2. Hapsiny ¢ riiaxkuMu KPUBLIMEA B COIEPKATEIbHBIX 33a49aX BCTPEYAIOTCH KYcouHo 2aadrue. Mbr OyneM HA3bI-
BaTh KyCOYHO TJIQJKOH KPUBOi 00beIMHEHNEe KOHEYHOTO YHC/Ia, MIAJKIX KPUBBIX, KOTOPhIE

1) 06pa3yior ynopsinoueHHbIi HAGOP,

2) He mepecekalT APYr APYyTa U

3) cuemeHsr Mex Iy co0O0i TaK, 9TO KOHEI] TIPEIBIAYINEro KyCKa, IBJISIETCS HAYATIOM CJICTYIOMETO.

Ecyiu KoHer moc/ieIHero KyCKa COBIIIAET ¢ HA9aJIOM IIEPBOT0, TO KyCOYHO IUIAIKasl KPUBAs HA3BIBACTCS 3AMKHY-

Puc. 11.5

IIpumep. I'pannna kBagpara [0,1] x [0,1] — Kycouno rmajkas (MIOCKast, 3aMKHyTasi) KPUBAasl, COCTOSIIAS U3
YeTHIPEX KYCKOB (OTPE3KOB NPSIMBIX).

IIVTH. B npuioxkeHusix K MEXaHUKE €CTECTBEHHO CUMTATH TAPAMETD BPEMEHEM, & TAK¥KE OTKA3ATHCSI OT TPeDo-
BaHUsI B3AUMHON OJHO3HAYHOCTH OTOOpaxkenus t — 7(t).

Ompenenenue. I'nadkum nymem HA3BIBAECTCS HEMPEPHIBHO AuddepeHmupyeMoe 0TOOpaskeHne cerMeHTa B RS
(R?), mpousBoHAs KOTOPOTO HE 00paIlaeTcss B Hy/b. AHAJOTHYHO ONMPeeuM NA0CKU TIa KUl Ty Th.

MHOKecTBO 3HaveHuii TIAJKOro myTu — MHOKecTBO Touek B R (R?) — HaswiBaeTcss mocumesem 3TOTO TyTH.
Vo0HO NpeACTaBIsATh cebe HOCUTENb IIyTH KaK "PesibChbl®, 10 KOTOPBIM JABUXKETCS TOYKA. Hampumep, JABa pa3IndHbIX

IJIOCKUX IIyTH
t€[0,2n); ri(t) = [cos(t), sin(t)]T, r2(t) = [cos(2t), sin(2t)]"
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UMEIOT OJIUH U TOT YK€ HOCUTEJIb - OKPYYKHOCTb IUHUYIHOTO PAJMyCa C IEHTPOM B HAYAJIE KOOPIUHAT, HO IEPBast TOYKA,
IPOXOJUT 3Ty OKPYYKHOCTb OJIUH Pa3, & BTOPas — IBAXKJBI (3a TO ke Bpems). Bekrop 7' (t) ecTb MrHOBEHHAs CKOPOCTh
neurkenus To9ku. [Iposepbre, uro B Hamem npumepe ||r](8)|| = 1, (|5 ()] = 2.

Sameuanus. 1. B maremarike HEBO3MOKHO "IPONTH ONUH U TOT Ke MyTh ¢ Pa3HBIMU CKOpocTsimu"! 1o OyayT
pa3Hble mMyTu (XOTS U ¢ ODLIMM HOCUTEJIEM ).

2. Kycouno 24a0%udli yTh ONPEIENSETCS AHAJOIMYHO KYCOYHO TJIQJIKONH KPUBOIA.

3. Orobpaxkenue, 3a/1a011ee TVIAJKYI0 KPUBYIO, SIBJSETCs, OUYEBUIHO, IJIAJKUM IIyTeM. B 3TOM ciiydae BEKTOD
CKOPOCTH COBIAJAET C KACATEIbHBIM BEKTOPOM KPUBOIA.

