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I'nasa 8. IIPOM3BO/JHA

8.1. OnpeneneHne NpPou3BOTHOMN
Hamomuaum ogHy M3BECTHYIO M3 HIKOJIHLHOIO KypCa 33134y, MPUBOISMIYIO K MOHATUIO npou3BonHoii. Ha rpadu-

ke dyrkiuyu f B3ATHL ABe TOUKM — (bukcuposanHas (a, f(a)) u nepemennas (z, f(z)) (puc.8.1). Yepes srtu Toukm
NpOBeIEHA psiMasi (CEeKyIIas)

y—fla) =k (z-a)

f(z)
f(a)
a x
Puc.8.1
VrimoBoit k03¢ duImeHT 3TOM CeKyIeit
L _ @)=
¢ r—a

Yro npousoiiger, eciiu nepeMeHHast TOYKa, COBIAAET ¢ (PUKCUPOBAHHOM?
[ycrs, nanpumep, f(z) = x2. Toraa
2 2
r —a
kc = — =x+a
T —a

(ecrm pammonasnbHAsS qPOOH COKPATUMA, TO e HeobxomuMo cokpaTuthb!) TosTomy

. x?—a®
lim— =z+4+a = 2a.
r=a I —Q r=a
Taxum 06pa3oM, TPU COBTIAIEHUH TIepeMeHHoi Toukn (z,22) ¢ dukcuposannoii (a,a?) cexymas mpeBpaTUTCA B
MPAMYIO, TIPOXOISAIIYIO Yepe3 TOuKy (a,a’) m uMeromyto yriosoit koabdurment k = 2a:

y—a®=2a-(z—a).

Kak m3BecTHO, 3Ta, IpsiMast IMeHyeTcst kKacameavholi K rpaduky dyakman y = 22 B Touke (a,a?).

Bsegem renepsn

Onpenenenne. Ilycrs 3amana Gyukuus f : C — C. 3adukcupyem touky a € C, touky z € C cueraem
MEPEMEHHON W PACCMOTPAM PA3HOCTTVHOE OTNHOULEHUE

1) - 1)
zZ—a

3Ha4eHre 3TOr0 PA3HOCTHOTO OTHOIIEHUSI TIPU 2 = @ (€CJM OHO ONPEJIEJIEHO B ITOW TOYKE) HA3BIBAETCS NPOUI-
600notll Gyukrimu f B TOuKe a u obo3Hauaercs f'(a).
Nraxk,
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Ilpumep. f(z) = 2" (n€N).

n_ n _ (=1 n—2 n—2 n—1
f’(a):limz a =1im(z a)- " +2"%a+...+z2a" " +a )=
z=a z—a z=a z—a
=" 42" %04+ za" 2+ a7 =na™t.

B paccMOTpeHHOM mpEMepe TOYKA @, B KOTOPOH BBIMHUCISETCs npou3BoaHas dbyakmuu f(z) = 2™, npon3BosIbHA.
OTO AaET OCHOBAHME PACCMATPUBATEH HOBYIO (DYHKIMIO, 3HAYEHUE KOTOPOH B KAXkKI0# TOUKe (IHCI0) €CTh NPOU3BOAHAS
dyurmum f B 3T0# Touke. DTy HOBYIO (DYHKIHMIO HA3BIBAIOT NPou3eodnoti gynxyuet or dbyakumu f u obosnagawor f'
(anrator "3 mrpux"). Urak,
f(z) =2" = f'(z) = n2""".

Jlanee MOXKHO BBECTH TOHSITHE 8MOPOY NPOou3soodnoli Pynryuu or GyHrumm f

f// — (fI)IQ f”(a) — lim M

z=a zZ—a

AwnajiornyHo BBOAUTCs (10 MHAYKUUK) IIOHATHE NPOU3soonot dynryuy nopadka n or byskuuu f.

) (fDy gy = g L) =1 @)
z=a z—a
ITpumep.
f(2) =2 = fl(2) =4-22, f"(2) =3-4- 2, f(3)(z) =2-3-4z, f(4)(z) =1-2.3-4=4! = const.

