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Tnasa 12. TEOPEMA O HESIBHO 3AJTAHHOM ®VHKITUU
1 EE ITPNJIOKEHU S1

12.1. HesBHO 3amaHHble (DYHKIIUHA

Haunem ¢ npumepa. IlycTs 3a0aH0 00H0 ypaBHEHHE C 08YMA 8eULECMBEHHBIMU TIEPEMEHHBIMY
2 4+y?—-1=0.

Bynem 3amaBarb npou3BO/IbHBIE 3HAYEHUS] & ¥ PELIATH [I0JIy YMBIIEECs] Y PABHEHIE OTHOCUTE/ILHO Y (HAIIOMUHAEM,
YTO HAC UHTEPECYIOT TOJBKO seuwecmeennsie pemenus!). Bo3aMoxkHbI Tpu cuTyarmm:

1. Ilpu mamHOM = ypaBHeHMe ne umeem pemenuit. Hanpumep, npu & = 2 monydyaeM ypasHeHue y? = —3.
2. Ilpu panHOM Z ypaBHEHHE WMeeT Heckoabvko pernenuit. Hanmpmmep, mpu z = ( momydaeM ypaBHeHUe
2 _ — —
y*=1, mTe. yr=1,ys=—-1.
3. Ilpun maHHOM % ypaBHEHHWE WMeEeT pPoeéHO 00no pemenue. Hampumep, mpu & = 1 mosydaem ypaBHEHHe

y? =0, Te. y=0.

Oupenenenne. ITycTh HA OTKPBITOM MPSMOYTONBHUKE |a, b[X]c, d[ 3anana eewecmeennan Gynkums F. Ecam nys
BCAKOTO T €]a, b ypasrenne F(z,y) = 0 umeer poeno odno pemenwne y €]c, d[, TO TOBOPAT, 9TO ITO yPABHEHWE HEAGHO
3adaem Ha wHTepBaJe |a, b GyHKIMIO cO 3HAYEHUsIMU U3 UHTEpBaJA |¢, d[. Ecim o6o3naunTs o1y dyHKIMO f, TO npn
Beex z €la,b] F(z, f(z)) = 0.

BaMeanHe. OTHHqHTeJIbHOﬁ OCO6€HHOCTI)IO HEABHOI'O 3aJaHUA d)yHKIH/II/I ABJIAETCA HaJINYHE B aJITOPUTME BBI-
YHUCJIEHUsI ee 3HaueHusl onepaimy "pemuTh ypaBHenue" (ecrecTBeHHO, 663 yKazaHUs Crocoba (PAKTUYECKOTO BBIMOJ-
HEHWsI 3TOM OIepalun).

Haunem ¢ aunetinoeo ypasHenust
a-(x—w0)+b-(y—yo) =0, (12.1.1)

rae a,b, g, yo — 3amanubIe yucaa u b # 0.
OueBUIHO, YTO TO ypaBHEHWE MPU JIIOOOM T OJHO3HAYHO PA3PEIINMO OTHOCUTENBHO Y, T.e. 3aJaeT HEAGHO
dbyukimyo f: R — R. HerpyaHo noayyunTs siBHOE BhIpajkeHue J7st 9ToH QyHKInmM:

y=fz)=yo—b""a (z~20); (samersre, 1ro f(z0) = yo).

Tenepn mepeiiziem K ypaBHeHuio obmero Buza F(r,y) = 0 u mpeamonoxum, 9to mapa 4gucen (To,Yo) €CTh
perenue 3Toro ypasuenus, T.e. F(zg,y0) = 0.
Ucnonways ans bynakmuu F dbopmysy Teittopal (11.7.5) u nomaras

o=l =[] o= ]
Yo Y—Y Yy

Fle,9) = Plao,n) + F'an,0) - [7 7 %0) + alz,p) =0

nepenuineM Hallle YpaBHEHUE B BUE

nin

Dy F(x0,90) - (x — 20) + DyF(z0,90) - (¥ — y0) + a(z,y) =0, (12.1.2)

roe a(z,y) = 1.pT. F"(a + &e) - h — ocrarounbiii wien ¢popmymsr Teitaopa.

Mpb1 Bugmm, uto ypasuenue (12.1.2) ornmuaercs or ypasuenus (12.1.1) TobKO OCTATOYHBIM 4jIeHOM (hOPMYJIbI
Teitnopa. Iockonbky npu F'(xo,yo0) # 0 u (z,y) 6amskux k (Zg,yo), OCTATOUHBIA 4ieH a(T,y) MaJ 110 CPABHEHUIO C
IEPBBIMY CJIAraeMbIMK, MOXKHO OXujarh, uro npu DFy(zo,yo) # 0 ypasnenne (12.1.2), kax u (12.1.1) 6yzer oxno-
3HAYHO PA3PENIMMO OTHOCUTEILHO Y TPH JIFO0OM T XOTs ObI B MaJIOi OKPECTHOCTH TOUKH (Zg, Yo)-

JleiicTBUTEIHFHO, MOXKHO II0KA3aTh, YTO CIPABEIJINBA

Teopema. ITycTh Ha OTKpBITOM NIPsIMOyTOAbHUKE J =|a, b[x]c, d[ 3aaHa HenpepsiBHO auddepenimpyemast byHK-
mast F: J — R Iyers (z0,y0) € J, npudem F(zg,y0) = 0, a DyF(z0,y0) # 0. Torna cymecrsyior Takue J, C |a,b|
(oxpecTHOCTB TOUKH o) 1 Jy C |c,d| (OKpPeCTHOCTH TOUKH Yg), 9TO