11.3. IToBepxHOCTH
IMpugars TOYHBIM CMBICT O0IEMY MOHSATHIO "MOBEpXHOCTL" elre ciioXkHee, yeM ToHATHIO "kpuBasi". Mbl orpa-
HUYUMCST 9aCTHBIM CJTy9aeM.
Onpenenenne. ITycts 2 C R? — gacTh MI0CKOCTH, OTpaHWYIeHHAS 3AMKHYTOH KyCOYHO IIaIKo# KpuBoit. I'1adkot
noseprrocmuto G = () HazbBaercs 06pas muoxkecTBa () B R® mpu oTobpaskenun

1 = 711(u)
riQ R, Ly = ro(u), (11.3.1)
zz = r3(u)

006J1a1a10IEeM CIIEIYIOMMMY CBONCTBAMM:
1) B3anvmas ogpo3HadHOCTE (r(u) = r(v) = u = v);
2) menpepoiBHas quddepeHIupyemMoCTb;
3) aunelinaa nesagucumocms cronbuos marpuust Axobu (Dr).
3amedanue. TH yCIOBUST MOTYT HAPYIIATHCS Ha rpaHuIe (2.

Hpumepst. 1. 7 : [0,27] x [0, H] — R?;

—R-sin(p) 0
r(¢,2) = [R-cos(p), R-sin(p), 2], Dr(p,z) = | R-cos(p) 0
0 1

IIpoBepbTe, 4TO 3TO OTOOpAKEHME 3343€T DOKOBYIO MOBEPXHOCTH MPSIMOT0 KPYTOBOTO IUJIUHIAPA BBICOTHI H 1
paguyca R. 3amernre, uro r(27,2) = 7(0, 2).

2.7 : [0,7] x [0,27] — R3;
r(0,¢) = [R - sin(8) - cos(p), R - sin(f) - sin(p), R - cos(e)]T

IIpoBepbTe, uTO 3TO OTOOpakeHwe 3amaer cdepy paamyca K ¢ 1meHTpOM B Hadaje KOODIUHAT, MPUYIEM
r(0,¢) = [0,0,R]T - "cesepuwrit momoc", r(m,p) = [0,0,—R]T — "oxmsrit nomoc", r(0,0) = r(6,2r) — "aynesoit
mepuuan", r(m/2,p) — "sxBarop".

Yo6enurech, 9TO CTOMOIBI MATPUIIHI

R - cos(0) - cos(p) —R-sin(B) - sin(yp)
Dr(0,9) = [R-cos() - sin(p) R-sin(f) - cos(p)
—R - sin(0) 0

JIMHEHO HEe3aBHCUMBI BO BCEX TOYKAX Cephbl, KPOME IOJII0COB.

IIycts a — BHyTpenHsis Touka (). PaccMorpuM cyskeHusi OTOOPAXKEHUsI T HA OTPE3KH, IIPOXOJSINUE Yepe3 Ty
TouKy napamieabo ocsaM Ouy u Ous: p1(u1) = r(ur,az), p2(u2) = r(ai,us) (puc.1.6). Ux obpassl — Kpusble, MpoO-
xomsume depe3 Touky A = r(a) u nexaunme Ha noBepxHoctu G. Jlerko BUIETH, YTO KACATENbHBIE BEKTOPBI K ITUM
KPHUBBIM — CTOJIOLBI MATPUIBI SIKOOM 0TODparkeHust T

py(ur) = Dir(uy,a2), py(u2) = Dor(ay,us).

B cuity smmneitnoii HesaBucumoctu BekTopoB Dir(a) u Dar(a) COOTBETCTBYMOIIME UM HAIIPABJIEHHBIE OTPE3KU
He KOJUIMHEAPHBI 1 OPEe/IsAiOT eIUHCTBEHHYIO IIIIOCKOCTD, IIPOXOASIIyIo Yepe3 Touky A. Ee Ha3bIBaloT %acamenvrod
NAOCKOCTIHI0 K TIOBEpXHOCTH G B TOUKe A.
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R} | R?

Puc.11.6

ITpumep. Ilycts G — rpaduk HenpepwiBHO auddepentmpyemoit dyukuuu f : 0 — R. Torga mosepxuocts G
3a42eTCsd 0TOOPAKEHUEM

T
r(uy,u2) = [ug,us, f(u1,u2)]” , npuuem

1 0
Dr(a) = 0 1 a €.
D1 f(a) D2f(a)

. T
Ouernzno, 90 cTONGUB MaTpunE Dr(a) mneiino Hesasucumel, 1 Bektop v = [Dy f(a), D2 f(a), —1] " oprorona-
sier um 06ouM. Cie10BaTEIbHO, COOTBETCTBYIOINI HATIPABJIEHHBIA OTPE30K MEePIEHANKYJISIPEH KACATEIBHO II0CKOCTH
k noBepxHoctu G B ee Touke A = r(a). VI3 kypca smHeitHoii anreGpbl U3BECTHO, YTO yPABHEHUE ITOH IUIOCKOCTH UMEET
BUJI