Ipex e, YeM BBIYUCIATH TATYIO MPOU3BOJHYIO (DYHKIIMIO, TIOKAYKEM, UTO B CHJIy HAIUX OMpPENeJIeHUH mpons-
BOZHAsT QYHKIUS OT (DYHKIMHA-KOHCTAHTHI PABHA HYJIIO TOXKIECTBEHHO.
HeiticrBurensho, nycts f(z) = p € C. Boruucaum npoussoguyio 31oit ¢pynkuuu B Touke a € C:

f'(a) = lim ) - fla) —lim2=2_ 0 .
z=a Z—a z=a 2 —Q Z—Qalz=a

HApobe > 9 g DaBHA HYJIO BO BCEX TOUKAaX, KPOMe Z = a, TJie OHa He ompegeneHa. B cuwry mamero Baxwnoro

COTJIallIeHnd OHa JOONpenesaeTcd B 3TOU TOYKE NOo HENPEPBIBHOCTNU, T.€. HYJIEM. HOSTOMy

f'(a) = lim

Z=a 2 —a

=0

Urak, f(z) =0 npu n > 4.

8.2. Texumka nuddepeHUpPOBaHUS

B mamem pacnopsi>keHun ecTh ciaeayoiye crnocods! "KoHcTpyupoBanus dyHkimit".

1. OGpa3zoBanue uHEHHBIX KOMOMHAIWMI: 3aMaHbl (Ha OmHOM 1 TOM ke MHOkecTBe Z C C) dyukumu f1,..., fr.
n
Hosas byskuus f = > apfr (04,...,0, — 38JaHABIE 9ACIA) CTPOUTCS TIO TIPABUITY
k=1

n
f(z) =) arfe(z) mnsBeex z € Z.
k=1
2. Crenennoit psiz.
+oo
z) = agz YHKIYs 384aHa BHYTPU KPYyra CXOOAUMOCTH Psiga).
f k

k=0

3. YMHoxenue: 3a1aubl (Ha ogHOM 1 ToM ke MHOXKecTBe Z C C) dbyukuun f1 u fo. HoBas dbyukuusa f = f1- fo
CTPOUTCS TIO TIPABWITY

f(z) = fi(2) - fo(2) s Beex z € Z.
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4. Jenenwve: 3amannl (Ha oguoM u ToM ke mMHOXkectBe Z C C) dbynkuuu fi u fo; fo He obpamaercs B HYJIb.
Hosast dyukuust f = f1/f2 crpoures o npaswry

f(2) = f1(2)/ f2(2) nmnsBeex z € Z.

5. Kommosunust dpyHKIMiA.
6. O6paTHast HyHKIMS.

Juist Beraucienust npousBoaubix Gyukuumit (dupdepernyuposanua Pynryut), TOCTPOCHHBIX C MOMOUIBIO MIECTH
OIIMCAHHBIX BBIIIE IIPUEMOB, HEOOXOAMMO:

1) 3HaTh TabMIy MPOM3BOMHBIX (DYHKIWME st HEKOTOPOro Habopa "mpocredimux" GyHKwii;

2) ymMeTb HAXOAUTH MPOU3BOAHBIE (DYHKIMU /IS AHATMTHIECKON (DyHKIUM, it TUHEHHOM KOMOUHAIMY, TPO3-
BeJIeHHUsI, YACTHOTO, KOMITO3UIMK, OOPATHOM (DyHKIHH.

CBOzKy TaKuX MPaBUJI ¥ HA3BIBAIOT 00bI4HO "Texuukoil nuddepenmupoBanus".

1. Eciu cymecTBy1oT

1(a) = tim LG =A@, Sn() = Fa(a)

zZ=a zZ—a z=a zZ—a

n
u f= 3 apfi, 10
k=1

=i POy (3o BB 5,y B S

IIpousBonnas muHENHON KOMOMHAIMY DYHKIMI PDABHA, IUHEHHOW KOMOMHAIINY TPOU3BOIHBIX ITUX
dbysxumit (¢ Temm ke koahdunmenTamu).

IIpumep. IIpoussoguas monuaoma. Eciu

f(R)=ap+ar1z+ a2’ + ... +a,2" = Zakzk,
TO

fl(2) =ay +2a22+ ...+ nayz" ! = Zakzk_l, f'(z) =2as+...+n(n —1)a,z"" Zakz 2.

L) =al. .., f(2) =0 upum > n.
Obparure BHUMAHUE HA HUNCHUL UHIEKC CyMMUPOBaHwUsi!