1) mpu mobom z € J, ypasuenue F'(z,y) = 0 umeer eguucTBenHoe pemenue y € J, (oOparure BHEMaHUE, He
BOOOIIE eUHCTBEHHOE PEIIeHNe, & ¢UHCTBEHHOe pelneHue, seacaujee 6 Jyy ). Takum obpasom, ypasuenue F'(z,y) =0
HesABHO 3a13eT Gynkmmio f: J, = Jy;

1B cooTBeTCTBUY C BajtcHbiM COZAQGUIEHUEM MBI CIUTAaEM, YTO (DyHKIHS MMeeT BCe HY KHbIEe HAM MDOU3BOJIHEIE.
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2) F(z, f(z)) = 0 npu Beex z € J,;

3)f(zo) = yo;
4) f menpepbiBHO muddepeHuupyeMa Ha J;.

Teomerpuveckuii CMbICT TOM TEOPEMBI OY€Hb MPOCT: B HEKOTOPOI OKPECTHOCTH TOYKH (g, o) MHOXKECTBO pe-
wenwuit ypasuenus F'(z,y) = 0 ecrb rpaduk rinaaxoit Gyakuuu f.

[pumepst. 1. (puc. 12.1a) Mycrs F(z,y) = 22 + 42 — 1, u (20, yo) — HEKOTOpast TOYKA, JIEKAAs HA BEPXHEil
Jiyre eIUHUIHON OKpykHOCTH, T.e. F'(x9,y0) = 0, yo > 0. Torma Dy F(x9,yo) = 2yo # 0. I3 pucynka BuAHO, 4TO B
HEKOTOPO# OKPECTHOCTU TOYKHU (Lo, Yo) MHOKECTBO PEIIEHUI yDABHEHUS 2%+ y2 — 1 = 0 mpencraBasier coboit rpaduk
dyukuun y = f(z), T.e. IjIg KAXKIOrO &, JOCTATOUHO OIMBKOrO K T, CYyLUIECTBYET POBHO OJWH Y, 6JU3KU K Yo, TAKOI,
gro x2 +y% — 1 = 0. ®parment rpadura byrkmun y = f(x) uzobpaxken Ha puc.12.1.b. Buaxo, aTo eciu He TpeGoBaTh
6IM30CTH Y K Yo, TO HAILIOCH OBI HE OJHO, a /IBa PEIeHNs] YPABHEHUS: Y U —Y.

K coxanenuro, Teopema He Jaer cBejeHuit 00 okpecTHOCTSX J, U Jy. OUeBHIHO, IYTO HA PHCYHKE OHHU B3ATLI HE
HauOOJIBIIINMY U3 BO3MOXKHBIX.

3aMeruM, 4TO B HAlleM IPUMEPE HETPYAHO HaliTu senoe Bhipaxkenue dyukuuu f: f(x) = +v1 — 22 (31ech
y4dTeHo, 4To Yo > 0).

B rouke xe (—1,0) D, F = 0. 13 pucyHKa BUAHO, 9TO B JTO00N OKPECTHOCTH TON TOYKM MHO2KECTBO PEIIeHHUIT
yPaBHEHUS HE SBJsieTCs rpadukoM QyHKIUN.

(~1,0) - vo g

Zo

Puc. 12.1a Puc. 12.1b

2. F(z,y) =2"—zy+y®—1,20 =0,y0 = 1. F(0,1) =0, DF,(0,1) # 0. B cuiy copmymposantoii Teopempl
ypasrenue ' — zy + 4% — 1 = 0 ompenenser B mekoropoit okpecrnoctu touku (0,1) dbynkmuio y = f(z), oxHako
HETPYAHO yOeauThCsi, 9TO €e SIBHOE 33JaHKe IIOJIyYuTh He yaacrcsa. Pparment rpaduka 3Tok GyHKimy n300pakeH Ha
puc 12.2.

1.2

0.8
-0.95 0 0.95

Puc. 12.2
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Bameuanve. B ciyuae Dy F(z,yo) = 0 Teopema He JaeT HUKAKNX 33KJIIOUEHHIT O CTPYKTYPEe MHOMKECTBA, PeIlleHHit
YPABHEHUsI B OKPECTHOCTU TOYKHU (Tg,Yo). IIpuBEneM HECKONBKO MPOCTHIX MPUMEPOB, B KOTOPHIX Lo = Yo = 0 u
D,F(0,0) = 0.

1.z —y? = 0 (puc 12.3). 3aech npu = > 0 ypaBHeHHe UMeeT qBa permenus, npu £ = 0 — omHO, a ipu = < 0 — HA
OJIHOTO.

2.z —y% =0 (puc 12.4). 3necs npu Beex T € R ypaBHeHUe MMeET OTHO PeIIeHHe.

\/ ~
S~ A

Puc. 12.3 Puc. 12.4

3. 22 — y2 = 0 (puc 12.5). 3nech mpu Beex T # ( ypaBHEHHe WMeeT JBa PElTeHHs.