(z —r(a),v) =0

nJjin
x3 — f(a1,a2) = D1 f(ay,az) - (1 — a1) + D2 f(ay,az2) - (z2 — ag). (11.3.2)

[ycrs, nanpumep, f(z1,T2) = o5 /4+x3/9 (rpaduk sroit bynxuyun — snmnruaeckuit napabosoun). Yoeaurecs,
4TO TOUKA (2, 3, 2) sexkuT HA napadosouae. [IposeseM B 3TOI TOUKE KACATEIbHYIO IJIOCKOCTh K napabosouy (Hamuimem
yDaABHEHWE JTOM MIIOCKOCTH). 316Ch

Df($17$2): [%a%] ) le(2a3):]-7 sz(273):2/3

YpaBHeHne KacaTEIbHOM MIOCKOCTH UMEET BUJ

.’L'3—2=1'(3;'1—2)+2/3'(.’L'2—3) Wi {E1+2/3-.’L'2—33‘3=2.

3amveuanus. 1. YcioBue JMHEHHON HE3aBUCUMOCTH BEKTOPOB Dir u Daor obecrieunBaeT HaJIW4YMe KaCATEIBHOMN
IIJIOCKOCTHU BO BCEX TOYKAX MMOBEPXHOCTH U, TAKMM 00pa30M OMPAaBIbIBAET HA3BAHUE ,,[IA/IKAs TOBEPXHOCTH".

2. M0KHO pacCMaTPUBATD KYCOUHO 24a0KU€E TOBEPXHOCTH, T.€. TIOBEPXHOCTH, COCTOSIIIIE M3 HECKOJIBKUX [VIAIKUX
KYCKOB, CLEIIJIEHHbIX CBOMMHU KpasiMu. IIpocreiiinuii npuMep KyCOYHO IJIaJIKOH MOBEPXHOCTU — MHOTOTDAHHUK.

11.4. Kommno3unusi pyHKIUNA U ee IIPOU3BOIHAS

Iycrs 3amau6r BekTOpHbIE moast f : R — R™ u g : R™ — RF. Torna ma R" ompemesieHa ux KOMIO3UIAS —
BekTOpHOe Tosie h = go f : R? — Rk,

B coorsercTBun ¢ Baxkubim corsamenunem (11.11.1) 6yzem npeanonarars, uro f u g HenpepbiBHO auddepen-
uupyembl. Torma ux npousBogubie (Marpunbl Iko6u) UMET pazMepsl k X M u M X T, COOTBETCTBEHHO.

N3zBecTHO, 9TO B Ciiy4yae (YHKIUA OJHOM mepeMeHHON HempepbiBHAs auddepeHimpyeMocTb GyHruuit f u g
BJIeUeT 33 CO00l HenpepbIBHYIO AuddepeHuupyeMocTsh ux Komnosuuun h = g o f, npuyem (11.8.2)

W(z)=(go f) () =g (f(2) - f'(2).
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MozkHO MMOKa3aTh, YTO B MHOT'OMEPHOM CJIy4dae uMeeT MECTO aHAJIOTUYIHAA

Teopema. Ecnu dbyskuun f u g UMEIOT HENpEpLIBHBIE NMPOM3BOIHBIE, TO WX KOMIO3uIms h = g o f Takxke
HenpepbIBHO auddepeHImpyemMa, mpuaemM

W=(gof)=(gof) f. (11.4.1)
(TIpoBepbTe COTrNIACOBAHHOCThH PA3MEPOB MEPEMHOKAEMbIX MaTpull, Skoou!)

IIpumepsr. 1. Ilycrs gaubt yncnossle Marpunpst A (pasmepa m xXn) u B (pasmepa k xm); f(x) = Az, g(y) = By.
Torna
h(z) = (go f)(z) = B(Az) = (BA)z (BA — marpuna pa3mepa k X n).

U3 npumepa 1 (n.11.1) crexyer, aro
fl(@)=A4, 4y =B, NIz)=BA.