2. MOoxKHO 10Ka3aTh, YTO AHAJIUTHUYECKAsE (PYHKIUs BHYTPU KPyra CXOAMMOCTH OIIPEIEJIIONIEr0 €€ CTEIEeHHOIO
psiia IMeeT MPOU3BOIHbBIE BCEX MOPSIIKOB, U OHM HAXOIATCs "MoueHHbIM auddepennnpopannem", T.e.

+o0 , +o0 +o0 " +o0
(Z akzk) = Zk‘akzk_l, (Z akzk) = Zk(k‘ — Dapz*2,
k=0 k=1 k=0 k=2

+oo

T m I I m
(Z akzk) = Z k(k —1)(k — 2)arz*"2,.. ., (Z akzk)( ) = Z E(k—1)(k—2)...(n —k + Dagzk".

u T.a. (CpaBHuTe ¢ IPOM3BOAHOM monuHOMA!)

ITpumepsr.
+oo g +ook k—1 +o0 k—1 +oo k
@)= (X 5) =2 T =X o~ )
k=0 " k=1 ’ k:l

‘ exp' (z) = exp(z). ‘




, “+o0 2k +oo 2k
sin'(z) = (Z(_l)k (2k + 1)!) - g(_l)k% - ;(—1)’“ (Zk)! = cos(2)

‘ sin'(z) = cos(z). ‘

+oo 2k +oo kaz%—1 +oo 2k—1

cos'(z) = (kz::g(_l)k (;k)!) - ;(_1) @k 2_(=* (2zk -0t

z2k)+1

+oo
= —kz::o(—l)k k1) = —sin(z)

‘cos'(z) = —sin(z). ‘

3. Eciiu cymecrsyior fi(a), fo(a) u f = f1 - fa, TO
i J13) - f2(2) = fi(a) - fola) _

=1 =
z=a zZ—a

z=a zZ—a

_ iy 113 - fo(2) = fi(a) - fo(2) + 1(a) - f2(2) = fu(a) - fola)

z=a z—a

£2(2) - fa(a)

zZ—a

52 +1im (70 ) = @) @) + 1i@)- 1a)

(R =t h B

4. Fean eymectsyior f{(a), fi(a), fa(a) £ 01 f = fi/fo, 0
) — 1w FE 1@ o AE/BE) @)/ fa) _ g A h@) = ) f()

=a  z-—a 7=a z—a =a  fy(z)- f2(a)- (2 —a)
_ i 113) - f2(0) = f1(@) - fala) = (fi(a) - fo(2) = fi(a) - f2(a)) _
z=a f2(2) - f2(a) - (z — a)

f1(2) = fi(a) f2(2) — fa(a)
i z=a POTNOTETTT @ f@ - A A0

P f2(2) - fa(a) f3(a)

=f{'f2—f1'f§_

(f1/f2) 72

IIpumepsr.

ooy (sin' | sin'(2) - cos(z) — sin(z) - cos'(z)
W = () ()= p—
_ cos®(z) + sin®(z)

cos’(z) =1+19°(2)

tg'(z) = 1+ tg*(2).

, cos\' cos'(z) - sin(z) — cos(z) - sin'(2)
ctg'(x) = (=) () = pme
—s5in?(2) — cos*(2)

= i (2) = — (1+ctg’(2))
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ctg () = — (L+ctg?(2))

5. IIpomssoguas kommnosunun (puc.8.2)

C GcC FcC

[}
4
[
4
(]

H(a) = lim "E) =@ _p 9@) =g(®) [(2) = f(a)

z=a z—a z=a w-—2> z—a

ITockosbky u3 z = a caegyer w = b, nonydaem

W@ — tim 0 =90) . SC) = (@

w=b w—0b z=a z—a

=g'(b)- f'(a).

IIpon3BoaHast KOMIO3UIMK PaBHA NPousdsedenuto TPOU3BOTHBIX MYHKIUN OT (DYHKIHIA,
COCTABJISIIOIINX 3Ty KOMITO3UIIHIO.

Hpmep. w = f(2) = sin(2), g(w) = v h(z) = (g0 f)(z) = sin’(2).

W(z) =g'(w) - f'(z) = 2w - cos(z) = 2sin(z) - cos(z).