4. 22 + y? = 0 (puc 12.6). 3mech npu m060M T # 0 ypaBHEHHE He UMEET HU OJHOTO PEeITeHHs.

Puc.12.5 Puc.12.6

ObpaTure BHUMaHUE HA TO, YTO MHOXKECTBA PellleHuil ypaBHeHui B mpumMepax 1, 3, 4 He siBas0TCS rpadbuKaMu
YHKIWMIT MU 6 KAKOM OMKEDHMOM TPAMOY20MLHUKE, COOEPHCAULEM HAMAA0 KOOPIUNAM, B TO BPEMS KAK B TIpHMe-
pe 2 ypaBHEHWe 33]]aeT HeslBHO (DYHKIMIO 6e3 kaxuT-aubo ozpanuvenut] Ha TiepeMeHHble (HETPYIHO HANTH ee SBHOE
soipaskenne: f(z) = sign(z) - |z|'/?).

ITIycTs Teneps yCioBusi TeOpEMBI BBIIOJIHEHBL U ypaBHeHue F' (.’E,y) = ( 3313eT HeA6HO B HEKOTOPOU OKPECTHO-
¢ty TOYKU g GyHKumo y = f (:1:) CO 3HAYEHUSIMU M3 OKPECTHOCTH TOYKH Yo. Ilomyunm bopmysty Jjist BBIYUCIEHWST
IPOUM3BOIHON HEeABHO 3aJaHHOM hyHKImK f (CymecTBOBaHME ITOH MPOM3BOIHON rapAHTUPOBAHO TEOPEMOI ).

IMozacrasus B ypasuenue F(z,y) = 0 ero equncTsenHoe pemenue y = f(), MOIyIUM TOXKIECTBO

(Foy)(u)=F(u, f(u) =0, (12.1.3)

rze orobpaxkenue ¢ (cM. puc. 12.7) onpeznesneso Ha J,.
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Puc. 12.7

Huddepenmupyem moocdecmeo (12.1.3)
(F o) (u) -/ (u) = 0.
TloncraBus croma
Fia) = [D:F @) D F el @)= | pi,|

[IOJIy YUM

D, F(u, f(u)) + DyF(u, f(u)) - f'(u) =0, orkyma

-1 D, F(u, f(u))

f'(u) = —(DyF(“af(U))) * Dy F (u, f(u)) = D, F(u, f(u)” (12.1.4)

Bameuanus. 1. B ¢popmyse (12.1.4) nenenne ma Dy F (u, f(u)) BO3MOXKHO, Tak Kak IO ycI0BHIO Teopembl Dy F
OT/IMYHA, OT HyJisl B TOYKe (Lo, Yo), & CIEJOBATENIBHO, 10 HENPEPLIBHOCTH, U B HEKOTOPOIi €6 OKPeCTHOCTH (BHE KOTOPOit
aTa (POPMyJIa, €CTECTBEHHO, HE PaboTaer).

2. Hnsi GaxTUYeCKOro BBIYMCICHUs] 3HAYEHWsI MPOM3BOJHOM HESBHO 3aJaHHON dyHkumu [ no dopmyse
(12.1.4), HEOOXOAUMO NPEIBAPUTEIBHO HANTY 3HAYEHNE ITON (DYHKIWHU, T.e. PEIUTh (HAIPUMED, YUCICHHO) YPABHEHHUE

F(z,y) =0.
Bepuewmcs k HammyM npuvepam. Ecmu F(z,y) =22 +y*> —1, 2 >0, y > 0, o D, F(z,y) = 2z, D, F(z,y) = 2y.
Mostomy f'(z) = —%% = —%. 3ech MOXKHO HaliTU siBHOE Bbipaxkenue s dbyuxkuun: f(z) = +v/1 — z2. Tlosromy

f!(z) = ———£—, 4T0 JIErKO MPOBEPUTH HEMOCPEICTBEHHO.
W=
6 —
Ecmu e F(z,y) = 2" —zy +y® — 1, 10 D, F(z,y) = 72® —y, D, F(z,y) = —z + 6y°, f'(z) = —ijs — Z 3necn

HOJIy9UTh SIBHOE BhIPaKeHHe (DYHKIUKM HEBO3MOXKHO, OqHAKO pu & = 0 umeem y = 1 u

2% —y 1

7/0) = - =
6y5 — L lz=0, y=1 6

Ob6paruMcst Tenieph K HESIBHOMY 33JJaHUIO 8eKMOpH0o20 noas. IlycTh 3a1ana cucrema u3 n ypaBHeHuUit ¢ n + m
TIepEeMEHHBIMU:

F(z,y) = 0y. (12.1.5)

ez € R™, y e R, F(a,y) = [Fl(;c,y),...,Fn(;c,y)]T — dbyskimus u3 R™ x R* B R”.

Eciu cymecrByor takue muoxecrsa U C R™ u V' C R”, uro gys Besikoro & € U cucrema (12.1.5) umeer posho
0010 pemerue y € V, TO rOBOPST, 4TO 9Ta, cucTeMa 3aaaeT Hesaeho Gyukimio f : U — V. OueBugHO, 94TO NpU BCEX
z €U F(z,f(z)) = On.