2. Tycrs ryiakast Kpusast 3371aHa oTobpaskenuem 7 : [a,b] — R? | a nernrpepoisno muddepenuupyemas dynkms
f 83aumno 0dnosnawno orobpaxaer [, 8] ua [a,b], npuuem f' He obpamaercs B Hyah. Torma kommoduumst p = r o f
3azaeT Ty ke KpuBylo. [Ipu sTom no ¢dpopmyse (11.4.1)

prt)=r"(f®) - f'(t) (€[ B]),

OTKY/Ia BHJHO, 9TO KacaTenbHbe BeKTODPHI p' (t) u r' (f(t)) pasmwansl, HO aunelino 3asucumor. IloaTomy cooTBeTCTBY-
IOI[Me UM HAIIPABJIEHHBbIE OTPE3KH KOJIJIMHEAPHBI, U, CJI€I0BATEIbHO, 33JaI0T OJHY U Ty 2Ke KACATEJIbHYI0 K KPUBOIL.

Marpuunoe coornomenue (11.4.1) MOXkeT OBITH 3aMUCAHO B KOOPAUHATHOM (opme:

D;fi(z)
Dj(go f)i(z) = [D1gi (f(2)),- -, Dmgi (f(2))] - : (i=1....kj=1...,n)
Djfm(w)

OnepupoBatb mampuunsim cootromenunem (11.4.1) ropaszmo mpoine, OJHAKO NpU "PYYHOM CUETe MOXKET BO3-
HUKHYTBH NOTPEOHOCTD U B €r0 K0opdunammoti hopme.

11.5. Ilousitne 0 KOH(POPMHOM OTOOparkKeHUM

B 9TOM myHKTE KOOPAMHATHI TOYKH HA MJIOCKOCTH 0003HAYAIOTCA T U Y (2 = = + 1y).
Hanomuuwm, yto anamutuyeckas GpyHKIMs ObLIa, BBeIeHA HaMu B 11.7.1 Kak cymma, crerenHoro psiga. OHa ompe-
JCJIeHA B KPYyTre CXOAUMOCTHU 3TOr'0 PAIa U UMEET TaM IIPOU3BOJHBIEC BCEX MMOPAIKOB. B 9aCTHOCTH,

f(z0) = lim &) =1 (20) (11.5.1)

z2=2z0 zZ—Z0
Oynkums f NOPOXKIAET MAPY BEMIECTBEHHBIX (DYHKIMH, 33JAHHBIX BHYTPU KPYTa CXOAUMOCTH:
Fi(z,y) = Re(f(2)), Fa(z,y) =Im(f(2)).
Ucnons3ys stu dbyskmum, Moxkuo nepenucars (11.5.1) B Buzge

f'(z0) = lim Fi(z,y) = Fi (w0, 40) + i (Fa(2,y) = F2($0;yo)).

2=30 z — o +i(y — yo)
Y=Yo

HpI/I OTHOM TIOPAAKE BBIYUC/ICHUA IIPEAEJIOB IIOJIy YUM

(1111’1 F1($,y) - F1($07y0) +1 (FQ(.’E,y) - F2(5U0;yo))> —
T=x¢ Z’—.’E0+i(y_y0)

f'(20) = lim

Y=Y%o

~ lim Fi(zo,y) — F1(x0,y0) + i (F2(20,y) — F2(20,%0)) _
y=0 i(y — o)

= Do Fy(x0,y0) — % - D2F1(x0,%0). (11.5.2)
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W3menenue mopsiaka gacr

f'(20) = lim (lim Fi(2,y) = Fi(®o,y0) + i (F2(2,y) —F2(~’Uo;yo))> _
T e o 7~ 20+ iy~ 40)

— lim Fi(2,90) = Fi(w0,90) + 1 (Fa(#,50) = Fa(w0,90)) _
r=x0 T — Zo
= D1 Fy(z0,y0) + 4 - D1F>(0,%0)-
3

N3 (11.5.2) u (11.5.3) BbITEKAIOT TOXKAECTBA, U3BECTHBIE KAK Yca06usa Kowu-Pumana®.