6. IIpowssoguas obparnoit byakuun (puc.8.3)

GccC FcC

w=b w—2>b z=a f(z) — f(a)
lim 1 =
z=a f(2) — fla)  f'(a)
z—a

3aecp npeanonaraercs, 1yro f'(a) # 0.
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(FY

T

[puwmep. In = exp~'.

w=1In(z); z=-explw); In'(z)= ' (w) ~ emp(w) ~ 7

1
! - —
ln(z)_z.

ITpoussoauas crenennoit GyHKIuK (KOMIO3UIUs JOrapudmMa U SKCIIOHEHTHI)

(2%)" = (exp (a - In(2))) = exp(a-In(z)) - a- % =a-2%71.

‘ (z*) =a- 27! ‘

8.3. Pan Teitnopa

IIyctr anamuTuveckast pyHKIMs f ompeaeseHa B HEKOTOPOM KPYyre ¢ IEHTPOM B TOYKE p:
f)=ao+ai(z—p)+ax(z—p)?+as(z—p°+...+an(z—p)" +...

Monaras z = p, noayuum f(p) = ae-
IIponnddepenuupyem f:

flz)=a;+2a3- (z—p)+3az-(z—p)* +...+na, - (z—p)" ' +...

Monaras z = p, nonyamm f'(p) = ay.
Hamnee,
f'(2)=2-1-a2+3-2a3- (z=p)+...+n-(n—1)an-(z=p)" " +...

Ionaras z = p, monyamm f"'(p) =1-2 - as.
Hetpynuo BUAeTH, 9TO

£ (p)

f) (p) = nla,, orkyzna a, = TR

Sra bopmysta Bepra u mpu n = 0 (momarapor mo onpegerenno ) = f).
MbI TIOJTYyYUJIN TIPEICTaBJICHUE AHAJIUTUYIECKOI d)yHKIlI/II/I B BUJE

£ ()
=3 0y (831)

Psn, crosmumit B mpaBoit actu dopmyasr (8.3.1) nassaercsa padom Tetiaopa' amammrmaeckoit dbynkmmu f B
OKPECTHOCTH TOYKH P.

pumepst. 1. s moboro marypansroro n - exp™ (p) = exp(p). Iosromy

+o0
eap(z) = 3 PO (o e

n=0
BaMeTI/IM, YTO MBI HO.HyLII/IJII/I N3BECTHOE TO)K,ILeCTBO
exp(z) = exp(p) - exp(z — p).

2. f(z) =In(l+2), f(0)=0.Tocrenosarensbuo muddepeHupys, noaydaem

! Bpyk TEUJIOP (1685-1731) — aurmuitckuit MaTeMaTHK, yueHsr cexperaps JIomaonckoro Koposesckoro obmecTsa.
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7(2) = (1+2)7, 110 =14
1) = (1) (1+2), 7(0) = =1;
FOE) = (1) (=2) - (1 +2)7, 1) =1-2

) = (-1 (= (L 42)7 O0) = (1) (= 1)L

Nrak, B HEKOTOPO# OKPECTHOCTH HYJISI

400 -1 400 -1
D" (n -1 (="
In(1 = A AT AL
n(l + 2) ,;1 . z 2 I

Haiinem pagmyc CxoauMOCTH 3TOTO psifa, UCTOAL3Ys Mpu3Hak 1’ AjnambGepa:

k
. 2Pk —1 . k-1
D(z) =llm% =|z|-lim—— = 2| = R=1.
k|z| k
Xorst dysrums In(1l + z) onpenenena Ha BCell KOMILIEKCHOH MIOCKOCTH, KPOMe TOYKU 2 = —1, ee psn Teiinopa
(B OKpeCTHOCTH HyIsi) CXOAMTCA TOJMBKO mpu |z| < 1. D10 obbacHsiercs Tem, 9ro Touka z = —1 "me maer" xpyry

CXOAUMOCTH CTaTh OOJIbIIE.
3. f(z)=ap+arz+...+anzn, an#0.

fME) =nlan = fP(2)=0 k>0

IToaromy

9TO TOXKIAECTBO OTHOCUTEIBLHO Z U P HA3BIBAIOT opmyaoti Telisopa 0ai noaunoma — MbI IOy YUIIN €11e OIHO
npezcrasrienue noauHoMa (cM. dbopmyny (3.1.2)).