BHOBb HauHEM C PACCMOTpPEHUS AUHETHOT CHCTEMBI

rae A u B — MaTpunpl pa3MepoB n X m U 1 X N COOTBETCTBEHHO.
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OuesBuzno, uto npu det(B) # 0 cucrema (12.1.6) ogHO3HAYHO pa3penIuMa OTHOCUTEIHHO Y U 33/a€T HEesIBHO
dbyukmmo f: R™ — R". HeTpyaHO NOIyYuTh sIBHOE 3aJaHue 3TOi (DYyHKIUN:

y=f(z) =y —=BA-(z —20); f(a@)=yO.

ITycrs Teneps naHa cucrema obwero Buaa (12.1.5) u M3BECTHO ee pelneHue — ynopsiJOYeHHas Iapa BEKTOPOB
($(0),y(0)) . F(x(()),y(o)) =0,.
Ucnonssys dopmymy Teiimopa (11.7.7), 3anumem cucremy (12.1.5) B Buze

— 20
F'(2©,y©). [z - ;(0)] + a(z,y) = by, (12.1.7)

rae F' (29, y©) = [D,F(z©,4©), D, F(2(®,y©)] — marpuna SIko6u pasmepa n x (m + n) (ee 6oxu — marpuipt
D,F n D, F, cocTaBieHHBIE N3 YaCTHBIX MPOM3BOJHBIX KOMIIOHEHT F' 110 KOOpIMHATAM BEKTOPOB X ¥ Y COOTBETCTBEHHO,
— UMEIOT Pa3Mepbl 1L X M U 1 X N);
z — 20
[z«/ -y
a(z,y) — ocrarounsrit 4en (opmysibl Teiopa — cronber BHICOTHI 7.
Pacnucas (12.1.7) noapobHee, noiy9auM ypaBHEHUE

] cToJIOer] BBICOTHI 111 + 15

D,F (29,4 . (2 — 29) + D,F (2,y?) - (y — y©) + a(z,y) = b5,

ormuuatomeecst or (12.1.6) Toabko ocrarounbiM wieHoMm a(z,y). TIo3ToMy MOXKHO OXKUIATH, YTO NPU
det(B) = det(DyF(m(O), y(o))) #0

cuCTeMa 1pY 33/1aHHOM 3HAYEHUM X OyJIeT OJHO3HAYHO PAa3PEeIIMMa OTHOCUTEIHHO Y B HEKOTOPOH OKPECTHOCTH TOYKHU
0 0
(), y©).
CdopmynupyeM COOTBETCTBYIOIILYI TEOPEMY.

Teopema. Ilycts
JIm =]a1, bi[x]az, ba[X ... X]am, by [ — napannenenunes 8 R™;
JIn =|er, di[X]ca, da[X . .. X]cp, dp| — napamnenenunen 8 R™;
Jmn = Jm X Jp, — mapasnenenunesn B R™T7;
F: Jun = R — nenpepsBHO nuddepeHimpyemasi BeKTOP-hYHKIHST;

(29,4©) € T, F(a®,y®) =8, det(D,F(z,y)) #0.
Torga cymecrByior Takue U € J,,, — okpecrrocts Toukn (% u V € J, — okpecrrocts Toukn y(?, uro

1) ayia kaxkporo ¢ € U cyuectByer equncTBennblii y € V — pernenue ypasaenus F'(x,y) = 0,,, T.e. 3T0 ypaBHeHue
uesiBHO 3azaer Gyukuuio f : U = V;

2) F(.TC,f(.CE)) =0n;
3) f(m(ﬂ)) =40,
4) f menpepsBHO muddepennupyema ua U.

Just Berawciiennss Mmarpunpbl ko6 HEsSBHO 3a1aHHON (dyHKIMM f paccMOTpmM BHOBB puc. 12.7 (oroGparkenwme
o npu 3tom onpenenero Ha U). duddepennupys roxaecrso (F o ¢)(u) = F(u, f(u)) = 6,, semonustomeecs ua U,
TOJTY I1M

(F o So)l(u) = (FI 0 90)(’“) : Sol(u) = Onxm

(O xm — HYJIb-MATPHULIA PA3MEPa, 1 X M).
IToncraBiss crona

(I, — equHVYHAS MATPUNA TIOPSIKA M), TOJTYIAM

DzF(Uaf(u)) + DyF(u,f(u)) : fl(u) = Onxm
(mpoBEpBTE COTIACOBAHHOCTL PA3MEPOB MATPHIL!), OTKY/Ia

-1

F(u) = —(DyF(u, f(u))) - Dy F (u, f(u)). (12.1.8)
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ITpuwmep. Ilycts
m=mn, w,yER"a g: R* — R", F(a:,y)za:—g(y)

Torna ypasuenuem x — g(y) = 0, 3amaeTcs HesiBHO bynkus g~ 1, obpaTnas byHKIME g.

IMockonsky Dy F = —g', TeopeMy O HesBHO 3amaHHON (DYHKIUM MOXKHO HepedOpMyIMpOBATH B T€OpeMy 00
obpaTHOit DyHKINY TaK:
IIycrn
JIn =|er, d1[X]eq, da[X ... X]ep, dn| — napamnenenunen B R”;

g: Jo=oR*, y@ ey, det(g'(y(o))) £ 0.