D\ Fi(z,y) = DaFs(x,y) = Re(f'(2)), DiFa(z,y) = —D2Fi(x,y) = Im(f'(2))-

Matrpura Axobu orobpaxenus: F = [Fl, F2]T TIPUHUMAET Tenepb BU

[Re(f(2)) —Im(f'(2)
F@Y (@) Re(fe) |

Marpuua Tpama gis F'(x,y) pasua
(F'(2,9))" - F'(z,9) = |f' () - I2,

u, cienosaresbHo, ecu f(z 0, To marpuna ,# - F'(x,y) — oproronasbHasi.
If'(2)]

(11.5.3)

PaccmorpuM Teneps mapy MIOCKUX KPUBBLIX z = 7(t) U 2z = $(7T), npoxondmux depe3 To4Ky 2o = 7(tg) = s(70)-
YoM M€Ky KPUBBIME B TOYKE WX IIEPECETIEHUsT HA3BIBAIOT yTOJl MEXK/y HAIIPABJIEHHBIMU OTPE3KAMHU, COOTBETCTBY-

IOIUMMU KACATEIbHBIM BEKTOPAM K KPUBBIM B 3T0i Touke (puc.11.7a)

s(7) r(t
(a)

Puc.11.7

W3 kypca smneiiHO# ajredpbl ©3BECTHO, 9TO

cos(a) = <T' (o) SI(TO»
7' (o)l - 18" (o)l

O6pa3sl HamUX KpUBBIX 11pu orobpakenun F' 3anatorcs komno3uuusivu p = For u 0 = F o § cOOTBETCTBEHHO.

W3 Teopembl 0 IPOU3BOAHOM KOMIIO3UITUN UMEEM

p'(to) = F'(z0,y0) - 7'(to), 0'(10) = F'(x0,90) - 5'(70)

H, CJIeZI0BATEIBHO, KOCUHYC yIJia MEXIy 3TuMu obpasaMu B Touke p(tg) = o(79) paseH (puc.11.7b)

C te) o ()
<0s(B) = o)l - o (o)l

3Teopr ®puapux Bepmrapg PUMAH (1826-1866) — Hemenkmit MaTeMaTHK, OGUH M3 OCHOBATENEll HEEBKJIMAOBOH reomerpmu. ABTOD

MHOT'HUX (byH}Ia,MeHTaJ’IBHbIX Pe3y/IbTaTOB B PA3JIMUYHBIX pa3ae/iaX MaTEMaTHUKH.
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Ho mas mo6BIX IBYX BEKTOPOB a, b € R2
<F'(9«"0;y0) - a, Fl(x07y0) 'b> = <(F'($0;y0))* 'FI(:EOJyO) -a,b) =
=[f'(20)[ - (a,b);
1F" (20, 90) - all = ({F"(z0,0) - a, F' (0, 0) - ) "* = |f'(20)] - [la]]
IMosTomy, ecm f'(z) # 0, TO
)P ()8 ()
|f'(z0)| - [I7" (to)[I - [ f' (20)] - [I" (7o)

Mpb1 nokazasu, uro B Toukax, rae f'(z) # 0, orobpaxkenue F coxpansem yeavt mencdy 2aadKumu KpUSHLMU.
Ilosromy oTobpazkeHue, MOPOKIAEMOE AHAJIUTUIECKON (DyHKUUEH, IPOU3BOAHAsSL KOTOPOil He 00PAAETCs B HYJIb, Ha-
3bIBAETCH KOHPOPMHBIM.

cos(f3)

= cos(a).

Ipumep. Iockombky exp'(z) = exp(z) # 0, skcnonenTa mMOpoxgaeT KOHMOPMHOE oToOpakenue. IIpoBepbre,
YTO OPTOTOHAJIBLHBIE IPYT APYTY cemelicTBa npsaMbix Re(z) = const u Im(z) = const nepexonsar npu oTobpaskeHun
w = exp(z) B OPTOTOHAJTILHBIE IPYT APYTY CEMENHCTBO OKPYIKHOCTEH |w| = const u cemeiicTBo mydeit arg(w) = const
COOTBETCTBEHHO.

11.6. ITpousBogHBIE BBHICIINX ITOPSIKOB

Crkagsipaoe mosie f: R® — R mopoxkmaer n ckajspubix moseit Dy f,....D,f : R* — R. B cuny BaxkHoro
corstamrenns (m.11.1) MBI paccMaTpuBaeM TOJBKO CATYAIMH, B KOTOPBIX BCE OHM HEMPEPBIBHO mubdepeHnupyemsr.
TTosToMy KaxKJ0e M3 HUX, B CBOIO OYEPEJIb, IIOPOKIAET 7 CKAJISPHBIX IIOJIEH.

KOTOPbIE HA3BIBAIOT 8MOPHIMU “ACTHUMY NPou3eodnvmy dyukuun f. Kaxknasi Bropast 4acTHasi IPOU3BOAHAS IIOPO-
XKJAET T MPEMBUL YACTIHOLE NPOU3BOOHBLT U T.11.
Bropbie yacTHBIE TPOU3BOAHBIE CBOISTCS B KBQIPATHYIO MATPUIYy mOpsiaka 1. OHa Ha3bIBaeTCst 6mopoti npous-

600H0Ti ckanspHOro mosis f umu ero mampuyeti Tecce:

Dy (D1 f) D, (D f)
=
Mpuwmep. f(zy1,xs) = wix2.
D f(z1, ) = a3, Ds f(x1,72) = 22512,

Di(D: f)(x1,22) = 62123, Do(D1f)(1,22) = 6272,
Dl(DQf)(.’L'l,IIIQ) = 6.%'%.%‘2, DQ(DQf)(CL’l,IL'Q) = 2.’[5?

Marpurna l'ecce umeer Bus

f(@1,22) = [

Ob6paruTe BHUMaHUE HA TO, 9TO B HameM npumepe Dy Do f = Dy Dy f. M0XKHO OKA3aTh, 9TO U3 HENPEPHIBHOCTH
BTOPBIX CMEWAHHHE JACTHRIX TTpou3BoaneiX D;D;f u D;D;f cienyer ux paBeHCTBO U, CIeJ0BATENBHO, CUMMETPUY-
HOCTBL MaTpuIsl Lecce.

6z175 61272
2 3
6xizs 2z3.

3amveuanue. B ommuume or dyHKuuM oxHON nepeMeHHON Mbl He MoxkeMm Hamucarb f = (f')' (rak kak f' —
cTpoka, a me crosben!). IIposepbre, uro BepHa dopmya

=) = (v4)"
Hpuwmep. Hycrs f(z) = (Az,z) n A = AT. Tlokasxure, 1To
Vi(z) =24z, f"(z) =2A.

4Miomeur Orro TECCE (1811-1874) — Hemenkuil MaTeMaTHK.
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11.7. ®opmyna Teitsiopa BToporo mopsiika

Mycrs f: R® — R. Paccmorpum npupainenue Gyukimn [ mpu nepexoze u3 To9ku a € R™ B Touky a + h € R”
fla+h) - f(a).
ITycTs 3TOT MEepexo mpoucxoaut mo "orpe3ky npsimoit“ B R™
rt)=a+t-e, 0<t<]|hl,

rae e = h/||h|| — equHEYHBLT BeKTOP, COHANPABIIEHHBIH C A.
ITocrponm dyHKIMIO

o=for; o) =fla+t-e). (11.7.1)
Torma f(a+ h) — f(a) = ¢(||h||) — ¢(0). ITo bopmyne Teimopa BTOpOro nopsaka ais HyHKOEA @
h 2
SRl - 6(0) = 6/(0) -1l + ¢ () - 1AL (11.7.2
rae £ — HekoTopas Touka u3 unTepsaia |0, ||hl|[.
ITo Teopeme 0 MPOM3BOIHON KOMITO3UIIAN
F(t) = Flatt-e)-e, $(0)=F(a)-e (11.7.3)
Hamee
¢"(t)=(fla+t-e) -e), = (eT-Vf(a—f—t-e))l =
:eT-(Vf(a+t-e))l:eT-f"(a+t-e)-e. (11.7.4)

TMozacrapnsia 3uadenus GyHKIMA ¢ U ee TPOU3BOAHBIX B (11.7.2), momyunm gopmyay Tetiropa 6mopozo nopadka
oas ckaaapnozo noas (cpasuure ¢ 10.2.2)

1
fla+h) = f(a)+ f'(a) - h+ 5 hY - f"(a+€&-e)-h. (11.7.5)
(3amersre, uro f'(a), hT — cTpokm, f"(a+£-e) — KBagpaTHAs MATPHIA, a h — CTOIGEI, TOITOMY 00a CIaraeMbIX