Torza B HeKoTOpPOI OKpectrOocTH Toukn Y0 bymkmms g o6parTnma, o6paTHas eii GyHKIWs g~ HENPepPLIBHO

muddepenupyema, u
-1

(g_l)l = [g' o g_l] . (12.1.9)

. —1y/ 1
B ciyuae n = 1 91a Gopmyna jsaer ussecrHblii pesyabrar: (') = s

Bameuanusi. 1. Tlockonbky det(D,F) ne pasen Hyuaio B TO4Ke (Lg,Yo), TO 1O HENPEPHIBHOCTHA OH OTJIMYEH OT
HyJIsi 1 B HEKOTOPOII €e OKPECTHOCTH, B KOTOPOH, cienosarebuo, ooparuma marpund Dy F' u npumenuma dopmya
(12.1.9). Ocraercs Tak:Ke B cuje 3aMedaHue 2 Ha CTp.77.

2. B peasnbHOIi 3a/1a49€ TIepeMeHHbIe, KOHEYHO, He IIOIEJIEHbl U3HAYAIbHO Ha He3aBucuMble ("ukchl") u 3aBucu-
mbie ("urpeku"). IlocraHOBIIUK 3a1a49u CaM BBIOMPAET T€ MEPEMEHHBIE OTHOCUTEIBHO KOTOPBIX OH XOUYET Pa3PEIlduTh
CHCTEMY, ¥ IPOBEPSIET BBIMOJIHEHUE YCIOBU TEOPEMBIL.

3. B dopwmyae (12.1.9) umeer mecto "kommusus cumponos: g~ oboznavaer GyHKImIO, 06paTHYI0 GYHKIHT g,

-1
a [g' o gfl] — Marpuity, OOPATHYI0 MaTPULE [g' o gil].

12.2 Baganwue riaskoi mosepxHOCTH B R® ypaBHeHmeM

Paccmorpum ypaBueHue
F(z) =c, (12.2.1)

roe F : R® — R — menpepnisro quddepentmpyembrii byHKITOHAT, a ¢ — 9nucT0. HalTOMHIM, 9TO MHOYKECTBO PeTeHw it
9TOr0 yPaBHEHUSI HA3BIBAETCS MHOHCECMBOM Yposus DyHKunonama F.

IIpeanonoxkum, 910 TOYKA @ yaoBjierBopsier ypasaenuio (12.2.1) u VF(a) # 6. Torga, ne ymanss obiHoCTH,
MOXKHO CYMTATh, HanpuMep, 9to D3F(a) # 0. [Ipumensisi K ypaBHEHUMIO TeOPEMY O HESIBHO 3aJaHHOM dyHKImK (316Ch
m = 2, n = 1), noay4aeM, 9T0 B HEKOTOPOH OKPECTHOCTU TOYKU @ YPABHEHUE MOXKHO 00HO3HAHO PA3PEUIUTH OT-
HOCHUTEJIbHO I3, T.€. MHOXKECTBO YPOBHs (DYHKIIMOHAJIA B 3TOM OKPECTHOCTHU IIPEACTaBJIsieT CO0Oi rpaduk dyHKuun
Ir3 = f(xl,mg) u

F (21,22, f(z1,22)) —c =0, f(a1,a2) = as.

Dyukuus f wenpepsiBuo auddepenuupyema, u, cienoBaresnbHo (cM. 1m.11.3), ee rpaduk ecTb raaKas IOBEpX-
HOCTh. [IpOBesieM B TOUKe @ KacaTeIbHYIO TIJIOCKOCTh K 3TOM MMOBEPXHOCTH.
U3 dpopmyssr (12.1.8) momydaem

f'(al,ag) = —D3_1F(a1,a2,a3) - [DlF(al,az,a3),D2F(a1,GQ,a3)].

Orcrona
D1F(a) DgF((l)
D =229 p =224
1f(a1,az2) DsF(a)’ 2f(a1,a2) DsF(a)
Mozacrasnsia pesyasrar B dpopmyy (11.3.2), moxydum
_ DlF(a) DQF(G)
T3 —az = DsF(a) (1 —a1) + DsF(a) (z2 — a2)

unu, nocse ymuoxkenusi Ha D3 F'(a) # 0,
DlF(a) . (.Z'l — al) + DQF(G) - (.’L‘Q — a2) + D3F(a) - (.’E3 — (13) =0

wm F'(a)-(xr —a) =0, wm, nakonen, (VF(a),(z—a))=0. (12.2.2)

B CUJIy CUMMETPUN ITOr'0 yPAaBHEHUA OTHOCUTEJIBbHO KOODAWHAT OHO 6y,11eT BBINIOJIHATBHCA, €CJIN XOTHA OBl OJHa U3
TpeX 9aCTHBIX IMIPOU3BOJHBIX OTJINYHA OT HYJId, T.€. KOTJd OTJINYEH OT HYJid I'DAJIUCHT (byHKIII/IOHa,.Ha F.
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Urak, eciu F'(a) = ¢ u VF(a) # 6, T0O B HEKOTOPO# OKPECTHOCTH TOYKU ¢ MHOXKECTBO YPOBHSI (DYHKIMOHAA,
€CTh TJIQIKas TIOBEPXHOCTh. EC/M 7Ke TpaJueHT OTJIMYEeH OT HyJist BO BCEX TOYKAX MHOXKECTBA yPOBHSI (byHKIMOHAJA,
TO €CTECTBEHHO CKA3aTh, YTO BCE 3TO MHOXKECTBO €CTh TJIAJKAsl MOBEPXHOCThL (€€ HA3BIBAIOT NOGEPTHOCTILIO YPOSHA
Pynryuonasa F.)