B mpaBoii yactu (11.7.5) — uncia).
Dopmyay (11.7.5) MOKHO TEpENUCATH UHAYE, UCTIONb3Ysl TIOHATHE TPAIUEHTA

fla+h) :f(a)+<Vf(a),h>+%-<f"(a+§-e)-h,h> =

= f(a) +(Vf(a),e) - [l + (f"(a+&-€) - e,e) - @

Ecmu F : R* — R™ — Bekropnoe nose, T0, 06beauaus ¢dopmysst (11.7.5) st Bcex ero KOMIOHEHT, IOy IUM
dopmyay Teitnopa,

(11.7.6)

1A
2 )

rae F' — (m xn)-marpuna dkobu, o — m-MepHBIA BEKTODP, KOMIOHEHTHI KOTOPOTO BHIPAKAIOTCS 9ePe3 3HAMCHUS BTOPBIX
TMPOU3BOJHBIX KOMTIIOHEHT TTOJIsA F.

®opmyna Teitopa MO3BOJISIET TOKA3ATH TEOPEMY O JIOKAJIBHBIX IKCTPEMYMAaX CKAJSIPHOTO TOJsT (CPABHUTE €€ C
Teopemoit Pepma).

F(a+h)=F(a)+ F'(a) - h+ « (11.7.7)

Teopema. Eciiu V f (a) # 6, To B ToUKe a CKAJSIpHOE TIONIe f HE MMeeT 3KCTPEMYMa.

Hoxazarenscrso. [lomoxum B dbopmye (11.7.6) h =1t -V f(a)

fla+h) = f(a) = IVH@IP(1+(f"(a+&-e)-ee) %) 1.

O60o38a9UM

My = s[up]|<f"(a+€-€)-6,e>|, rae € = ||V f(a)]l-
£€[—e,.e
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Torga mpu KOCTATOYMHO MAJIBIX 3HAMEHUSX || (|t| < Ml2) BBIPAJKEHHE B CKOOKAaX IIOJIOXKHTEJIBHO H, CJIEJOBA-
TEJILHO,

sign(f(a+ h) — f(a)) = sign(t).

ITocnennee paBeHCTBO rOBOPUT O TOM, YTO ImpupaineHue MYHKIUA MEHSIET 3HAK B JII000H OKPECTHOCTH TOYKY @,
T.e. B 9TOIl TOYKE HET IKCTPEMYMA.

Sameuanus. 1. Touku, B koTopbix V f = 6 , HA3BIBAIOTCS CTAIMOHAPHBIMY TOYKaMu QyHKuu f.
2. MBI noKa3anmym TeopeMy B IPEATIOJIOKEHUH CYIIECTBOBAHUS 6Mopoti mpou3BoaHoil y dyrkmmn f. OaHako oHA
CIIPABEJIUBA, U [IPU HAJUYUU Y [ AUWb NEPEoti HenpepbieHoti TPOU3BOIHOMI.

11.8. @opmysna Teitsiopa TpeThero mopsifika JiJjisi CKaJasIpPHOTO IIOJIsI.
WUccnenoBanme riiagkoro pyHKIIMOHAIA B OKPECTHOCTH CTAIMOHAPHOM TOYKU

Banumem mis byskuum ¢ (em. 11.7.1) dbopmyay Teiinopa Tperbero nopsiaka

IIhII2 1Al

+69() -

¢(IRll) — ¢(0) = ¢'(0) - [|ll + ¢"(0) -

U BBIYUCJIUM C €€ IIOMOUIBIO IIPUPAINECHUE CKAJAPHOI'O IIOJIA :

fla+h) = f(a) = ¢([[Al]) — #(0).
Cornacuo (11.7.3) u (11.7.4) umeem

¢'(0) = f'(a)e, ¢"(0) =€ f"(a)e

(HanoMHmM, 9TO € = ﬁ — @IUHUYHBIA BEKTOD, COHAIIPABJICHHBI C h).

B cuny Ba)kHOTO COTJIAIIEHUSI [ MMeeT HempephIBHBIE YACTHBIE MPOM3BOIHEIE TPETHEro mopsimka, T.e. %)
CYUIECTBYET U HEIPEepPHIBHA.
Nmeem

3
% (11.8.1)

1
fla+h) = f(a) = f'@h+ 5hT - f"(@h+ ¢ (&)
NJIN
Lo (3) ||h||3
fla+h) = f(a) +(V(a),h) + 5:(f"(@h, h) + ¢ () 5~
(3mech mo-mpexxHemy ¢ — HeKoropas To4ka Ha uHTepBade |0, ||A||])-
Dopwmyia (11.8.1) nassBaercs gopmyaoti Tetinopa mpemvezo nopadka 0as CKAAAPHOZO NOAS.
Uccnemyem ¢ moMoIspo 31oit (hopMysibl BOMPOC O HAJIMYUU IKCTPpeMyMa, (DyHKIuU f B CTAIMOHAPHON TOYKE a.
Tak xak Vf(a) =6, o
[I21?
6

1
fla+h) = f(a) = 5{f"(@h, k) +67(©)
N3 kypca nuHeitHO#M airedbpbl U3BECTHO, YTO KBAAPATUYHAS (DOPMA YIOBIETBOPSIET HEPABEHCTBY

)‘min”hnz < <f”(a)h, h> < )‘mawl|hl|2a

r7€ Amin ¥ Amaz — HAUMEHbBIIIEE U HAUOOJbIIEe COBCTBEHHBIE YUCIa, cummempushol marpunsl Lecce f(a).
Ecmu marpuna f(a) nonoxkurenbHo onpeaesesa, To Apin > 0 u

flat = ) > 22 g+ 60 L = (min g L) e

MoxxHO B35iTH BEKTOp h HACTOIBKO MAJBIM IO HOPME, dYTOOBI ODECHEeYWTh BBIMOJIHEHUE HEPABEHCTBA,

A“éi"‘ + B (¢ 0% lin]] > 0 B okpecTHOCTH TOUKH a. B 3101t okpectroctn f(a+ h) — f(a) > 0, ecom h # 0, T.e. byuxuus f
UMEET B cmauuonapnou TOYKE @ JIOKAJBHBIH MUHUMYM. AHAJIOTHYIHO MOXKHO TIOKA3aTh, 9TO B CJIy9ae OMPUUATNEAbHO
ompenenenHoit marpunpt Lecce f”(a) byukuus f umeer B cmayuonaphoti TOUYKE @ JIOKAJIBHBIA MAKCHMYM.

Eciu marpuna T'ecce 3HaKOmepeMeHHa, T.e. CPEAM €€ COOCTBEHHBIX UHCEs €CTh XOTsA Obl OJHO OTPHUIATEIHLHOE
(o6o3naMMM ero A,,) u xorst 661 OxHO HONOXKMTENbHOE (0603HAYMMM €ro Ap), TO, BHIOpaB B kauecrse h COOCTBEHHbII
BEKTOD hyp, 3TOi MaTpuLbI, COOTBETCTBYIOMMI Ap, TTOLY M

o) g 2.

1B ll®
6

fa+y) = £@) = 2P + 89 Pl = (324609
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BasB BekTOp h;, JOCTATOYHO MAJILIM TIO HOPME, TIOIY M

fla+ hp) — f(a) > 0.

Buibpas B kauecTBe h cOOCTBEHHBIN BEKTOD h,, Marpuubl L'ecce, COOTBETCTBYIOIMNA Ay, , IOJLY UM

Am hm,
fla+ ) = 1) = (5 + 690 VL)
B3siB BekTOD Ay TOCTATOYHO MAJIBIM TI0 HOPME, TIOIY UM

fla+ hy) — f(a) <O.

Mpbr mokazasiu, 9yTo npupaiieHve GpyHKIuU f MeHsSIeT 3HAK B JII000H OKpecTHOCTH TOUYKM a. CjiemoBaTesbHO, B
9TOi TOYKE JIOKAJILHOIO YKCTPEMYMA, HET.

Ecmu marpuna Tecce nomyonpenenennas (mveer xoTs ObI OHO HyJIEBOE COBCTBEHHOE IHCIO \g, & BCE HEHYJIEBBIE
— OZIHOrO 3HAKa), TO BbIOPAB B KadecTBe h ee COOCTBEHHBIH BEKTOD hg, COOTBETCTBYIOLIMI Ag, HOLyYUM

[17oll?

Ha+ho) = f(a) = (&) ="

Buzano, uro dhopmyna Teitaopa mpemvezo mopsiika B 3TOM CAydae HE JAET BO3SMOXKHOCTU CYIUTh O 3HAKE MPU-
pamenusi GyHKIUKA B OKPECTHOCTU CTAIMOHAPHON Touku. Vcmonb3oBanue ke dpopmyiisl Tetiopa 60siee BbICOKUX MO-
PAIKOB BBIXOAUT 3a PAMKH HAIIIETO Kypca.