—1.

Hpuwmepst. 1. F(x1,32,73) = 23 + 73 — 3
F(z) = —z3]T. T 6 i
VF(z) = 2[z1,22, —z3]" . T'paguent, oueBnaHO, HE OOPAIMAELTCS B HYJIb HU B OJHON TOYKE MHONCECTNEA YPOGHA.
Kak u3BecTHO u3 Kypca JUMHEHAHON ajiredpbl, 3T0 MHOXKECTBO — ABYXIIOJOCTHbBINA IUIIepOOJIOn I,

2. F(x1,22,23) = 22 + 22 — 22 = 0. DT0 — APyroe MHOXKECTBO YPOBHSI TOrO kK€ (DYHKIMOHAJIA.
) ] 1 2 3

VF(x) = 2[z1,22, —x3]T. Tpaament obpamaercs B Hy/Tb B OTHOM TOYKE MHOXHCECMEA YPoeHA (B HAYATE KO-
opaunar). Teopema 0 HesaBHO 3a7aHHON (DYHKUIUM HE PAOOTAET B OKPECTHOCTH 3TOH TOuku. Kak u3BeCTHO u3 Kypca
JIMHEMHOH ajireOpbl, paCCMATPUBAEMOE MHOXKECTBO YPOBH# — KOHYC, "Hernaaxkuii" B BeplIMHE, HO IVIQJIKWH BO BCEX

OCTaJIbHBIX CBOUX TOYKaX.

Epuauassni Hanpas/eHHbI OTPE30K, NEPHEHAUKYJISIDHBIN KACATEIBHOM IJIOCKOCTH, HA3BIBAETCS HOPMAADHIO K

HOBEPXHOCTH B TOuYKe Kacanus. 113 (12.2.2) BugHo, uro VF(a) nepueH uKyJIsipeH KacaTeIbHON ILUIOCKOCTH, T.€. KOJI-
JrHeapeH HOpMamu. [oBOpAT, UTO gpaduenm GYHKUUOHAAG OPTNOZOHAAEH NOBEPTHOCTNU YPOBHA IMO20 HYHKYUOHAAGC.

12.3. YciI0BHBIH 3KCTpEMyM

B npuiiokenusix 4acTo BO3HHMKAIOT 33/1a49U O HAXOXKJEHUU IKCTPEMYMa (DYHKIMOHAJIA [IPU HEKOTOPBIX JIOIOJI-
HUTEJBHBIX yCoBusix, OIHYy U3 TaKWX 337139 MbI PACCMOTPUM B 3TOM ITyHKTE.

IIycts F, G : R® — R — mempepsBHO quddepennupyemele bdyHrnuonansl. Tpebyerca HANTH JOKAIbHBIE
sKCTpeMyMbl (byHKImMoHaNa F' Ha rinaakoil moBepxHocTH ypoBHs (yHKuuonana G, 3amanHoit ypasaenunem G(z) = c.

ITycTh TOYKA a JIEKUT HA ITOH MOBEPXHOCTH ypoBHs. Benencrsue riaakocru nosepxuoctu VG(a) # 0, u Mbi
MOXKeM paspemuTh ypaBaerue G(r) = ¢ B OKPECTHOCTH TOYKM @ OTHOCUTEIHHO XOTs Obl OMHOM U3 KOOpAUHAT. I1ycTh,
nanpumep, D3G(a) # 0. Torpa nosepxuocts G(x) = ¢ B OKPECTHOCTH TOYKH @ NPeCTaBiseT coboil rpaduk dyHkumn
z3 = f(x1,%2). IlosroMy Haju4me B TOUKE @ JIOKAILHOTO KCTpeMyMa y (byHKumoHa a F' Ha NOBEPXHOCTH yPOBHsI
dyuruuonana G PaBHOCHIBHO HAJIWYUIO JIOKAJIBHOTO IKCTPEMYMa ¥ (DYHKIMOHAIA

¢($1,$2) =F ($17.Z'2,f($1,$2))

B Touke (a1,az) € R?.

1 = Uy

le————— U1

ro = U2

r3 = f(u1,u2)

le— U2

Puc. 12.8

Kak u3BecTHO, TOYKA JIOKAJBHOrO KCTPEMYyMA TIJIAAKOrO (yHKIMOHAIA ¢ 00si3aHa OBITH €ro CTanrOHAPHOMN
roukoii. Takum obpazom V(ay,as) = 0.

"3 puc.12.8 suano, uto ¢ = (F o) = (F' o) - ¢'.

Mockonbky (F' o p)(u1,u2) = F' (u1,uz, f(u1,u2))

: 1 0
¢'(u) = 0 1 :
Dif(u) Daf(u)
TO

Vé(ar,as) = (¢'(a1,a2))" =
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_ DlF(a) -1+ D2F(a) -0+ D3F(a) . le(al, az)
- DlF(a) -0+ D2F(a) -1+ D3F(a) . sz(al, az)

Orcrona
DlF(a) + D3F(a) . le(al, az) = DQF(G) + D3F(a) . sz(al, az) =0

Bcenomunas dpopmynsr (12.2.2), moxygaem

D1F(a) — DsF(a) - % — DyF(a) — D3F(a) - % —0
[D1F(a), DyF(a), DsF(a)] = % . [D1G(a), D2G(a), DsG(a)],
VF(a) = X-VG(a), (12.3.1)
rme A = 32%83 — YUCJIO.

Eciiu npenonokuTh, 9T0 OTIMYHA OT HyJsl Apyrasi KOMIIOHEHTa BekTopa V(G(a), To moC/ie aHaJOrMIHbIX IIPe-
obpa3oBanuil npuaem onarb K coorHomenuio (12.3.1).

Takum o6pazom, ecu Bekropsl VF(a) u VG(a) auneiino nezasucumot, T0 B Touke a GyHKunoHan F ne moorcem
UMEMD AOKAALHOZO IKCMPEMYMA KA NOBEPTHOCTNY Yposha Pynryuonare G. Toukn nosepxuoctu G(x) = ¢, B KOTOPBIX
BBITONTHEHO ycnoBre (12.3.1) HA3BIBAIOTCS cmayuonapromy moukamy Gyaxumonana F Ha 910 moBepxHOCTH.

MozkHO noKa3aTbh, YTO AHAJOTUYHBIA DPE3YJIBTAT MMEET MECTO B NPOCTPAHCTBE JI000H DPa3MEPHOCTH: eCiiu
F,G : R* - R — menpepsBao muddepenmupyemble GbyHKIMOHAIBI, & ypaBHeHHe G(I) = ¢ 337aeT IIanKyo ,Jo-
BEPXHOCTH", TO B TOYKAX ITOM MOBEpXHOCTH, rie rpaguentol VE u VG suHeitno nezaBucumbl, GyHKIpoHAT F He
MOHCEM UMEMD AOKAALHOZ0 IKCTNPEMYME HA NOBEPTHOCTNU YPosHa Pynryuonasa G.

OTO yTBEpXK/IEHUE HABBIBALTCS meopemoti Jiaepa.

ITo ucropuyeckuM NpUYUHAM PACCMOTPEHHYIO 3329y OOBIMHO HA3BIBAIOT 33,4a4€it 06 3KcTpeMyMe (hyHKIMOHAA,
F upw pononawnrensaoM yenosuu G(z) = ¢ wm 3axadeii 06 ycaoenom sxcmpemyme. BaxkHO NOHUMATD, 9TO 3TO IPOCTO
3azaga 06 IKCTpeMyMe HOBOrO (byHKIMOHANA (M3MEHsIeTCs1 06.aacmb onpedesenus byakuuonana F')!

(a) () (©)

Puc.12.9

Ipumep (cm.puc.12.9). M3BecTHO, 9TO JUHEHHBIH (HYHKIMOHAI
F:R SR F(.’L‘l,.Z‘Q) =1 + o

(bparment ero rpaduka — HaKJIOHHOHN IJIOCKOCTH — W300pakeH Ha puc.12.9a) He UMeeT JIOKAJIbHBIX IKCTPEMYMOB.
OHAKO ecyii PACCMATPUBATD MOBEJAEHUE ITOr0 (hbYHKIMOHAJIA HE HA BCEH KOOPAMHATHOMN MJIOCKOCTH, 8 HA, OKPYKHOCTH
G(z) = 2 4+ 22 = 1, TO 3KCTPEMYMBI TIOABIAIOTCSL.

HeiicTBUTEIEHO, TADAMETPUYECKUE YPABHEHUS HAIIEH OKPY2KHOCTH

x1 = cos(t), 2 = sin(t); t € [—m, 7],

rpaduk cyxenus F' Ha Hee (mpocTpaHCTBeHHAsi KpuBasi) u300pakeH Ha, puc.12.9b), a ero passeprka — Ha puc.12.9c.
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Teopema, Diinepa umeer B R? u R® mpocTyio reomerpuieckyio uaTepriperanuio. Pamee (m. 11.7) 6b110 TTOKa3aHo,
4qTOo Cl)yHKILI/IOHa.TI F HE MOZKET UMETH JIOKAJIBHOTO 3KCTPEMYMa B TOYKE, I'Zle €ro rPpaJueHT OTJIUYECH OT HYJId, TaK KaK
F BO3pPACTa€T B HATPABJICEHUU I'PDAJUCHTA 1 y6I)IBaeT B HAIPAaBJICHUU aHTUTPDAAUCHTA. B CIIyvae YCJIOBHOTO 9KCTpEMyMa
cuTyanus OC/JIOXKHACTCA TE€M, YTO ABUXKEHUE U3 TOYKU, .He)Ka,Hleﬁ Ha TTOBEPXHOCTU YPOBHHA (byHKHI/IOHa,.Ha, G MOZKeT
OIPOUCXOOUTH HE B IIPDOU3BOJIBHOM HAIIPAaBJICHUHU, & TOJIBKO II0 3TOU IIOBEPXHOCTH. PaCCMOTpHM curyanuu, CXeMaTU4IeCKU
n3o0parxkeHube Ha puc.12.10.

Gz)=c

Puc.12.10

N3BecTHO, 9TO B TOUKE, JIeXKAIIEH HA TIOBEPXHOCTH YPOBHS (ByHKIMOHAA (G, HAPABIEHHBIN OTPE30K V? ep-
HNEeHVKYJISPeH 3Toil noBepxHoctu. Eciu Hanpasiennsiii orpe3ok VF' ue kommneapen VG (touka A ma puc 12.10)
T.€. He NEPIEHAUKYJIIPEH NOBEPXHOCTH YPOBHSA (DyHKUMOHANA (G, TO €ro mpoeKiys Ha KACATEIbHYIO ILIOCKOCTh (IIpo-
M3BOJHAS [0 HANPABJIEHUIO) OTJIMYHA OT HyJsi. Clie10BaTebH0, B OKPECTHOCTU TOYKU A (DyHKIMOHA NPUHUMAET Ha
NOBEPTHOCTU YPOSHA 3HAYCHUS U DOIbINUe U MeHbIme, yeM F'(A), T.e. He umeeT B 3T0# TOYKE IKCTpemMyMma. B Touke B

HampagJjeHHble oTpe3kn VF' u V(G xonmmHeapHs!, poekus VF' Ha KacaTeJbHYIO IJIOCKOCTh K TTIOBEPXHOCTU YDPOBHSI
pPaBHA HYJIO — B 9TON TOYKE YCIOBHBIN IKCTPEMYM MOdHCEM ObiMmb.

Coorrowenne (12.3.1) moxker GbITH IEPENUCAHO TAK:
V(F - \G) =0,

T.€. CTAIMOHAPHBIE TOYKHU (DYHKIMOHAJIA F' HA MOBEPXHOCTU yPOBHS (DyHKIMOHAIA G — 9TO B TOYHOCTHU CTAIMOHAPHBIE
toukn pyarmmonana F' — A\G (¢ IONOJIHUTEIBHON IEPEMEHHOM A, KOTOPasi Ha3bIBALTCA MHodCumenem Jlazpanaica).

Sameuanne. JIisi MOUCKaA ITUX CTALMOHAPHBIX TOYEK CIIEAYET PEIUTh CUCTEMY U3 N + 1 ypaBHeHus

(12.3.2)

{V(F—/\G)(x) - 0,
G(x) c

¢ 1+ 1 mepeMeHHBIMU: T1,...,Tn; A.

pumepst. 1. Haiitu paccrosirme or toukn z(?) € R® no mnockocrw I : (z,a) = ¢, a # 05, He npoxomsmeit
4Yepes Ty TOYKY.

ITo ompenenenwuro, dist (ZL'(O) , H) = gIIEII{Il ||2(®) —2||. MusnMu3HpYS, KAK 0GBIMHO, KBAAPAT HOPMBI, ITOJLY IHM 33149y
Ha, YCJIOBHBIM 9KCTPEMYM: HAUTH MUHUMYM (DYHKIIMOHAJIA, z© — ]2 Opu yCJIOBUHU (T,a) = C.
y y y y )

Cocrasum ypasrenue (12.3.1)

V2@ —z|> =X-V(z,a) wm 2- (z — :1:(0)) =X-a. (12.3.3)

Kak u3BectHO, @ LI Orciona u w3 (12.3.3) caenyer, uro = — $(03J_H, ¥ MbI [IOJIy9UJI U3BECTHBIN Pe3yJIbTaT: U3
BCEX OTPE3KOB, COSIUHSIONNX JAHHYI0 TOUKY C TOYKAMH IJIOCKOCTH, HAMMEHBIIYIO JUIMHY uMeeT nepreHmkynsp. (Ha
CaMOM JI1eJIe MbI JIOKA3aJI TOJIBKO, YTO HUKAK0U dpy20l ompesor ne modcem damsb MUKUMYMA; TO, 9TO IIEPIEHAUKYJISID
JIAeT MUHAMYM, TPeOyeT elrne mpoBepKu!)

2. ITycte A — BemecTBeHHAST CUMMETPUYHAS MATPUIEA TOPsAKa 7. HaliTu sKCTpeMyMbl KBaApaTHIHONH (DOPMBI
(Az, ) na chepe ||z||> = r2.
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HockonbKy (cum. npumep B m.11.6) V(Az, z) = 24z, V||z||> = 2z, cucrema (12.3.2) npuoGperaet BuJ

{(A—/\In)a: = o,

el = r"

Takum 00pa3oM, CTAIMOHAPHBIE TOYKH KBAAPATUYIHONW (DOPMBI Ha chepe — COOCTBEHHBIE BEKTOPHI MATPHUIILI
9TOi KBaAPATUIHON (HDOPMBI, & MHOKHUTEM JlarpaHKa — COOTBETCTBYOIINE COOCTBEHHbIE Yucaa. VI3 Kypca auHeiHOM
ayrebpbl U3BECTHO, UTO 2.4000.4bHble IKCTPEMYMBI KBAAPATHIHOM (DopMbl Ha cdepe NefiCTBUTEIHLHO JOCTUTAIOTCS HA
COOCTBEHHBIX BEKTOPAX, COOTBETCTBYIOIINX HAMOOJBbIIEMY U HAUMEHbIIEMy COOCTBEHHBIM dnciaM. MOXKHO 1IOKA3aTh,
4TO COOCTBEHHBIE BEKTOPBI, COOTBETCTBYIOIINE OCTAJIbHBIM COOCTBEHHBIM YUC/IaM, He JAIOT KBaJApaTuIHOi (hopme maxe
JIOKQJIbHBIX 3KCTPEMYMOB.



